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Errata

p.21. In problem 2, replace ...use your estimate of the sun’s surface temperature to...
by and use 6000K as an estimate of the sun’s surface temperature to...

p.40 In the solution to Example 2-4 (b) the second equation should have (x°) on the left
side.

.64. In problem 11, the last equation should read
( m)s
t)= A sin—
v(xn= Asin
p.90. In problem 2, the definition of /(x) in the third line should read
V(ix)=0 a<x
p.92. In problem 2, on the right side of the two equations make the replacements

tanhab — tanhab; cothab — coth ab

p- 103 In equation (5-49), in lines 4 and 5 there should be a dx inserted.
p-118 In problem 7, the first line should read: Use the results of problems 5 and 6 ....
In problem 16, the first equation should read

™ f(47)|0)= f(4" +2)|0)
2
p.-119. In problem 17, the last term of the last equation should read % [4,[4,47]]

p-126 In equation (7-48) the denominator should be (/+ m)!

p.148 In equation (9-21) the summation sign should read Z

kI
p-154. In the first un-numbered equation which lists the eigenvectors, the last one should
be associated with 4 =-1.

p-156. Problem 1: In the second line use :...left-hand 5 x 5 corner of the infinite array.)



The two equations referred to in problems 2 and 3 should be (6-36) instead of
(6-4).

p-191, The material just below Figure 12-1 should read as follows:

It follows that the energy shift is

Lo

1
AE ==mc’(Za)'

12-1
4 ¢ nI(1+1/2)(1+1) ( 6)
valid for / # 0. When the effects of H, and H, are combined, we get
1, 4( 1 3)
AE =—— Z - 12-1
2 e 2N\ T2 ") (12-17)

valid for both values of / =j &+ 1/2. It is necessary....

p.197. In problem 4. The final states in both cases should be 1°S, ,. In part (b) the first
wavelength should be 589.592 nm.

p.208 replace material from below Eq. (13-54) to below Eq. (13-57) by

Note that there is quite a lot of degeneracy in the problem: There are as many solutions
for a given E as there are sets of integers {n,,n,,n3} that satisfy (13-54). Degeneracy is
usually associated with the existence of mutually commuting observables and this
example is no exception. In general when H = H, + H, +H. where

2
H =L 4y (x)
2m
pz

===+ (13-55)

Y 2m

2
L= v

2m

H =

the eigenfunctions of H have the form

VEeEE; (x,y,2) = U, (x)sz (y)W53 (2) (13-56)



where u, (x),v, (¥),w, (z) are eigenfunctions of H,, H,, and H, respectively, with
eigenvalues £, E, and E3, and

E=E, +E, +E; (13-57)

p-238 In the expression for c,(0) the second line should read
qE y _—iont' —1?%/z?
L elx ) dre™™e

p.249 The two equations following (16-22) should read

—ihV iy = —ihV(e’iAt//'): —hV y — ihe ™V '
p.255 In the line following Eq. (16-71) replace L;,L, by the product L;L,.
p.260 In the line above Eq. (17-3) replace t-me-independent by time-dependent

p- 264 Two lines below Eq. (17-30) replace m=m; by m=-m;
ghlk
p.266 In Eq. (17-37) the r.h.s. should read ~=- - =...

p.316. line 8 above Eq. (20-1) replace protons by photons.
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Preface

The first edition of Quantum Physics was published about thirty years ago. The guide-
lines that I set out in the preface to that edition as well as its general approach are ones to
which I still subscribe. I wrote:

This book is intended to serve as an introduction to quantum physics. In writing it, I
have kept several guidelines in mind:

1.

First, it is helpful for the development of intuition in any new field of study to start
with a base of detailed knowledge about simple systems. I have therefore worked
out a number of problems in great detail, so that the insight thus obtained can be
used for more complex systems.

. Every aspect of quantum mechanics has been helpful in understanding some physi-

cal phenomenon. I have laid great stress on applications at every stage of develop-
ment of the subject. Although no area of quantum mechanics is totally developed,
my intention is to bridge the gap between a modern physics course and the more
formal development of quantum mechanics. Thus, many applications are discussed,
and I have stressed order-of-magnitude estimates and the importance of numbers.

. In keeping with the level of the book, the mathematical structure has been kept as

simple as possible. New concepts, such as operators, and new mathematical tools
necessarily make their appearance. I have dealt with the former more by analogy than
by precise definition, and I have minimized the use of new tools insofar as possible.

There were few changes in the second edition. This, the third edition, is not funda-
mentally different in spirit from the first two, but it differs in detail in many ways.
The principal changes are the following:

(a)

(b)

(©

The ordering of chapters has been changed. This edition of the book divides
more neatly into the basics of quantum mechanics and the most important appli-
cations that one would want to cover in a one-semester course versus a series of
chapters on more general applications. Because I have tended to build new mate-
rial on the base of previously discussed material, this change makes the book
more useful for a one-semester course.

In response to advice from a number of users of the book, I have expanded
somewhat the discussion of the general structure of wave mechanics and the
more abstract description of quantum mechanics (including the Dirac notation).
In keeping with guideline 3 listed above, I have avoided the introduction of a
mini-course on linear algebra. This beautiful mathematical development is best
treated in a first year graduate course.

I did not wish to increase the size of the book and have therefore shortened parts
of the text by putting some material on the book’s web site [www.wiley.com/college/
gasiorowicz]. This material consists of several kinds of supplements:

« some longer derivations or arguments that are not central to the development
of a particular subject; examples include the discussion of the derivation of the
blackbody radiation formula, as derived by Einstein, and topics in the addition
of angular momentum

vii
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» material that has previously appeared in appendices, such as the WKB approx-
imation and the derivation of the exponential decay formula for atoms

* applications that previously appeared in the text but usually had to be left out
because of lack of time. Examples include the details of the calculation of bar-
rier penetration in nuclei, solving the Schrédinger equation for periodic poten-
tials, and some topics involving the radial equation for square wells.

* some new material, including a brief discussion of probability, the explicit so-
lution of the differential equations for the spherical harmonics, and some top-
ics related to the new Chapter 20

* In addition, I have shortened the introductory chapter, because most students
will have had an introductory course in Chapter 1. This chapter has served as a
review of the Old Quantum Theory. This material appears in every textbook
on modern physics in one form or another. I did not eliminate the chapter be-
cause it still serves as a useful compendium of the workable rules developed in
the decade or so before the creation of quantum mechanics, and it highlights
the differences between classical and quantum physics.

Further changes involve the condensation of the treatment of helium, multielectron
atoms, and molecules into a single chapter, with many details left to the web site. The
treatment of an electron in a magnetic field has been moved to a much later place in the
book so that three chapters containing this topic, radioactive decays, and selected topics
on radiation form a unit (Chapters 16, 17, 18). The treatment of the Einstein A and B co-
efficients appears as a supplement to Chapter 1, because it provides a better introduction
to the problem of blackbody radiation. The separate chapter on the calculation of the cross
section for the photoelectric effect has been eliminated, with this material now incorpo-
rated into the chapter on collision theory as an example of an inelastic process.

(d) New topics include

+ a discussion of the three-level system, with a brief mention of dark states and
electromagnetically induced transparency.

* a new chapter that addresses issues on the foundations of quantum mechanics
that have stimulated some beautiful experimental work. I do not deal in any de-
tail with questions of the “interpretation of quantum mechanics” but concentrate
on a small selection of experiments that illustrate in some measure just how
counterintuitive quantum mechanics is when viewed through “classical” eyes.
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Chapter 1

The Emergence
of Quantum Physics

Quantum theory grew out of an interplay of ground-breaking experiments and radical
theoretical proposals that were not based on accepted classical physics. Our objective in
this chapter is to summarize briefly the critical events that took place between 1900 and
1925, when quantum mechanics was created. We shall be very brief in our coverage,

since these matters are discussed in much more detail in textbooks on modern physics.'

1-1 BLACKBODY RADIATION

The study of radiation emitted by a heated body in equilibrium, initiated by the German
physicist Gustav Kirchhoff in 1859, led to the recognition that the intensity of radiation
emitted by a totally absorbing surface (a black body)—in practice a small hole in a heated
enclosure—was a universal function of the temperature T and the wavelength A (or fre-
quency v) of the radiation under consideration. For a cavity, the energy emitted per unit
area, per unit time, in the form of this blackbody radiation in the wavelength range A to
A+ dA, EQA, T)dA, is related to the energy density of radiation w(A, T)dA inside the cavity

AE(A,
wA, T) = (TT) (1-1)

where c¢ is the speed of light. Wilhelm Wien showed in 1894 that classical thermodynam-
ics led to the requirement that w(A, T) had to have the form
D

wA, T) = 5 (1-2)
a result borne out by measurements. (See Fig. 1-1.) If the function f{x) has a maximum,
then at that maximum AT = x,,,. EXxperiments determined that

b N
Amax - T (1 3)

where b = 2.898 X 107? mK. In terms of the frequency v, with » = ¢/A, the energy den-
sity inside the cavity is

uw, T) = wih, T) {% - w(%, T) < (1-4)

ISee, for example, Modern Physics by J. Bernstein, P. M. Fishbane, and S. Gasiorowicz, Prentice Hall,
Englewood Cliffs, N.J., 2000.
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w\ T)

TS5

X X
/ e=T7T=1449 K
X x=T=1646 K
/ \ 0=T=1259 K
X
X
‘5
Figure 1-1 Experimental
verification of (1-2) in the
form of wA, T)/T° = a
AT universal function of AT.

Painstaking experiments by O. Lummer and E. Pringsheim and by H. Rubens and F. Kurl-
baum confirmed this result. Their data gave u(v, T) at low and high frequencies (Fig. 1-2).
Classical physics could not explain the shape of f(A 7). J. W. S. Rayleigh predicted a form
of u(v, T) based on equipartition of energy. If we assume that the average energy per de-
gree of freedom for an oscillator is k7, and given that the number of modes (i.c., degrees
of freedom) for standing waves of electromagnetic radiation in the cavity in the frequency
range v to v + dvis 2 X 4 dvic®, the predicted result is?

2
u, T) = 8? KT (1-5)

This result cannot, of course, be true for all frequencies, since the total energy U(T) per
unit volume obtained by integrating over all frequencies would be infinite!

-
-

\Rayleigh—Jeans

w(A, T)

0 2 4 6 Figure 1-2 Comparison of the Planck formula and the
Wavelength in pm Rayleigh-Jeans formula with data.

2A result of the form (1-5) is the only possible one. assuming that the size of the cavity does not enter into the
expression and that the details of the matter that makes up the walls of the cavity are not important, so that ¢
and the electron (or ion) mass do not appear in the energy per unit frequency interval per unit volume The only
quantity with the dimensions of energy is k7, and the only length is A = ¢/v.



1-1 Blackbody Radiation 3

At the end of 1900, the German physicist Max Planck obtained a formula for u(v, T),
which read
87h v

u(v, T) = PR

] (1-6)

where T is the temperature, k is the Boltzmann constant whose value is k = 1.3807 X
1072 J/K, and h is a new constant whose value was obtained by fitting the data. Its value
is h = 6.6261 X 107 J-s.

Planck obtained this formula by focusing on the dynamic equilibrium between the
emission and absorption of radiation by the walls of the cavity, assumed to consist of
simple oscillators. Only by making the radical assumption that radiation of a given fre-
quency v could only be emitted and absorbed in “quanta” of energy given by E = hv
could he obtain the distribution in (1-6). A proper derivation involves material that we do
not deal with at this stage.> We present a very nice derivation of this formula in Supple-
ment 1-A. [www.wiley.com/college/gasiorowicz] This derivation is due to Albert Einstein
(1917), who used some of the ideas from the Bohr model, which we will discuss later in
this chapter. At this point we note the following:

1. The total radiation energy per unit volume in the cavity is

_87'rhw v 8wh kT4w
v =T {"”W‘—a(f)o

. pra— a-7

The integral can be evaluated

I 3

X
fdxe"—l
0

[

3e*x 2 e = 2 1 fdy y3e_)

n=0 a=o (n + 1) 5
—6> L= 1
ant
and the result is the Stefan-Boltzmann expression

U(T) = aT* (1-8)

with @ = 7.5662 X 1076 JJm*K*. The T* dependence had been derived earlier by
Boltzmann, using general thermodynamic arguments, but the numerical value, de-
pending as it does on the value of h, was beyond the reach of classical physics.

I
O t——y 8
&

2. The value of b in eq. (1-3) can be calculated and agrees with experiment.

3. It is only at low frequencies that u(v, 7) takes the form predicted by Rayleigh
(who made his prediction for all frequencies!) in eq. (1-5), in agreement with
experiment.

4. At high frequencies, the rise in the number of modes is more than compensated
for by the drop in the average energy modulated by the exponentially falling
factor ¢ 7 In effect, the Planck formula showed that the quantization implied
that the energy per degree of freedom was not the frequency-independent classi-
cal equipartition value k7, but rather an energy that was much smaller at high
frequencies.

*This is discussed in Bernstein et al., loc. cit.
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EXAMPLE 1-1

Assume that the sun radiates as a black body. Given that the radius of the sun is 7 X 10® m, (a) what
is the total amount of radiation emitted per second? (b) Given that the distance between the earth
and the sun is 1.5 X 10" m, how much energy falls on 1 m? at earth on a surface perpendicular to
the direction to the sun? You may use egs. (1-1) and (1-7) and assume that the temperature of the

surface of the sun is 6000 K.

SOLUTION
(a) Just as the energy density is related to the emissive power by (1-1), the amount of energy radi-
ated by a surface is given by

ED = fT urm = leG X 10% m/s)(7.57 X 107 J/m? - K*)(6000 K)*
= 7.36 X 10’ W/m®
This is to be multiplied by the surface area of the sun
A = 47R? = 47r(7 X 10° m)® = 6.2 X 10" m?
This gives us the total power radiated
P=EDA=45X 10" W

(b) The total radiation falls on the surface of a sphere of radius 1.5 X 10'"' m, so that a fraction
V@#D?* = 1/(4m X (1.5 X 10" m)?) is intercepted by a single square meter. This gives

-£__ P ___—16x100W
4mD?  4m(15 X 10" m)

p

Note: The observed number, the solar constant, is 1.36 X 10° W.

“i
EXAMPLEhzli-Z '

Use dimensional analysis to get an expression for the parameter g in the Stefan-Boltzmann law.

SOLUTION The relation that defines a is U(T) = aT*. Actually, temperature is dimensionless, but k7 is an
energy. Thus we really should write this as U(7) = a(kT)*. We see that o has the dimensions of
(energy)/(length)® (energy)* = (1/energy X length)’. The only quantities that can enter here are A
and ¢. The electron mass, its charge, and so on are irrelevant here. Now (h)’(c)! = (MLYy(Lit)! =
(1/ML3#)’. We immediately see that p = —3, to match the M dimensions. We then get L6497 =
L™°%. We match these with ¢ = —3. Hence we can write @ = (const)(hc) >, and therefore

a = (const) (hc)3'

T —
EXAMPLE 1-3
Use dimensional analysis to get an expression for the parameter b in the Wien relation b = A, 7.

SOLUTION We see that b = (1/k)(A ) (kT). Now the second and third terms together have the dimensions
of (length X energy), and we saw in Example 1-2 that this can be constructed out of (hc). Again, the

electron charge and mass do not enter; we therefore get b = (const) %
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In 1905, Albert Einstein published an extremely important paper in which he de-
parted from the Planckian notion that it was the absorption and emission of radiation that
occurred in quanta. Einstein instead proposed that radiation itself consisted of quanta of
energy, with the rule that the energy of a quantum of light of frequency v is hv. Einstein
then used the concept of the quantum nature of light to explain some peculiar properties
of metals when these are irradiated with visible and ultraviolet light.

1-2 THE PHOTOELECTRIC EFFECT

In 1887, the photoelectric effect was discovered by Heinrich Hertz, who, while engaged
in his famous experiments on electromagnetic waves, found that the length of the spark
induced in the secondary circuit was reduced when the terminals of the spark gap
were shielded from the ultraviolet light coming from the spark in the primary circuit. His
observations attracted much interest, and the following facts were established by further
experiments:

1. When polished metal plates are irradiated, they may emit electrons;* they do not
emit positive ions.

2. Whether the plates emit electrons depends on the wavelength of the light. In gen-
eral there will be a threshold that varies from metal to metal: Only light with a fre-
quency greater than a given threshold frequency will produce a photoelectric
current.

3. The magnitude of the current, when it exists, is proportional to the intensity of the
light source.

4. The energy of the photoelectrons is independent of the intensity of the light source
but varies linearly with the frequency of the incident light.

Although the existence of the photoelectric effect can be understood within the
framework of classical electromagnetic theory, since it was known that there were elec-
trons in metals, and one could imagine them to be accelerated by absorption of radiation,
the frequency-dependence of the effect is not comprehensible within that framework. The
energy carried by an electromagnetic wave is proportional to the intensity of the source,
and frequency has nothing to do with it. Furthermore, a classical explanation of the effect,
which would have to involve the concentration of the energy deposited on single photo-
electrons, would carry with it an implied time delay between the arrival of the radiation
and the departure of the electron, the delay being longer when the intensity is decreased.
In fact, no such time delays were ever observed, at least none longer than 107? sec, even
with incident radiation of very low intensity.

Einstein considered the implications of having the radiation consist of a collection of
quanta of energy hv, where v is the frequency of the light wave. The absorption of a sin-
gle quantum of radiation by an electron—a process that may take less time than the upper
limit previously quoted—increases the electron energy by an amount hv. Some of the en-
ergy must be expended to separate the electron from the metal. This amount, W (called the
work function), might be expected to vary from metal to metal, but should not depend on
the electron energy. The rest is available for the electron kinetic energy, so that on the

“This was established by an e/m measurement.
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basis of this picture one expects that the following relation between electron velocity v
and light frequency v.

v =hy— W 1-9)

should hold. The threshold effect and the linear relation between electron kinetic energy
and the frequency are contained in this formula. The proportionality of the current and the
source intensity can also be understood in terms of these light quanta, or photons, as they
came to be called: a more intense light source emits more photons, and these in turn can
liberate more electrons.

The confirmation of Einstein’s hypothesis was slow in coming. The definitive ex-
periments carried out by the American physicist Robert A. Millikan (who did not be-
lieve in quanta!) were not completed until 1915. As Fig. 1-3 shows, they were in
complete accord with (1-9). Incidentally, a byproduct of these and subsequent experi-
ments was information about metals. It was found that W was of the order of several
electron volts (1 eV is the energy required to move a charge e through one volt potential
difference, and since the charge of the electron is |e] = 1.602 X 107" C, we have
l1eV =1.602 X 107" ]).

2.4 }—
2.2+
20—
1.8 1—
1.6 —
214 |—
°
>
M2—
1.0 —
08
06 — Figure 1-3 Photoelectric
effect data showing a plot
of retarding potential
04— necessary to stop electron
flow from a metal
0.2 L is (lithium), or equivalently,
/ "o = ST X 107 s electron kinetic energy, as
0 I < [ | | | | | a function of frequency of
40 50 60 70 80 90 100 110 120 the incident hght The

vx 10713 7! slope of the line is /e.



1-3 The Compton Effect 7

EXAMPLE 14
Radiation of wavelength A = 290 nm falls on a metal surface for which the work function is
W = 4.05 eV. What potential is needed to stop the most energetic photoelectrons?
SOLUTION The energy of the photons is

E = hv = he/h = (6.63 X 107 J-5)(3 X 10° m/s)/2.9 X 1077 m) = 6.86 X 107 ]
= (6.86 X 107 I)/(1.60 X 107 "° J/eV) = 4.28 eV

The maximum kinetic energy of the photoelectron is E — W = 0.23 eV, so the potential difference
is 0.23 volts.

1-3 THE COMPTON EFFECT

Einstein’s proposal that the quanta of energy should also manifest themselves outside of
the “blackbody cavity,” and the attendant explanation of the photoelectric effect, did not
yet lead him to the notion of the quantum of radiation as a particle. It was not until 1916
that Einstein further analyzed the concept of a gas of guanta and was led to the prediction
that the quanta, hereafter called photons, had to carry momentum as well as energy. The
experiments that provided the most direct confirmation of the particle nature of radiation
were carried out by Arthur H. Compton in 1923—4. Compton discovered that radiation of
a given wavelength (in the X-ray region) sent through a metallic foil was scattered in a
manner not consistent with classical radiation theory. According to classical theory, the
mechanism for the effect is the re-radiation of light by electrons set into forced oscilla-
tions by the incident radiation, and this leads to the prediction of intensity observed at an
angle 6 that varies as (1 + cos” 6), and does not depend on the wavelength of the incident
radiation. Compton found that the radiation scattered through a given angle actually con-
sists of two components: one whose wavelength is the same as that of the incident radia-
tion, the other of wavelength shifted relative to the incident wavelength by an amount that
depends on the angle (Fig. 1-4). Compton was able to explain the “modified” component
by treating the incoming radiation as a beam of photons of energy hv, with individual
photons scattering elastically off individual electrons. In an elastic collision, momentum

1 (\)

Figure 1-4 The spectrum of radiation scattered by

carbon, showing the unmodified line at .07078 nm

on the left and the shifted line at .07314 nm on the

right. The former is the wavelength of the primary
A radiation.
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as well as energy must be conserved, and we must first assign a momentum to the photon.
By analogy with relativistic particle kinematics we argue that

p=" (1-10)

The argument is that it follows from the relativistic relation between energy and momentum
E = [(mc™)? + (po)’]”? (1-1D)
where my, is the rest mass of the particle, that the velocity at this momentum is
_dE_p¢__ pe (1-12)
dp E  mic* + p’cAH”?

For a photon this is always ¢, and hence the photon rest mass must be zero. Thus the rela-
tion (1-11) becomes

E=pc (1-13)

which yields (1-10) when we substitute E = hv. One may also derive (1-13) from consid-
eration of the energy and momentum of an electromagnetic wave, but the analogy argu-
ment is simpler.

Consider, now, a photon with initial momentum p incident upon an electron at rest.
After the collision, the photon momentum is p’, and the electron recoils with momentum
P. Conservation of momentum yields (Fig. 1-5)

p=p' +P (1-19

from which it follows that
P=@-pyY=p+p’-2p-p (1-15)

Energy conservation reads
hv + m,c® = hv' + (mi* + P2chH? (1-16)

where m, is the electron mass. When this is rearranged and squared, one finds that

mic* + P’ = (hv — b’ + mc?)?
= (hv — W'y’ + 2m,c*(hv — hv') + m2c*

On the other hand, (1-15) may be rewritten in the form

2 r\2 ’
P (B () -2 B g

Scattered
photon

Incident , . i
photon Recoiling Figure 1-5 Kinematics for

electron the Compton effect.
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that is,
P = (hw — ') + 2(hw) (') — cos 6) 1-17)

where 6 is the photon scattering angle. If we now insert P%c? obtained from the energy
conservation equation, we are led to

hvv'(1 — cos 0) = mc*(v — V')
or equivalently

h

A’_)‘:—r@(

1— cos 6) (1-18)
The measurements of the modified component agree very well with this prediction. The
unmodified line is due to the scattering by the whole atom; if m, is replaced by the mass of
the atom, the shift in the wavelength is very small, since an atom is many thousand times
more massive than an electron. The quantity h/m.c has the dimensions of a length. It is
called the Compton wavelength of the electron, and its magnitude is

h

m.c

2.426 X 107"?m (1-19)

Measurements of the electron recoil were also made, and these are in good agreement
with the kinematic calculation outlined above. It was furthermore determined by good
time resolution coincidence experiments that the outgoing photon and the recoil electron
appear simultaneously. Thus there is no question of the correctness of the interpretation of
the Compton effect as an elastic collision between a massive and a massless object. The
particle-like behavior of the photon is not obvious to the naked eye. Nevertheless, it is in-
teresting to note that although the energy of a quantum of radiation in the optical range,
with A = 450 nm, has a very tiny energy,

hv = he/k = (6.63 X 107 J-5)(3 X 10° m/s)/(4.5 X 107" m) = 4.24 X 10797,

the dark-adapted eye can detect as few as 10 photons. A light bulb emitting 20 J/s of en-
ergy in that wavelength vicinity will emit

n = (20 J/s)/(4.24 X 107 J) = 4.7 X 10" photons/second

The real difficulty arises from the knowledge that radiation also has wave properties and
exhibits interference and diffraction. This gives rise to enormous conceptual difficulties,
which will be addressed in Chapter 2; the resolution of these difficulties finally came with
quantum mechanics.

EXAMPLE 1-5

A photon of energy 500 MeV strikes a proton at rest. What is its maximum energy loss?

SOLUTION The maximum momentum transfer to the photon occurs when the proton moves in the direc-
tion of the incident photon—a head-on collision. We can thus deal with this problem as a one-
dimensional one. Let the initial photon momentum be +g, and let its final momentum be g'.
Since the proton was initially at rest, its final momentum must be g — ¢'. Energy conservation
gives us

gc + M =|q'lc + VIMA? + (g — ¢')F
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The absolute sign comes in because we don’t know the sign of g’. Suppose g’ > 0. Then
(gc — g'c + M = (M) + (g — ¢'Y¢’

which implies that 2Mc*(q — q') = 0; thatis, ¢’ = q. The proton remains at rest and there is no en-
ergy loss.

Suppose ¢' < 0. In that case the final proton momentum is ¢ + |g’|. Energy conservation now
implies that

(g — |q' Dc + Mc?? = (MY + (g + g’ )
After division by ¢? this leads to
2q — |q'DMc =q* + 24|q’| + ¢ — ¢* + 24lq’| — ¢'* = 44|q’|
Hence

'] -9
1 + 2q/Mc

The energy loss of the photon is

_ w241
AE= (@~ la'be = 3 T ogmte

With gc = 500 MeV and Mc* = 936 MeV, we get AE = 260 MeV.

1-4 WAVE PROPERTIES AND ELECTRON DIFFRACTION

In 1923 de Broglie, guided by the analogy of Fermat’s principle in optics and the least-
action principle in mechanics, was led to suggest that the dual wave-particle nature of ra-
diation should have its counterpart in a dual particle-wave nature of matter. Thus particles
should have wave properties under certain circumstances, and de Broglie suggested an ex-
pression for the wavelength associated with the particle.’ This is given by
h

A= p (1-20)
where / is Planck’s constant and p is the momentum of the particle. De Broglie’s work at-
tracted much attention, and many people suggested that verification could be obtained by
observing electron diffraction.® The experimental observation of electron diffraction by a
regular array of atoms forming the lattice of a crystal was carried out by C. J. Davisson
and L. H. Germer and independently by G. P. Thomson, who found that there was prefer-
ential scattering in certain directions.

Figure 1-6 is a simplified picture of what happens. When waves are scattered by a pe-
riodic structure, there will be a phase difference between waves coming from adjacent
scattering “planes.” The phase difference is given by (27/A)2a sin 6, and there will be
constructive interference whenever the phase different equal 27rn, where » is an integer.
The result

nA = 2a sin 6 (1-21)

*The relation parallels the photon relation A = ¢/v = he/hv = helE = hip.

The history of the verification of de Broglie’s conjecture can be found in Max Jammer, The Conceptual
Development of Quantum Mechanics. Los Angeles: Tomash Publishers; New York: American Institute of
Physics, 1989 (originally published 1966).
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Figure 1-6 Schematic drawing of
electron scattering geometry.

is called the Bragg condition, because it was discovered by W. L. Bragg in 1912 in con-
nection with his work on the scattering of X rays by crystals. The interference pattern ob-
served in electron scattering could be correlated with (1-21) provided the association
(1-20) between the energy of the electrons and the wavelength was made. This verifica-
tion constituted a major development in wave mechanics, and led Schrodinger to his
equation.

EXAMPLE 1-6

What is the de Broglie wavelength of an electron whose energy is 6.0 eV? What is it for an electron
of energy 200 MeV? (The mass of an electron is 0.51 MeV/c?)

SOLUTION In the first case we have a nonrelativistic electron. Hence E = p%2m, = 6.0 eV. Thus allows us
to write

(pe)® = 2m,cX(6.0 eV) = 2(0.51 X 10°eV)(6 eV)
so that
pc =247 X 10° eV

Hence A = hlp = hclpc. Now

he = (6.63 X 107 F-8)(3 X 10° m/s) = 1.99 X 10" % I'm
=(1.99 X 1072 F-m)/1.60 X 107 ¥/eV) = 1.24 X 10 ®*eV-m
Thus in the first case, A = (1.24 X 1078 eV-m)/(2.47 X 10* V) = 0.50 X 10~° m. In the second

case, the energy is highly relativistic, so that E = pc = 200 X 10° eV. Thus A = hc/pc = (1.24 X
10" eV-m)/(2 X 10° V) = 0.62 X 10 m. This is comparable to the size of a nucleus.

A wonderfully instructive experiment on electron diffraction by double slit was car-
ried out by A. Tonomura. Figure 1-7 shows the experimental set-up. The source emits
electrons one by one, and these pass between two parallel plates, with a thin filament
(1 pm in diameter) in between. This device is called a biprism. When the filament is
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Electron

>;l_ biprism

(
|
2/_ L/ one / M/

Filament voltage = 0 Filament voltage > 0

Figure 1-7 (@) When the filament is grounded, the electrons passing one by one can be seen on the
monitor, and the path can be identified. The shadow of the filament can be seen after many
electrons have passed. (b) When a positive voltage is applied to the filament, the electrons are bent
toward the center, and there is no way of telling which side of the filament the electron passed by.
An interference pattern results.

(Courtesy of A. Tonomura, Hitachi Advanced Research Laboratory)

Figure 1-8 Patterns of dots arriving at the monitoring screen
with (a) 10, (b) 100, (c) 3000, (d) 20,000, and (e) 70,000
electrons accumulating on the screen.

(Courtesy of A. Tonomura, Hitachi Advanced Research Laboratory)
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Figure 1-9 Double slit diffraction pattern for neutrons with wavelength A =~ 18.5 A.

(From A. Zeilinger, R. Gahler, C. G. Shull, W. Treimer, and W. Mampe, Rev. Mod. Phys. 60:1067 (1988), by
permission.)

grounded, the electrons pass on both sides of the filament and hit the detector. When a
large number of electrons have arrived, the shadow of the filament is apparent in a uni-
form distribution of “hits.” When a positive voltage is applied to the filament, the
electrons on the two sides are deflected by the filament, and the biprism forms the equiva-
lent of a double slit. Figure 1-8 shows the pattern of hits on the detector. For a large num-
ber of electrons the interference pattern becomes evident. Furthermore, when the path of
electrons on one side of the filament is blocked, the distribution of electrons passing on
the other side is again uniform. We will discuss the implications of this experiment in
some detail in Chapter 2. Suffice it to say that the wave properties of electrons are mani-
fest in Fig. 1-8 (e).

Particle diffraction experiments have been carried out with slow neutrons (see Fig.
1-9), and with molecular beams of hydrogen and helium. At the time of writing, the
most massive particles involved in a diffraction experiment have been fullerenes, con-
sisting of 60 carbon atoms.” Perhaps the most intriguing exhibition of particle-wave du-
ality can be seen in the Kapitza-Dirac effect. In 1933 P. Kapitza and P. A. M. Dirac
noted that electrons could be diffracted by the periodic structure set up by a standing
electromagnetic wave. The experiment did not become feasible until the invention of
the laser. The most effective experiment that clearly shows the expected diffraction
peaks was carried out in 2001. Figure 1-10 shows the apparatus and Fig. 1-11 shows the
results of the experiment.

Neutron diffraction has become an important tool in the study of crystal structure.
Since the typical dimensions are of the order of Angstroms (1 A = 0.1 nm), the momen-

"The artistry involved in carrying out what is conceptually a simple experiment is described in M. Arndt et al.,
Nature, vol. 401 (1999), p. 680.



14 Chapter 1 The Emergence of Quantum Physics

Lens

Figure 1-10 An electron
beam is collimated and
Electron detector  diffracts from a standing wave

of radiation, which acts as a
grating.

(Courtesy of D. L. Freimund, K.
Aflatooni and H. Batelaan.
Light grating Reprinted by permission from
Nature, 413, 142-143 (2001),
copyright 2001, MacMillan
Laser beam Publishers Ltd.)

Apertures
Electron gun

C of| 84

tum of a neutron corresponding to a de Broglie wavelength of 0.1 nmis P = W/A = 6.6 X
10%* kg'm/s, and for neutrons this leads to a kinetic energy of 1.3 X 10> J, or equiva-
lently 0.08 eV.

On a macroscopic scale it is beyond our ability to observe these wave aspects. A
droplet of water 0.1 mm in diameter, moving at 1 mm/s, is easily seen to have a de
Broglie wavelength of the order of 10725 m, which is ten orders of magnitude smaller than
the size of the proton. It is the smallness of Planck’s constant that makes the separation of
wave and particle properties so striking in the classical domain.
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1-5 THE BOHR ATOM
The Rutherford Planetary Model

The discovery of radioactivity by Henri Becquerel in 1896 provided the tools for an attack
on the structure of the atom, which was complementary to the study of the emission of ra-
diation by atoms. Ernest Rutherford was the leading physicist in the study of atomic struc-
ture, and he pioneered the use of the particles emitted in radioactive decay as projectiles
to study atoms. Experiments carried out in 1908 under Rutherford’s guidance by H. W.
Geiger and E. Marsden, in which a-particles were aimed at thin foils, showed that a sur-
prisingly large fraction of the a-particles underwent large-angle scattering, a result totally
inconsistent with expectations based on the Thomson model of the atom. In the Thomson
model, electrons were assumed to be embedded in a distribution of positive charge whose
extent determined the atomic radius. Electrons do not deflect a-particles, since they are
about 10* times less massive. Thus the source of deflection of the a-particles has to be the
positive charge, and large-angle deflection implies that the potential at the surface of the
charge distribution is large. This in turn implies that the positive charge is limited to a re-
gion much smaller than the volume of the atom. Rutherford proposed a new model that
accounted for the data. In this model, all of the positive charge (and almost all of the
mass) is concentrated in a small region in the center of the atom. This positively charged
nucleus attracts the negatively charged electrons, and since the force law has a 1/r* behav-
ior, the electrons travel in circular or elliptic orbits about the nucleus.

The Rutherford model explained the a-scattering data. The planetary orbit picture of
the electrons in atoms was an immediate consequence of the model, and it immediately
faced insuperable difficulties. It is a consequence of classical electrodynamics that an accel-
erating charge radiates. Thus an electron in an orbit will continually lose energy, and one
can estimate that it would take an electron approximately 10~'" s to spiral into the nucleus
from an orbit of the size of 10 '° m. (See Supplement 1-B: www.wiley.com/college/gasiorowicz.)
Furthermore, classical electrodynamics shows that the radiation emitted by charges in peri-
odic motion has the frequency of that motion. This was in complete contradiction with a
vast amount of information about atomic spectra known at the time.® The information about
the spectra of hydrogen, obtained by Anders Angstrom and others, was summarized by the
Swiss Johann Balmer in the formula discovered in 1885, whose modern form is

- Ry(i - i) (1-22)

noon

> |-

where n, and n, are integers, and Ry is a constant.

The Bohr Postulates

Just two years after this model was proposed, the Danish physicist Niels Bohr in 1913 ad-
vanced a series of postulates, which, while sharply breaking with classical theory, ex-
plained the spectral structure and bypassed the stability problem. Bohr proposed that

1. An atomic system can only exist in a discrete set of stationary states, with discrete
values of energy, and any change of the energy of the system, including emission
and absorption of electromagnetic radiation must take place by a complete transi-
tion between two such stationary states.

8The reader will find a fascinating account in Chapter 9 of Inward Bound by Abraham Pais, Oxford University
Press, England, 1986.
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2. The radiation absorbed or emitted during a transition between two stationary states
of energies E, and F, (with E, > E,) is characterized by a unique frequency given by

h=E, —E, (1-23)

3. The stationary states correspond to a set of allowed orbits in the Rutherford atomic
model. They are determined by the requirement that the kinetic energy of the elec-
tron in the orbit is related to the frequency f of the motion of the electron in that
orbit by

ma? = %nhf (1-24)

N[ =

where n = 1, 2, 3, . . . . For circular orbits® this reduces to the statement that the
angular momentum takes on integer values in units of (h/27r), so that

mor = n - (1-25)
27
The consequences of these postulates are very simply deduced for one-electron atoms
such as hydrogen, singly ionized helium, and so on, if we deal with the circular orbits. If
the nuclear charge is Ze and that of the electron is —e, and if the radius of the orbit is r,
then, taking the nuclear mass to be infinite, we balance the Coulomb force against the cen-
trifugal force
2

Ze* my
= 1-26
47T€0r2 r ( )
This, when combined with (1-25), leads to
_ 2 Zé 1
v= 4iey hn (1-27)
and
n*h? 1 1
=== = 1-28
" 4 (2ldmeg) M (1-28)
The energy is
Ll 2 _ 12wzl )1 _
E 2 MY daregr 2 ( h ) dmey) n? (1-29)

which, by postulate (2) immediately leads to the general form (1-22) (Fig. 1-12).

Before evaluating these quantities to obtain an idea of their magnitude, we will intro-
duce some notations that will be very useful. First, it is /241 rather than A that appears in
most formulas in quantum mechanics. We therefore define

h=T — 10546 x 107% s (1-30)
27T

To keep the expressions for the energy simple, we shall deal with the angular frequency
w, rather than v, where

w = 27v (1-31)

9When elliptical orbits are allowed, a much richer structure emerges. This will be discussed in Chapter 8, in the
framework of the Schrodinger equation.
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=0 =1 =2
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Figure 1-12 Spectrum for
the hydrogen atom as
derived from the Bohr
atomic model. The
existence of the quantum
numbers / emerges from a
discussion of elliptical
orbits. The lines connecting
energy levels represent
B some of the dominant
atomic transitions.
Thus (1-23) reads
E-F
0= 1-32
= (1-32)
Similarly, the quantum of radiation carries energy
E=tw (1-33)
The Bohr angular momentum quantization condition reads
mvr = nh n=1273..) (1-34)
It is also very convenient to introduce the dimensionless “fine structure constant™
2
e - __1 (1-35)

T dmehc  137.036

which we will approximate by 1/137. In terms of these quantities we find the much sim-
pler expressions

n (1-36)
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and

_ 1 (Zac)
E= 2me 2

(1-37)

Notice that the radius, which has the dimensions of a length, is written in terms of fi/mc,
the reduced Compton wavelength of the electron, and that the energy is written in terms
of mc?. In all atomic calculations we shall express our results in terms of mc?, #i/fmc,
t/mc?, and mc for energy, length, time, and momentum, respectively. Angular momenta
will always appear as multiples of .

Let us now calculate some of the quantities that emerge from the Bohr theory. We
calculate

m.? = 0.51 X 10%eV = 0.51 MeV

ho_ ;
e =39%10""m (1-38)
ho_13x10?s
m,c

and thus obtain:
(a) The radius of the lowest (n = 1) Bohr orbit is

_137 & _0053 __ 0534
9= "z mecT gz M=z

(1-39)

We have introduced here the useful unit of length, the Angstrom, where 1 A =
107°m = 0.1 nm

(b) The binding energy of the electron in the lowest Bohr orbit—that is, the energy
required to put it in a state with E = 0 (corresponding to n = ©)—is

E = sm X (Za)? = 13.62% eV (1-40)

Thus, for example, a transition from the n = 1 state to the n = 2 state in hydrogen (Z = 1)
corresponds to a change in energy of 13.6 (1 — ) eV = 10.2 eV. The frequency of the
emitted radiation can be calculated by converting this into Joules, but it is more conve-
nient to work this out in the form

_mde (1= 32 1
2h 8 1.3x107%
=1.5 % 10"
Equivalently,
_ c_ 16w h __ -
A—Zﬂa—gﬁz——lzx 10 7II]

=120 nm = 1200 A

which lies in the ultraviolet. This is in excellent agreement with experiment, and it ex-
plained some observations not previously understood. For example, certain spectral lines
(known as the Pickering series) that mimicked the a-Lyman series (rn, = 1) but for which
the wavelengths were reduced in comparison with those in hydrogen by a factor of 4.0016
were explained as those associated with transitions in singly ionized helium (so that
Z = 2, but only one electron is present), provided that account is taken of the finiteness of
the nuclear mass. This changes the electron mass m, in the formula to the reduced mass
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electron mass m,(1 + mJ/M), where M is the nuclear mass. Nevertheless, it was clear that
the theory was provisional. It said nothing about when the electrons would make their
jump, nor what direction the photon of light would travel in, when emitted. Also, the
quantization rules were limited to periodic systems. For elliptic orbits, the more general
rule provided by A. Sommerfeld and W. Wilson stated that

é pedx. = nh

where the integral ranges over a closed orbit and k ranges over the degrees of freedom;
however, this was of no help in treating problems other than those associated with energy
levels of hydrogenlike (one electron) atoms.

EXAMPLE 1-7
. ——

A series of lines in hydrogen correspond to transitions to a final state characterized by some quan-
tum number n. If the wavelength of the radiation giving rise to the first line is 657 nm, what are the
wavelengths corresponding to the next two lines? Assume that An = 1.

SOLUTION We have in general,

so that for our case
(0.5)(0.51 X 10° eV<L>2
137) (4 |
AT 124% 10 “eVem (? T 1)2>

that is,

0.152 X 107 = 1.096 X 107(i __1 )
n” (m+1y

or

1 1

2 (1Y

= 0.139

For n = 1 we get 0.75; for n = 2 we get 0.139, so n = 2. For the next wavelengths we get
/A = 1.096 X 107(0.25 — 0.063), so that A = 487 nm; 1/A = 1.096 X 107(0.25 — 0.04), so that
A =434 nm.

Direct experimental evidence for the quantization of angular momentum came from
an experiment performed by O. Stern and W. Gerlach in 1922. Their experimental set-up
is shown in Fig. 1-13. A beam of electrically neutral silver atoms, known to possess a
magnetic moment u, was directed through an inhomogeneous magnetic field The interac-
tion of a magnetic moment p with a magnetic field B gives rise to a change in energy.

V=—wB (1-41)
and thus a force on the atom

F=-VV=V(uB, + puB, + uB) (1-42)
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Figure 1-13 Stern-Gerlach apparatus. (a) Head-
on view: The tapering of the N and S pole pieces
is done so that there is an inhomogeneous
magnetic field. (b) The side view shows how the
magnetic moments are deflected by the field.
Instead of a smear on the screen, which is
Photographic  expected if the magnetic moments are randomly

S

lat . . . . .
- plate oriented in arbitrary directions, there are only a
Pole pieces finite number of lines, as expected from the
(a} (b} quantization of angular momentum.

With the magnetic field primarily pointing in the z direction (as shown in Fig. 1-13) it
turns out that the magnetic moment precesses about the z-direction, sufficiently rapidly
that in the time it takes the atom to get through the apparatus, the average values of u, and
M, vanish. Thus the force is in the z-direction, of magnitude

OB,
F= 5 (1-43)

Since p is actually proportional to the angular momentum of the atom, one expects the
z-component of the angular momentum to lie between =L, where L denotes the angular
momentum. Thus, the silver atoms are subject to forces that deflect them out of the
straight line along which the beam traveled initially. The experimental result that the sil-
ver atoms were deposed on the screen not in a continuous band but in two discrete lines
above and below the center of the expected classical “smear” suggests strongly that angu-
lar momentum cannot take on all possible values in a certain range, but is quantized. A
more detailed discussion of this can be found elsewhere. '’

The Correspondence Principle

Niels Bohr made great use of the notion that the quantum theory that he had developed
should merge into classical theory in the limit in which classical theory was known to
apply. This idea was formulated as the correspondence principle. Technically it stated
that the classical limit should be reached when the “quantum numbers” are large—for ex-
ample, for large n in the Bohr atom. Once a consistent theory of quantum phenomena was
constructed, it automatically contained classical physics as a limit, but the principle was
very helpful in guiding theoretical guesses, and led Heisenberg to the point from which he
could make his giant leap to quantum mechanics. To illustrate how the correspondence
principle is satisfied by the Bohr atomic model, consider the frequency of the radiation
emitted when an electron makes a “jump” from the orbit with quantum number n + 1 to
the orbit with quantum number #n, when n is very large. This is a good domain to ask for
the classical limit, since the angular momentum n# is indeed much larger than #. Classi-
cally an electron moving in a circular orbit with velocity v would be expected to radiate
with the frequency of its motion; that is,
v _ Zac Zoamgce (Zaymc® 1

iy Iy o Yo (1-44)

Ve

10See J. Bernstein, P. Fishbane, and S. Gasiorowicz, loc, cit.
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On the other hand, the frequency of the radiation associated with the transition is, accord-
ing to (1-23)

2 2
_ o _ 1 mc@) (1 1
Y7o 2mh 2 (nz o+ 1)2) (1-45)

which approaches v, for n => 1. Note that this is a significant result, since it is only the
frequency associated with an n + 1 — n transition that corresponds to the funda-
mental classical frequency. The radiation associated with the jump n» + 2 — n has no
classical counterpart even in the large » limit. We shall see in Chapter 17 that there are no
n + 2 — n transitions for “circular orbits” in quantum mechanics.

In 1925 the modern theory of quantum mechanics started with the work of Werner
Heisenberg, Max Born, Pascual Jordan, Erwin Schrodinger, and Paul Dirac. This theory
provides a way of reconciling all of the conflicting concepts at the cost of making us
abandon a certain amount of classical thinking. It is one of the joys of being a student of
physics to be able to appreciate this beautiful theory and the monumental advances in our
understanding the properties of matter that the theory enabled us to make.

PROBLEMS

1.

2.

Prove the relation (1-1) between the energy density in a cavity and the emissive power. [Hint: To do
s0, look at the figure. The shaded volume element is of magnitude 7* dr sin 6 df d¢ = dV, where r
is the distance to the origin (at the aperture of area dA), 8 is the angle with the vertical, and ¢ is the
azimuthal angle about the perpendicular axis through the opening. The energy contained in the vol-
ume element is dV multiplied by the energy density. The radiation is isotropic, so that what emerges
is given by the solid angle dA cos 6/47r7* multiplied by the energy. This is to be integrated over the
angles ¢ and 6 and, if the flow of radiation in time At is wanted, over dr from O to cAr—the distance
from which the radiation will escape in the given time interval.]

/

Given (1-6), calculate the energy density in a wavelength interval AA. Use your expression to calcu-
late the value of A = A_,,, for which this density is maximal. Show that A _, is of the form b/T, cal-
culate b, and use 6000K as an estimate of the sun’s surface temperature to calculate A, for solar
radiation. [Hint: In calculating b you will need the solution x of the equation (5§ — x) = 5e¢™*]

Ultraviolet light of wavelength 350 nm falls on a potassium surface. The maximum energy of the
photoelectrons is 1.6 V. What is the work function of potassium?
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4.

10.

11.

12.

13.

14.

15.

16.

17.

The maximum energy of photoelectrons from aluminum is 2.3 eV for radiation of 200 nm and 0.90
eV for radiation of 258 nm. Use these data to calculate Planck’s constant and the work function of
aluminum.

A 100-MeV photon collides with a proton that is at rest. What is the maximum possible energy loss
for the photon?

A 100-keV photon collides with an electron at rest. It is scattered through 90°. What is its energy
after the collision? What is the kinetic energy in eV of the electron after the collision, and what is
the direction of its recoil?

An electron of energy 100 MeV collides with a photon of wavelength 3 X 10° nm (corresponding to
the universal background of blackbody radiation). What is the maximum energy loss suffered by the
electron?

A beam of X rays is scattered by electrons at rest. What is the energy of the X rays if the wavelength
of the X rays scattered at 60° to the beam axis is 0.035 A?

A nitrogen nucleus (mass = 14 X proton mass) emits a photon of energy 6.2 MeV. If the nucleus is
initially at rest, what is the recoil energy of the nucleus in eV?

Consider a crystal with planar spacing 0.32 nm. What order of magnitude of energies would one
need for (a) electrons, (b) helium nuclei (mass = 4 X proton mass) to observe up to three interfer-
ence maxima?

The smallest separation resolvable by a microscope is of the order of magnitude of the wavelength
used. What energy electrons would one need in an electron microscope to resolve separations of
(a) 15 nm, (b) 0.5 nm?

If one assumes that in a stationary state of the hydrogen atom the electron fits into a circular orbit with
an integral number of wavelengths, one can reproduce the results of the Bohr theory. Work this out.

The distance between adjacent planes in a crystal are to be measured. If X rays of wavelength 0.5 A
are detected at an angle of 5°, what is the spacing? At what angle will the second maximum occur?

Use the Bohr quantization rules to calculate the energy levels for a harmonic oscillator, for which
the energy is p*/2m + mw*r*/2; that is, the force is mew’r. Restrict yourself to circular orbits. What is
the analog of the Rydberg formula? Show that the correspondence principle is satisfied for all val-
ues of the quantum number » used in quantizing the angular momentum.

Use the Bohr quantization rules to calculate the energy states for a potential given by

k
V(n) = vo(g)

with k very large. Sketch the form of the potential and show that the energy values approach E,, = Ccr’.

The classical energy of a plane rotator is given by
E=1%2

where L is the angular momentum and / is the moment of inertia. Apply the Bohr quantization rules
to obtain the energy levels of the rotator. If the Bohr frequency condition is assumed for the radia-
tion in transitions from states labeled by n, to states labeled by n,, show that (a) the correspondence
principle holds, and (b) that it implies that only transitions An = *1 should occur.

Molecules sometimes behave like rotators. If rotational spectra are characterized by radiation of
wavelength of order 10° nm, and this is used to estimate interatomic distances in a molecule like H,,
what kind of separations (in nm) are obtained?



Supplementl-A

Einstein’s Approach
to Planck’s Law

In 1917 Albert Einstein wrote a remarkable paper in which he used classical statistical me-
chanics and elements of the old Bohr theory to derive the Planck distribution and to relate
spontaneous emission, as it appears in the Bohr theory to induced emission and absorption.

We start with radiation in a cavity at temperatlirdssume that the walls of the cav-
ity consist of atoms that can be in a variety of stationary states. These are labeled by ener-
gies E,, and furthermore we allow fodegeneracy-that is, the possibility that each
energy level may accommodate states. According to classical statistical mechanics
(Boltzmann distribution), the ratio of the number of atoms in the stdtethose in the
statenis given by

Nm 3 gme—Em/kT 3

Om - —E/K
= LA 1a)
n

Let us now consider a pair of levels of enerdigandE, with E; > E, (Fig. 1A-1). The
number of transitions from the upper to the lower state per second—that iatetioé
transitions—is denoted Hy,,. The rate of transitions from the lower to the upper level is
Ry;- The number of transitions from the lower level to the upper level must be propor-
tional to the number of atoms in the lower stdteas well as to the intensity of the radia-
tion in the cavity. For frequenayand temperature this is denoted by(v, T). We write

Ro1 = Nou(, T)By, (1A-2)

The frequency is the one that is absorbed in thduced absorptionand the consta,,
is called the coefficient of induced absorption.

For the transition from the upper level to the lower level, Einstein uses the Bohr pos-
tulate, according to which spontaneous emission occurs with a rate independent of the ra-
diation present. In addition, the presence of radiation also induces transitions to the lower
level. The coefficient ahduced emissiois denoted by,,. If the number of atoms in the
upper state idl;, then

Rio = Ny(Ao + U(v, T)Byy) (1A-3)

with the two terms describing spontaneous and induced emission. In equilibrium there
must be as many “up” transitions as “down” transitions, so that

Rio = R (1A-4)
It follows that

No _ Aw+ Biim ) _ Go e -eir

Ny, Bou(v, T) (14-9)

Ww-1
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Ea

Figure 1A-1 Possible transitions in a two-level

system. Downward transitions can be both

spontaneous and induced by an external

electromagnetiield. Upward transitions can only
Eo  be stimulated.

Spontaneous Induced
emission transitions

We rewrite this in the form
0iAs0 = U(, T)(QoBo,€™ &7 — g,B,) (1A-6)

A number of consequences can be drawn from this formula. First, in the limit offlarge
for fixed E; — Ep),

geem g BB of 1 (1A-7)
kT (KTy?
Furthermore, in that limit, the classical Rayleigh-Jeans formula for the energy density ap-
plies, so that
2
U, T) — 8:;’ KT (1A-8)

The left side of (1A-6) is independentTfso it follows that the term proportional Tamn
the right-hand side must vanish. This implies

90Bo1 = 91B1o (1A-9)
The meaning of this result is that the rate per atom of induced absorption is equal to the
rate per atom of induced emission. The equality of the terms independdetds to

Ao _ 8m1?

BlO 03

(E: — Ey) (1A-10)

If we now go back to equation (1A-6), iiad that

_ AdBy 8m? (BEi— B
u(v, T) = QEEIKT _ 1 3 EEKT _ 4

(1A-11)

The left-hand side must, on general thermodynamic grounds, obeysviden that is, it
must be of the forma*f(v/T). This then has the following important consequendgs:—(
E,) has to be proportional tg so that

E,— E=hv (1A-12)

andfinally,

3 2
8rhv 1 (8771/ )h 1 (1A-13)

u(v, T) = JECHTs = 3 v VKT _

This expression for the energy density has three components: the first one is the number
of modes for the radiation field in the vicinity of More precisely, we should be talk-

ing aboutu(», T)dv; the energy density in the frequency rangev(+ dv), and the cor-
responding number of modes ismi&dv/c®). The second factor is the energy per mode;

we associate it with the energy of the quantum of radiation emitted by the decay of the
upper to the lower state, because of energy conservation. Finally, the third factor is the
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average number of quanta with frequemdfat make up the energy density, so that we
can write

(n(v)) = ﬁ (1A-14)

Let us now get back to th@nissiorrate per atom. It is

Rio/Ny = u(v, T)Byg + Ap = A10<1 + ehu/k:}_l)
= A1 + (n(»))

Theabsorptionrate per atom is similarly found to be proportionalri@)). In photonlan-

guage we see that both emission and absorption are enhanced by the number of photons of
the right frequency that are present. Although this result was only derived for blackbody
radiation, this result does not depend on the particular form of the frequency distribution.

(1A-15)



Supplementl-B

Estimate of the Lifetime
of a Rutherford Atom

We begin with the form of = mafor a circular orbit of an electron in the Couloffiddd
of a proton. The equation reads

2
T = mo’r = % (1B-1)
Tregl

which leads to Keplés third law

€
w2r3 = m (1B'2)

The energy can be expressed in termswaith the help of the above:

1. @ 1@ @
E 2 mo Amegl 2 Ameyr? Aaregr

__1 ¢ ]

T 24mey (18-3)

The Larmor formula for the instantaneous power radiatbat is, the energy loss per

unit time—is
p_dE_ 2 &€& 2¢& 1(v)_ 26 1 o
dt 34mey 3 3dmey 3\ T 34mey 2 (18-4)
_2€ 11 o0 2 € 1( & F1_ 20\ 1
3damey 3 1t 3 4mey B \4megm/] 4 3\dmey) miciht
On the other hand, it follows from the expression for the energy that
dE_1 & 1dr ]
dt 2 4me, r2 dt (18-5)
If we combine these equations we get
2dr_ _,f &€ Y 1 i
3r ot 4< 47Tso> pcyC (1B-6)
This may be integrated, and it leads to
€ VL 13— 0)— it =
4<47780) pCyC T=[rt=0)—r(t=T)] (1B-7)
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It simplifies matters if we write

(2 (12 ome -

4ireq 4areghc

We taker(T) = 0, and forr(0) we take a number of the order of ¥om. We know from
our discussion of the Bohr atom that this is approximately equatoi@erea, is the
Bohr radius. When we put all this together we get

_ A V¥ me L% 1
T—<2mm> 2 2méa

(1B-9)

If we put in numbers we gdt= 1.3 X 10 °sec.



Chapter 2

Wave-Particle Duality,
Probability, and the
Schrodinger Equation

The developments outlined in Chapter 1 are often described as the Old Quantum
Theory. The rules devised were all ad hoc, and the connection between various separate
discoveries, such as the particle nature of radiation, the wave nature of electrons and the
Bohr atom (as well as other rules not discussed in our brief survey) did not rest on any
firm foundation. Quantum mechanics was discovered twice: first, by Werner Heisenberg
in 1925 as matrix mechanics, and then again by Erwin Schrédinger in 1926 as wave
mechanics. The two forms were soon found to be identical in content, but wave
mechanics became a more useful tool because the mathematics of waves were familiar to
many physicists. In this chapter we begin our study of quantum mechanics, and we
follow, in spirit, the path laid out by Schrédinger.

2-1 RADIATION AS PARTICLES, ELECTRONS AS WAVES

The fact that radiation and electrons exhibit both particle and wave properties raises deep
conceptual difficulties, as can be seen from the following considerations: There is no
doubt that light consists of individual particles, called photons, which carry energy and
momentum, as was first unequivocally demonstrated by the Compton effect. The human
eye cannot detect individual photons, but it is fairly close to being a photon counter,
since under optimal conditions it takes only 5-10 photons to activate the darkness-
adapted eye. There are devices, known as photomultipliers, that can easily detect indi-
vidual photons.

An interesting thought experiment is discussed in Dirac’s wonderful book on quan-
tum mechanics. When light of a certain polarization is used to produce electrons (as in the
photoelectric effect), the latter are emitted with an angular distribution that depends on the
direction of the polarization of the incident photon beam. Since in the photoelectric effect
single photons eject single electrons, this implies that individual photons, in addition to
carrying energy and momentum, also have polarization properties. Suppose we now send
a beam of polarized light with an initial intensity I, through a crystal, which has the prop-
erty that only the component of light polarized along a particular axis can pass through it.
Thus if the polarization of the initial beam is in the direction of the axis, then the emerg-
ing beam will have intensity [,. If the polarization vector makes an angle # with the axis,
then the intensity of the emerging beam is I, cos” 0. Let us look at this result in terms of
individual photons. If the beam is fotally polarized along the direction of the axis, then all

23
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of the photons that make up the beam must have been polarized in that direction. For a
beam polarized in a different direction, the intensity is reduced by a factor cos? 0. This im-
plies that only this fraction of the photons passes through the crystal. However, photons
cannot be split into pieces, so that a given photon will either pass through the crystal, or it
will not. We have no way of predicting whether an individual photon will pass through.
All we can say is that for N incident photons, N cos? @ will get through, so that the odds,
or probability, that a particular photon will get through is cos” 6.

We also know from classical optics that a beam of light consisting of many photons
will exhibit wavelike properties—that is, diffraction and interference. An experiment car-
ried out by G. L. Taylor in 1909 was the first to show that a beam of light gave rise to a
diffraction pattern around a needle even when the intensity of the light was so low that
only one photon at a time passed by the needle. Since then, many more experiments
showed that the interference and diffraction properties cannot be due to the collective ef-
fect of the many photons in a beam. This raises new problems. Consider a thought experi-
ment, which is a variant of the Taylor experiment, in which a very low intensity beam of
light is directed at a screen with two slits in it. The photons are then detected at a second
screen (Fig. 2-1). The intensity is such that at a given time no more than one photon
passes through the two-slit screen. After very many photons have passed by, we see the
classically expected diffraction pattern. Classically this is well understood: If the electric
fields at a particular point r on the detecting screen due to electromagnetic waves crossing
slits 1 and 2 are E,(r, r) and E.(r, 1) respectively, then the total field at the point r at the
time 7 is the sum of the fields. This is a consequence of the superposition rules for electric
fields, which in turn is a consequence of the fact that Maxwell’s equations for the electro-
magnetic fields are linear. The intensity at the screen is proportional to the square of the
total electric field, and thus to (E,(r, 1) + E,(r. 1))% The interference pattern is due to the
presence of the E(r, 1) * E,(r, 7) cross term in the square of the sum of the fields. If only
slit 1 were open, the intensity would be proportional to E(r, #), and if only slit 2 were
open, the intensity would be proportional to E,(r, 1)*. If we now translate intensify into
probability, as suggested by our discussion about polarization, we find that if only slit 1 is
open, the probability of finding a photon at r is P|(r, 1), and if only slit 2 is open, the prob-
ability of finding a photon at r is P,(r, ). However, if both slits are open, the probability
is not the sum of the probabilities associated with each slit.

The only way to resolve these difficulties is to assume that each photon interferes
with itself. This can be handled by assuming that each photon is described by its own elec-
tric field, e(r, ), and that in the presence of two slits, the photon field at the detector is the
sum of two terms. These are associated with the presence of two slits, so that

e(r, ) =e(r,0) + er, o

Figure 2-1 Interference pattern

resulting from the passage of a beam

Interference of photons through a screen with two
pattern open slits.

Photon beam
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just as for a classical light wave. Note that we are still talking about a single photon. The
only real requirements are (1) that the field e(r, 1) obeys a linear equation and that (2) in
the classical limit a large collection of photons acts in accordance with Maxwell’s equa-
tions. The actual formulation of a quantum theory of photons is somewhat complicated,
and we leave the discussion of this to Supplement 18-A.

At this point we turn our attention to electrons. From the time of their discovery,
electrons were described as particles. They appear to travel along trajectories determined
by the electric and magnetic forces acting on them, they have mass, and they carry energy
and momentum. Nevertheless, they have wavelike properties, as first determined in the
diffraction of electron beams by crystals. As demonstrated by the beautiful two-slir exper-
iment of A. Tonomura presented in Chapter 1 (see Fig. 1-9) the pattern of the hits of elec-
trons on the absorbing screen slowly builds up to a wavelike interference pattern. This
experiment is a realization of the thought experiments we discussed above in connection
with photons. Individual electrons appear to hit the screen at random. As the number of
electrons increases, the expected interference pattern emerges. Again, the place where a
single electron hits cannot be affected by the fact that other electrons came before it, or
will come after it, so that the emergence of the pattern must lie in the property of each
electron. By analogy of our conjectures in connection with the photon, we may expect
that the properties of a single electron are described by an analog of the one-photon elec-
tric field e(r, 7). We thus expect that an electron will be described by a wave function tra-
ditionally denoted by ¢(x, r). In order to get an electron to interfere with itself we must
insist that Y«(r, 1) obeys a linear equation. In that case, a sum of two wave functions is also
a wave function, so that the superposition rules apply. Furthermore, we expect that the
predictability of where an electron hits (as if it were a classical particle) will be replaced
by a statement, involving the wave function {(r, 1), about the probability that an electron
arrives at r. The rest of this chapter is devoted to arguments that lead us to the correct
form of the linear equation obeyed by (T, 1), the Schrodinger equation, the probability
for finding an electron at r at a time ¢ in terms of ¢/(r, r) and other general properties of the
wave function. We shall approach this by constructing waves that might simulate the
properties of particles. The study of wave packers will be helpful in this matter, even
though the idea that there are real waves that act like particles is not correct.

2-2 PLANE WAVES AND WAVE PACKETS

A harmonic wave propagating in the positive x-direction with wave number k has the
form

Yx, 1) = A, cos (kx — wr) + A, sin(kx — wr)
or equivalently
Pi(x, 1) = Ae® N + Beilkimuh 2-1)

The wave number k is related to the wavelength by

k= 2m/A (2-2)
and the angular frequency w is related to the period T by

o =27lT
and thus to the frequency v = 1/T by

w =27 (2-3)
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In general o will be related to k in some way. For example, in the case of light propa-
gating in a vacuum, v = ¢/A where c is the speed of light. Hence w = kc. This relation-
ship is not true for light in a dispersive medium. There » = c¢/nA, where n is the
refractive index of the medium, and r is generally a function of the wavelength n =
n(A). We shall determine below the relation between o and & for the waves of interest
to us.

Since Y (x, 1) does not depend on y or z, it takes on the same value everywhere on
the y-z plane, and is thus called a plane wave. Y (x, t) is a plane wave for all possible
values of k, and it is therefore possible to take a superposition of plane waves with
different amplitudes A(k) and B(k). There is nothing in what we have done so far to
require A(k) and B(k) to be real, and, in fact, we shall see that in general we must allow
Y(x, 1) to be complex. Let us consider the wave A(k)e™ " and add such waves for
a variety of values of k.! The superposition is called a wave packet, and it takes the
form

Plx, 1) = f dk A(k)e'®? (2-4)
We begin by considering the wave packet at time t = 0,
P(x, 0) = f dk A(k)e™ (2-5)

and illustrate it by considering a special form, called the gaussian form
A(k) = g othT2 (2-6)

This function is centered about k,, and it falls off rapidly away from that center. We shall
see that it is the width of the square of this function that is of interest. The square falls to
1/3 of its peak value when a(k — ky)* = 1. This means that the width can be taken to be
Ak = 2/Va. The integral in (2-5) can now be done in steps. We first make a change of
variables to ¢’ = k — k;, and we end up with

l,[l(x, 0) — eikaxe—xzﬂa f dql e—aq’2/2

— 29 ikx —xia
= /76 e -7

Aside from the scale factor, which could have been absorbed by slightly modifying A(k),
we end up with a plane-wave factor characterized by the wave number &, and a modulat-
ing function that acts to localize the packet about x = 0. The width of that packet, which
is also gaussian, is defined in the same way as before: We square the function and see
where it drops off to about 1/3. This provides the width Ax = 2Va. We see that there is a
reciprocal relation between the width of the function A(k) that determines the shape of the
wave packet, and the width of the wave packet. In fact, the product of the two widths has
the property that Ak Ax = 4 here. The specific value of the number on the right side is not
important. A slightly different definition of the widths would have given us a different an-

"We do not consider the wave form B(k) exp[—i(kx — wt)] because a term proportional to exp[iwt] will be seen
to be associated with a negative kinetic energy.
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swer. What is quite general is that the product is independent of a 1Tt is actually a general
result of Fourier integrals that

Ak Ax > % (2-8)

so that this reciprocal relation is true for wave packets in general. We illustrate this in the
example that follows.

EXAMPLE 2-1
Consider a wave packet for which
Ay=N —-K=k=K
=0 elsewhere

Calculate Y(x, 0), and use some reasonable definition of the width to show that (2-8) is satisfied.

SOLUTION We have

N

K
P(x, 0) = f dk Ne™ = - (€5 — 7K1y = 2SI Kx
“k

X

The definition of A(k) easily shows that Ak = 2K. A reasonable definition of Ax might be the dis-
tance between the two points at which ¢«(x) first vanishes as it gets away from x = 0. This happens
when Kx = *r, so that Ax = 27/K. It follows that

Ak Ax = 47

which certainly satisfies (2-8).

The mathematical description of how wave packets move is a little messy, so we set the ma-
terial off in a subsection. The important result is that for a wave packet for which the spread
about a particular value of k&—say, k;—is small, so that it looks a lot like a plane wave mod-
ulated by a very wide function in x, then the wave packet moves with the group velocity

_ [ dw(k)
v, = (—(9k )k=kﬂ (2-9)

and its width in x spreads as a function of time. In the following subsection we see this in
detail for our Gaussian wave packet.

*How Wave Packets Move

As indicated in (2-4), the motion of the wave package can be obtained by integration, pro-
vided we know how w depends on k. Let us assume that A(k) is sharply peaked about the
value of k = k;,. We may make the approximation

Jw 1 2 o’?zw)
= + (k — k)| = + -k — k) — 2-10
w(k()) ( O)(ak )k:kﬂ 2 ( 0) (8](2 K=ty ( )
Taylor expansion
With this,

2
(kx — of) = (kgx — w(k)t) + (k — ky) [x — (Z—‘;)kn t] - %(k — ko)z(‘j;_k‘;’)kot
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When this is inserted into (2-4) we get, after changing variables to g = k — k, the following:

PYx, 1) = £itkor—awlkot) f dg A(q + ko) eiq(x—vxt)e—iqz(azw/akz)otIZ (2-11)

—co

If the last factor in the integrand were absent, as is the case when w = kc for example, then
the integral becomes a function of (x — v,#). If this function peaks at x = 0 at time ¢ = 0,
then it will peak at x = vt at a later time . The velocity with which the packet moves is the
group velocity. The second term in the integrand, when it does not vanish, modifies the am-
plitude A(g + k;) and thus the shape of the wave packet; this is best seen in terms of our
gaussian packet. The integral is worked out just like the one that leads to (2-7), since the
extra term is also gaussian, as the exponent is quadratic in g°. With the notation.

FPw B
(%) —F

We see that in addition to changing x to x-vt, we change « to a + 2if3t. We therefore get

_ 2 ke _(x—vﬂt)z
Px, 1) = [a_i_—ZiBte(kOx e YAt 2-12)

This is a rather untransparent expression, involving a complex function of x and ¢, but
as we shall see soon, it’s absolute magnitude has a physical meaning. We therefore
calculate

[yx, P = *(x, DY, 1)

The pre-factor is easily handled; the phase factor has magnitude 1, and in the second ex-
ponential, the exponent has to be added to its complex conjugate. When all of this is done,
we get

27 ax—vt)

A /az + 4B2tz € a+ap

Comparison with the value at # = O shows that the width, initially given by 2Va, now be-
comes 2Va + 4% a = 2V aV'1 + 4B8%/a?. The result is that the wave packet travel-
ing with speed v, spreads as time increases. When « is large, so that the packet is broad,
the spreading is small. Nevertheless it is there, and this stands in the way of interpreting
the wave packet as describing the particle itself.

|, D = 2-13)

2-3 THE PROBABILITY INTERPRETATION
OF THE WAVE FUNCTION -
Electric Field

At this point we recall that in the case of photons, the intensity, proportional to [e(r, 1)1,
was interpreted as being proportional to the probability of finding a photon in the vicinity
of T at the time t. Since we were led to the conclusion that A(r, f) had to be complex, we
assume that it is |y(r, £)|* that is related to the corresponding probability of finding an
electron in the vicinity of r at time ¢. For simplicity we deal with motion in one dimension
(though the generalization is straightforward) and assert

P(x, Ddx = |¢(x, H? dx (2-14)
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The probability interpretation is due to Max Born who, shortly after the discovery of the
Schrédinger equation, studied the scattering of a beam of electrons by a target and was led
to the above form.

With this interpretation of |(x, f)|* the spreading of the wave packet presents no
problems. All it implies is that an electron, known to be in a certain region with some
probability distribution, will, with increasing time, have an increasing probability of being
found outside that region.

The appearance of probability in quantum mechanics differs from its appearance in clas-
sical physics. Here it is not a statement of ignorance about what is “really” going on, as is the
case when we speak of the probability of a coin-toss leading to heads or tails, but it is a basic
limitation on what we can know when the wave function is known. The mathematical impli-
cations of this interpretation of {/(x, £) will be discussed at length in the next chapter.

The probability interpretation allows us to understand electron interference. As a con-
sequence of the linearity of the equation for ¢s(x, f), a wave function of the form

P, ) = N (x, D) + ¢(x, 1)) (2-15)

is a solution, if both ¢, and s, are solutions. Let ¢, be the wave function of the electron
that describes the system with slit 2 closed. This wave function is then definitely associ-
ated with passage through slit 1. Similarly, if s, is the wave function with slit 1 closed,
then the wave function with both slits open will then be the sum of the wave functions
and ¢,. Consequently, the probability density of finding an electron at a point x on the
photographic plate behind the slits is proportional to |¢,(x., ) + (x, D%

We have

[n(x, 1) + gotx, D = |, O + [, D|* + 2Re(n(x, g(x, ) (2-16)

and the third term clearly exhibits the interference. This effect requires that there be a sin-
gle electron source, so that the phase difference of the two wave functions ¢, and s, does
not vary randomly. If the phase difference varied unpredictably, then the probability
would be determined by

P(x, 1) = |(x, D* + ¢t D (2-17)

EXAMPLE 2-2

Consider a two-slit experiment, in which the wave function at slit 1 acquires an arbitrary random
phase that is to be averaged over, so that the total wave function at the screen is Y¥(x, ) =
e (x, ) + Y(x, D). (Such a situation might arise if there were two incoherent electron sources, one
at each slit). Show that under these circumstances the interference averages out.

SOLUTION We need to calculate

[Cx, )2 = (€ (x, 1) + Yolx, D)e “Pi(x, 1) + P3(x, 1)
= |gn(x, D> + |gotx, D> + €%yn(x, Y5 (x, 1) + e Puhx, DY (x, 1)
= |yn(x, D] + |yalx, D]* + 2 cos ¢ Re ((x, DY (x, ) + 2 sin ¢ Im (@, (x, DY (x, 1))

The angle ¢ varies randomly from electron to electron, so that in the pattern of dots, the terms in-
volving this angle average out to zero.

There is a potential difficulty with the probability interpretation. Consider a beam of elec-
trons passing through a screen with a double slit. Suppose we could determine in some
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way through which slit each given electron passes. If the electrons are far apart, then as
far as any given electron is concerned, we might as well have closed the other slit. If such
a detection means were available to us, we could divide all the electrons, arriving at the
screen on which they are detected, into two classes: those that went through slit 1 and
those that went through slit 2. In that case, however, we would get the distribution (2-17).
We are forced to the conclusion that we get an interference pattern only if the experiment
does not allow us to determine which slit the electrons go through. If we somehow
arrange to find out what the slit of passage was, then the interference pattern disappears
and the probability is just the sum of the individual probabilities. The rule is simple:

If the paths are not determined, add the wave functions and square; if the paths are
determined, square the wave functions and add.

If we look at the discussion in Example 2-2, we see that somehow the acquisition of
knowledge in which way the electron went must introduce a random phase into the compo-
nent of the wave function that is being “looked at.” For further discussion see Chapter 20.

2-4 THE SCHRODINGER EQUATION

We have constructed a wave function that may be used to describe satisfactorily the prob-
ability of finding a freely traveling electron at x, at a time t. We make the connection with

physics by first recalling that according to de Broglie and as suggested by the
Planck relation Thus the wave packet may be rewritten in the form
— 1 i(px—~Enh
wen =2 | dp s @-18)
V2ah 7
We now take E(p) = p*/2m for a free particle. We see that the group velocity is
_dw _JE_P

Ve = ok ap _m Relation between E and G.velocity

which confirms our association of Aw with the energy. Here ¢(p)/V 27t plays the role
played by A(k) in eq. (2-5).
Now suppose that the particle under consideration is not free, so that instead of
E = p*/2m. we have Generally, particles can be bounded, so
E =p’2m + V(x) (2-19)

If we were to mindlessly insert this into the exponent in eq. (2-18), the wave function
would be changed rather trivially: the new wave function {i(x, £) is just the product of the

free particle wave function, and a factor Now this factor is a pure phase factor,
whose absolute square is 1. This would mean that the addition of a potential to the energy
in This is patently

wrong since in a potential, the velocity of a particle changes from place to place What we
need to do is to find the equation that ¢s(x, f) is a solution of, and then modify that equa-
tion to take into account the presence of a potential V(x).

We proceed as follows: If we differentiate with respect to time, we find that

P, 1) _

. 1 h i(px— Enlk
ih— Vot _fw dp $(P)E(p)e

(2-20)
1
V2wh

@ p2 '
f dp ¢(p) % el(px—Et)/fl
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On the other hand,
h o _ 1 i(px—Efh
TP D= f dp $p(PIpe”
i dx 2k I
and hence
[0 VNP U f "
(l dx) l,[f(.x, t) - m J dp ¢(I7)P € (2_21)
We may combine these two results to get an equation for (x, #) that is solved by (2-18).
This is
(2-22)
This is the Although we started from a solution

of (2-22), the equation takes precedence over the solution. It is easy to see that starting
from the equation, a solution of the form ¢®**“? would correspond to a negative kinetic
energy and that A cos(kx — wt) + B sin(kx — wf) will only be a solution if B = iA. To the

extent that (2-22) is a translation of E = p*/2m, with E being replaced by i % and p by
—ih %, we can generalize the energy equation in the presence of a potential V(x),

2

_r
E=o—+ V)

to the general Schrédinger equation

W, ) B2 FPx 1)
gt 2m g2

ih + Vx)n(x, 1) (2-23)
This is the basic equation that we will be working with in much of this book.

Let us return to the free particle case. The most general solution of that equation de-
pends on the form of ¢(p), and we shall now show that this is determined by the initial

condition—that is, by In fact, if we in the solution (2-18), we get
1 1px/h
Px, 0) = f dp $(p)e” (2-24)
V2rh 7

and this equation determines ¢(p). The solution of (2-23) is also determined by yi(x, 0).
This is in contrast to the familiar wave equation

I*fix, _ 2 &zf(x, 15}
or TR

in which both f(x, 0) and (Jfix, 1)/d1),—, have to be specified. The difference is a conse-
quence of the fact that the Schrédinger equation is of first order in . We shall see that this
is closely related to the probability interpretation of s(x, 1).

*The Relation between ¢(p) and y«(x, 0)

The relation between i(x, 0) and ¢(p) is obtained by noting that (2-23) is a Fourier inte-
gral and thus can be inverted. Here we make use of the properties of Fourier integrals out-
lined in Supplement 2-A. [www.wiley.com/college/gasiorowicz]



32 Chapter2 Wave-Particle Duality, Probability, and the Schrodinger Equation

We multiply ¢/(x, 0) by e~ 7*" and integrate over all x. This leads to

—ip'x 1 i(p—p" ik
dx (x, 0)e P = f dx f dp ¢(p)e'?F (2-25)
fw V2mh J, I

We now use [%,, dx e® P = 27h8(p — p’) to get V2whid(p’) on the right-hand side,

so that
1 —ipxth
p) = f dx Y(x, 0)e 7 (2-26)
¢ Vawh /|

2-5 THE HEISENBERG UNCERTAINTY RELATIONS
Let us return to the reciprocal relation obtained in eq. (2-8),
Ak Ax > 172
Recalling the identification of £k with the momentum, this relation takes the form
Ax Ap = #/2 (2-27)

This is called the Heisenberg uncertainty relation, or the Heisenberg indeterminacy rela-
tion. Tt arose in the context of our discussion of the wave packets, but as we now see, it is
a statement about the wave function. We saw that s(x) cannot describe a particle that is
both well-localized in space and has a sharp momentum. This is in great contrast to classi-
cal mechanics. What the relation states is that there is a quantitative limitation on the ac-
curacy with which we can describe a system using our familiar, classical notions of
position and momentum. Position and momentum are said to be complementary variables.
We can illustrate this limitation by a couple of examples.?

Diffraction of a Photon Beam

Consider a beam of photons, passing through a slit of width a (Fig. 2-2). When the beam
is treated as an electromagnetic wave, one can show that the beam is diffracted with an
angular spread of magnitude

g =

Q>

where A is the wavelength of the light. The particle-wave duality of quantum mechan-
ics allows us to describe the beam as a sequence of photons passing through the slit.
Under those circumstances, one would not expect a spreading of the beam. The uncer-
tainty relation rescues us, so to speak, from a paradox. The photon momentum in the
x-direction is given by p, = h/A. The y-coordinate of the photon is indeterminate to the
extent that

Ay=a

*Many examples are discussed in W. Heisenberg, The Physical Principles of the Quantum Theory, Dover
Publications, New York, 1930, and in most books of quantum mechanics listed in the bibliography. See also J.
Bernstein, P. M. Fishbane, and S. Gasiorowicz, loc.cit.
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Photons of
momentump = =

~— "
T
%\X:)\)\\ \j

Figure 2-2 Diffraction of a beam of photons that pass
through a slit in a screen.

This implies that the momentum of the photon in the y-direction is uncertain to the extent that

h _h

ApyzA—y a

This, however corresponds to a spread of the beam of the order of

Ap, _ha __A
in agreement with the “wave description” of the incoming beam.?

Inability to Localize Bohr Orbits

Quantum mechanics does not allow us to talk about classical orbits of an electron in the
Coulomb field of a proton. Suppose we want to conduct an experiment to study the location
of the electron in an orbit. Let us limit ourselves to circular orbits. We will want to distin-
guish between an orbit of radius characterized by the quantum number » and a neighboring
orbit. If we use a photon beam to do this, we need a beam of wavelength such that

f h

= fica [+ 1 —r] = n

/\<<r,,+1—r,, ~m

(where we have again neglected factors of the order of 247). Such a photon, by particle-

wave duality, will transfer momentum of the order of

b mca

to the electron. This means that the energy transfer to the electron is

AE =

pAp PPy mca)
m, m, 12
which is large enough to kick the electron out of its “orbit.” Again, the attempt to localize
the electron must be accompanied by an uncontrollable momentum transfer to it.

One more comment: The heading of this section included Relations. We shall see in
Chapter 5 that the uncertainty relation we used above follows formally from the

*In this example, we have worked with orders of magnitude, so that we have ignored factors of 2 in the
difference between h and #i.
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Schrédinger equation, provided we use a suitable definition of the meaning of Ax and Ap.
There is another relation that is not so directly derivable, but it is nevertheless applicable.
This is a relation that is familiar in classical wave theory. A wave train that is limited in

time, so that it lasts a time At, must have a spread in frequencies given by Ay = i, which
translates into

AEAt>h (2-28)

We shall see an example of this when we discuss the lifetime of an electron in an excited
state and the associated width of the spectral line in Chapter 17.

INTERIM SUMMARY

The particle nature of radiation and electrons (and other particles such as neutrons, helium
nuclei, and even complex molecules) is incompatible with the observed wave properties
that these particles manifest when suitable “wave-detection” experiments are performed.
The suggested solution is that the particles are described by wave functions that obey a su-
perposition principle. These must obey a linear equation (not necessarily the familiar
“wave equation”), they must be complex in general, and the wave functions must be inter-
preted as yielding only probability statements about the behavior of individual particles.
Some good guesses lead to the linear Schrddinger equation (2-23) for the wave function
Y(x, 1) that describes a particle in a potential V(x). We also stated the content of the Born
interpretation—namely, that the wave function Y(x, 1) is a probability amplitude, and its
absolute square yields a probability.

2-6 MORE ON THE PROBABILITY INTERPRETATION

For the interpretation given in (2-15) to hold, we must require that
j dx P(x, 1) = j dx|(x, D> =1 (2-29)

since the particle must be somewhere in the range —o < x < . Suppose we find a solu-
tion of the Schrodinger equation for which the integral in (2-29) is not equal to unity. As a
consequence of the linearity of the Schrédinger equation, if «(x, f) is a solution, so is
Ais(x, 1), and with a proper choice of A one can normalize the wave function ¢(x, f) so it
does indeed satisfy (2-29). We shall see below that all we need is that

j dx|(x, 0)|% < o (2-30)

that is, the initial state wave functions must be square integrable. Since we may need to
deal with integrals of the type

j dx ¥ (x, DX"P(x, 0

and

j dx r¥(x, t)(%)nl,lr(x, 3}
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we will require that the wave functions #(x, 0) go to zero rapidly as x — *, often faster
than any power of x. We shall also require that the wave functions ¢/(x, ) be continuous in x.

The Importance of Phases

The emphasis on |y(x, H)* as the physically relevant quantity might lead to the impres-
sion that the phase of the wave function is of no importance. If we write ¢y = Ré”, then
indeed |2 = R? independent of 8. However, the linearity of the equation allows us to
add solutions, as in our discussion of the electron interference pattern with two slits. We
see that

|R€® + R,¢®™|?> = R} + R} + 2R,R, cos(8; — 6,)

depends on the relative phase. An overall phase in the total wave function can be ignored,
or chosen arbitrarily for convenience.

The Probability Current

The ability to normalize the wave function is only possible if the constant A mentioned
above is a constant, independent of time. We now show that this is the case. We will use
(2-23) and its complex conjugate, with the explicit assumption that the potential energy
V(x) is real. Under these circumstances we have

, OPr(x, D) 72 Y, D)
—p s T

- e e a (G ) (2-31)

We may use this to calculate

oy 3
%P(x,t)=—§'7¢+¢*a—‘f

([, LY
‘—ﬁ(%)( VY a—)
I O
ox | 2im ox ox

If we now define the flux or, equivalently, the probability current by

Jjx, p = —21% (dr* % - % ) (2-32)
we get
% P, 1) + 5‘9; jLn=0 (2-33)
When this is integrated over all space, we find that
9 f dx P(x, 1) = — f dx 2 jx, 1) =0 (2-34)
at I I Ix

The last step follows from the fact that for square integrable functions j(x, f) vanishes at
+ o, Incidentally, had we allowed for discontinuities in ¢(x, ) we would have been led to
delta functions in the flux, and hence in the probability density, which is unacceptable in a
physically observed quantity. [Eq. (2-34) then implies that A is constant.]
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Equation (2-33) is a conservation law analogous to the charge conservation equation
in classical electrodynamics. It expresses the fact that a change in the density in a
region—say, a =< x < b—is compensated by a net change in flux into that region

b b
4| acpwn = [ acLjes 1 = jta, 0~ b, 2:39)

EXAMPLE 2-3
L

What is the probability current for a wave function of the form
(a) Ae™ + B, (b) Ae™™, (¢) R(x)e"*"?

SOLUTION
(2) With (x) = Ae™ + Be ™, we have dy/dx = ik(A™ — Be™™) and y* = A*e™™ + B*e™, so that

4
%( * Z—": - d:zllx .,1;) = ﬁ [(A*e ™ + B*e™)ik(Ae™ — Be ™) — c.c]

=Bk a2 — 1By = 2 (a2 - 1B

(b) Here y(x) is real, which means that j(x, 0) is manifestly zero. Note that this result is true for any
¢ of the form A (real function of x) where A may be a complex number.
(c) Here

b s AR s ap 1dS sm) =1 p2ds
2im(Re (dxe +1Rﬁdxe c.Cc. dex

These comments are sufficient to proceed with out discussion of the consequences of the
probability interpretation in quantum mechanics.

2-7 EXPECTATION VALUES AND THE MOMENTUM
IN WAVE MECHANICS

Given the probability density P(x, f), we can calculate the expectation value of x, x°, or,
for that matter, any function of x. (See Supplement 2-B for a discussion of expectation
values) [www.wiley.com/college/gasiorowicz]. We have

o = [ depiopeen= [ asgres o, 236)

Given our assumptions about the behavior of ¢(x, 1) as x — o, there is no problem with
the convergence of the integral. Note that we inserted f{x) between *(x, ) and (x, 1).
Clearly the order in which we put the three functions does not matter when we integrate. We
will soon find that sometimes f{x) involves derivatives with respect to x, and then the order
matters. Note that ( f{x)) depends on time, even if it does not have an explicit time depen-
dence, because in its definition the wave function ¢y may have a nontrivial time dependence.

The above expression does not tell us how to calculate the average of the momentum,
or a function of the momentum, because we don’t know what to insert between ¢* and
when calculating ( p), for example.
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The Momentum in Wave Mechanics

We approach the calculation of (p) by noting that classically

dx

p=mv=m-

so we try

Py=mE ) =ms f dx (3, D, 1)

=m f dx( LA xp(x, £) + ¥ (x, Hx al'b((;’ 0)

—

(2-37)

Note that there is no dx/df under the integral sign. The only quantity that varies with time
is r(x, £), and it is this variation that gives rise to a change in (x) with time. We again use
the Schrédinger equation and its complex conjugate to evaluate the above. We end up

with
—ﬁmd‘?w’* Y 2.38
@)_Z,m o2 xfs llfxg (2-38)
Now
azw* aP* o oYt I
= [ax W]“éﬂ“&?"ﬁ

oYr* Jd
=%[a—¢;x]—j—x(¢*¢) w*a—‘f—%[w ¢]+¢*—¢'+¢r 7Y
This means that the integrand in (2-38) has the form

Y % x ‘9¢’_ x « O
ax( = g x o w)+2¢r -

Because the wave functions vanish at infinity, the first term does not contribute, and the
integral gives

= f dx PG, t)(% %)w(x, 9 (2-39)
This suggests that the momentum be represented by the differential operator
fid
pop i ax (2'40)

Once we accept this, we can easily calculate

2
@)= f dx g, t)( )w(x n=—# f ax s n LG D
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and more generally

(on = [ dryre t)f(ﬁ g-)m ) 2-41)

The form of the momentum operator in (2-40) raises the question whether the expectation
value of the momentum in some states could be imaginary. We can, in fact, show that the
expectation value of p is always real. We write

o) - = [ a [w( )2 w(—%)%]

ﬁ s I oy
i ) [w* + ¢ ]—ffda(ww) 0 (2-42)

The last step follows from the square integrability of the wave functions. Sometimes one
has occasion to use functions that are not square integrable but that obey periodic bound-
ary conditions, such as

P(x) = (x + L) (2-43)

Also, under these circumstances

© Sm—

oy = oy =2 | ax L) = 2wy - oy =0

An operator whose expectation value for all admissible wave functions is real is called a
hermitian operator. We see that the momentum operator is hermitian.

The form of the momentum operator allows us to write the Schrodinger equation in
the form

t?llf(x 2

= Hj(x, 1) (2-44)

where the operator H, called the Hamiltonian operator, is a transcription of the energy

2

_ Py -
H=3"+Vw (2-45)

into operator form, using the operator form of p given in (2-38). The Hamiltonian opera-
tor is particularly significant in quantum mechanics, and we shall analyze it in detail in
many examples.

Wave Function in Momentum Space

Now that we have obtained a way of representing the momentum, we can discuss the
physical meaning of ¢(p), which was found to have the form

dp) = ik (2-46)
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We can calculate

Iﬁ dp $*(p)$(p) = Io dp &*(p) ﬁ Io dx (x)e P

— 1 [ [ —ipxth
- _\/mj;dxlp(x) _J;dp d)*(p)e t
= f dx Yp*(x) = 1 (2-47)

This result is known as Parseval’s theorem in the mathematical literature. It states that if a
function is normalized to 1, so is its Fourier transform.
Next consider

8

o a *® )
(p)= _f dx ¢r*(x) ?—ﬁix—) = _f dx ¢r*(x) ?% —_:;Tﬁ ) dp $(p)e™"
= [ ap o= [ aryrooer
— 27Tﬁ —o0
= f dp $*(P)pd(p) (2-48)

This result, together with (2-47), strongly suggests that ¢(p) should be interpreted as the
wave function in momentum space, with |¢(p)|* yielding the probability density for find-
ing the particle with momentum p.

Lest the reader think that in spite of this symmetry between x- and p-space, p =
—ih(d/9x) is an operator and x is not, we note that x is, in fact, an operator too. It hap-
pens to have a simple (multiplicative) form in x-space, but if we want to calculate
{ f(x)) in momentum space, then we can show by methods very similar to the ones used
carlier that

(x)= f dp ¢>*<p>(iﬁ %)Mp) 249)
and more generally
(fo) = f dp ¢>*(p)f(iﬁ %)dxp) (2-50)
In other words, the operator x has the representation
x=if % @2-51)

in momentum space.
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The following example illustrates some computations for a specific wave function

Yl x).

EXAMPLE 2-4
L
Consider a particle whose normalized wave function is
P(x) = 20V xe ™ x>0
=0 x<0
(a) For what value of x does P(x) = |y«(x)[* peak?
(b) Calculate {x) and {x?).
(c) What is the probability that the particle is found between x = 0 and x = l/a?
(d) Calculate ¢( p) and use this to calculate { p) and { p?).

SOLUTION
(a) The peak in P(x) occurs when dP(x)/dx = O—that is, when
i —2ary — _ —2ax _
o e ) = 2x(1 — ax)e 0
whichis atx = l/a.

(b)

= 32e2any = L ey =3 = 3
{x) '([ dx x(da’xPe™ ) i dyy'e oot

O3

(x)r = f dx X(4o’Pe™ ) = % = =
0

(c) The desired probability is
la
P= f dx (4a)e 2> =
0

dyy’e™ =032

B =
O —

@

d(p)= f e P20V a)xe ™
(1]

o«

f et — 4a’ 1
0

d
2mr dax 7h (o + iplh)?

%ﬁi

From this we can calculate

f 40’ ji. p
=1 d 2= 1 gp——= =
(p) :[o pple@|* =5+ | dp ot
(p)? = 4’ ap—F 8_f
2k 7 ( 2 + pZ/ﬁZ)Z 2k ! (a + pZ/ﬁZ)Z

With the change of variables p = fix tan 8, we get
a2

232
@) =41 [ ap sin? 0 = o
0




Problems 41

The introduction of operators brings in a new concern. Products of operators need careful
definition, because the order in which they act is important. Consider for example

L A

xp(x) = —ifix g (2-52)
whereas
dys(x

pxp(x) = —ih dix (x) = —iﬁx% — ifuf(x) (2-53)

which is different from (2-52). Note that we can deduce
[P, x1gp(x) = (px — xp)(x) = —ifih(x) (2-54)
Since this is true for all «(x), we conclude that we have an operator relation, which reads
[p,x] = —ik (2-55)

This is a commutation relation, and it is interesting because it is a relation between opera-
tors, independent of what wave function this acts on. The difference between classical
physics and quantum mechanics lies in that physical variables are described by operators
and these do not necessarily commute. The commutator (2-55) will be seen to lie at the
heart of the Heisenberg uncertainty relation.

PROBLEMS

1.

Given that A(k) = NI(K* + o?), calculate (x). Plot A(k) and «(x) and show that Ak Ax > 1, inde-
pendent of the choice of .

The relation between the wavelength A and the frequency v in a wave guide is given by

What is the group of velocity of such waves?

For surface tension waves in shallow water, the relation between frequency and wavelength is given by

_ 2T
y= [27T
pA?

where T is the surface tension and p is the density. What is the group velocity of the waves?

For deep water gravity waves, the relation between frequency and wavelength is given by
- |8
27A

Consider the problem of spreading of a gaussian wave packet describing a free particle, with

Kh

" 2m

What is the group velocity of such waves?

w

Calculate the fractional change in the size of the wave packet in one second if

{a) The packet represents an electron of mass 0.9 X 107*° kg, with the wave packet having dimen-
sions of 10 m; 107" m.

{b) The packet represents an object of mass 107 kg and size 0.01 m. It will be convenient to ex-
press the width in units of #i/mc, where m is the mass of the particle represented by the packet.]
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6.

10.
11.

12.

13.

14.

15.

16.

17.

A beam of electrons is to be fired over a distance of 10* km. If the size of the initial packet is 1073
m, what will be its size upon arrival, if its kinetic energy is (a) 13.6 eV; (b) 100 MeV? [Caution:
The relation between kinetic energy (K. E.) and momentum is not always K. E. = p%/2m!]

Consider a wave packet for neutrinos, which are massless to a very good approximation, so that
E = pc. Show that such a wave packet does not spread.

Consider a wave function of the form
Yx) = Ae
Calculate the wave function in momentum space ¢(p).
Consider the example in Problem 8. Calculate A so that is(x) is properly normalized.
Show that the conservation law (2-33) holds when is(x, f) obeys eq. (2-23), but only if V(x) is real.

Suppose the V(x) is complex. Obtain an expression for

oP(x, 1)
ot

al
and ar ) dx P(x, f)

For absorption of particles the last quantity must be negative (since particles disappear, the proba-
bility of their being anywhere decreases). What does this tell us about the imaginary part of V(x)?

Consider the distribution of grades in a class of 60 students, given by

Grades 60 55 50 45 40 35 30 25 20 15 10 S
#istudents 1 2 7 9 16 13 3 6 2 0 1 O

(a) Plot a histogram of the distribution.
(b) Calculate the class average.
(¢) Caleulate (Ag)? = (g% — (g)).

Compare your histogram with a distribution of the form

N(g)= Ceo (e @Yidey
with C chosen that E N(g) = 60.
&

Show that a grade distribution of the form

Grades 60 50 10
# students 7 34 19

leads to the same average grade, but that the dispersion Ag is different. What is it?

Consider the wave function obtained in themﬁrst example, 2N/(sin kx)/x. For what value of N will it

. 2
be normalized? [Hint: A useful integral is f dt ( S“t‘ ’) =]

—a

Consider the wave function
Y(x) = (a/m)"™ exp(—ax*2)
Calculate {(x") for n = 1, 2. Can you quickly write down the result for (x!7)?

Calculate ¢(p) for the wave function in problem 16. Calculate { p™) forn = 1, 2.



18.

19.

20.

21.

22.

Problems 43

Use the definitions (Ax)? = {x%) — { x)? and (Ap)* = (p?) — { p)* with the results of Problems 16
and 17 to show that ApAx > /2.

Make an estimate of the strength of the nuclear potential energy given the following fact: The “size”
of the box that roughly describes the nuclear potential is 107" m, and it takes 8 MeV to eject a par-
ticle from this potential well.

(a) Use the uncertainty principle to estimate { p?) for a nucleon in the box, and given the fact that
the mass of the nucleon is M = 1.67 X 10™ % kg, estimate the kinetic energy of the nucleon.

(b) Since the potential that gives rise to the binding must more than compensate for this, what is the
negative potential energy?

Monochromatic light passes through a shutter that opens for a time At = 10710 sec. What is the
spread in frequencies caused by the shutter?

Nuclei typically of size 10 m frequently emit electrons with energies in the range 1-10 MeV. In
the early days of nuclear physics, people believed that electrons *“lived” inside the nuclei. Use the
uncertainty relation to show that electrons of such energies could not be contained inside the
nucleus.

Show that eq. (2-49) holds.



Supplementz-A

The Fourier Integral
and Delta Functions

Consider a functiof(x) that is periodic, with periodl? so that
f(x) = f(x + 2L) (2A-1)

Such a function can be expanded in a Fourier series in the intefval), and the series
has the form

fx) = > A, cos X 1+ 3 B, sin M7X (2A-2)
n=0 L n=1 L
We can rewrite the series in the form
=3 ae™" (2A-3)

n=—o

which is certainly possible, since

X _ 1 nmil | il
€os - 2(e' +e )

P 070 QU R T R R
sin = o (¢ e )

The coefficients can be determined with the help of the orthonormality relation

L
1 inmIL o—imaxil _ _J1 m=n )
ZLJdeé e _3mn_{0 mn (2A-4)
Thus
L
a, = i f dx f(x)e ™ (2A-5)
-L

Let us now rewrite (2A-3) by introducinin, the difference between two successive
integers. Since this is unity, we have

f(x) = > a,e"™" An
| (2A-6)
— %zn‘l aﬂe|n‘n-x/L WTAn
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Let us change the notation by writing

n _ -
= k (2A-7)
and
”TA” = Ak (2A-8)
We also write
La, Ak
—=— 2A-9
by = (2A-9)
Hence (2A-6) becomes
AK) i
f(x) = ), — & Ak 2A-10
=2 o ( )

If we now letL — oo, thenk approaches a continuous variable, siakdecomes infini-
tesimally small. If we recall the Riemann definition of an integral, we see that in the limit
(2A-10) can be written in the form

0

f(x) = 2 f dk AK)E (2A-11)

V)

©

The coefficienA(K) is given by

A= Vorg -3 fL dx f)e "™t
(2A-12)

1 f ikx
——— | dxf(x)e
2 ) O

Equations (2A-11) and (2A-12) define the Fourier integral transformations. If we insert
the second equation into the first we get

©

f(x) =i f dk & f dy fy)e ™ (2A-13)

—o0

Suppose now that we interchange, without question, the order of integrations. We then get
_ 1 §(<-y)
f(x) = f dy f(y)[zﬂ f dk € ] (2A-14)
For this to be true, the quantié{x — y) defined by
_y=_L {k(x—y) i
S(x—y) 277.[ dk € (2A-15)

and called th®irac delta functiormust be a very peculiar kind of function; it must vanish
whenx # y, and it must tend to infinity in an appropriate way wkeny = 0, since the
range of integration is infinitesimally small. It is therefore not a function of the usual
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mathematical sense, but it is rather a “generalized function” or a “distribdtibddes not
have any meaning by itself, but it can be defined provided it always appears in the form

f dx f(x) 6(x — a)

with the functionf(x) sufficiently smooth in the range of values that the argument of the
delta function takes. We will take that for granted and manipulate the delta function by it-
self, with the understanding that at the end all the relations that we write down only occur
under the integral sign.

The following properties of the delta function can be demonstrated:

@)

6(ax) = 8(x) (2A-16)

This can be seen to follow from
00 = | dy i) stx—y) (2A-17)
If we write x = a¢ andy andan, then this reads
f(at) = lal | i f(am) slaé — )]
On the other hand,
f(at) = [ i f(am) o(¢ — )

which implies our result.
(ii) A relation that follows from (2A-16) is

a%—@— 10— @) + 5(x+ a)] (2A-18)

This follows from the fact that the argument of the delta function vanishes a and
X = —a. Thus there are two contributions:

80 — @) = 6[(x —a)(x + a)]

|x+ |6( —a)+| |8(x+a)
[6(x—a) + 6(x + a)]

More generally, one can show that

81 = E (2A-19)

|dﬂdxk .

where thex are the roots dix) in the interval of integration.

The theory of distributions was developed by the mathematician Laurent Schwartz. An introductory treatment
may be found in M. J. Lighthillntroduction to Fourier Analysis and Generalized Functjd@ambridge
University Press, Cambridge, England, 1958.
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In addition to the representation (2A-15) of the delta function, there are other repre-
sentations that may prove useful. We discuss several of them.

@)

(b)

(©

(d)

Consider the form (2A-15), which we write in the form
L

8(X) = =— L|m dk & (2A-20)
Laoo L
The integral can be done, and we get
_ ieuLx _ A-ilx
809 = Lim 5 - S8
. sin Lx (2A-21)
= Lim =25
Consider the functioA(x, a) defined by
A(x,a) =0 X< -—a
-1 _ )
=% a<x<a (2A-22)
=0 a<Xx
Then
5(X) = Lim A(x, a) (2A-23)
a—0

It is clear that an integral of a productX{f, a) and a functiori(x) that is smooth
near the origin will pick out the value at the origin

Lim | dxf(x) A(x, &) = f(0) Limf dx A(x, a)
a—0

a—0
= f(0)
By the same token, any peaked function, normalized to unit area under it, will
approach a delta function in the limit that the width of the peak goes to zero. We

will leave it to the reader to show that the following are representations of the
delta function:

1 a

5(X) = L|m T 2 (2A-24)

and
8(x) = Lim % e @ 2A-25
(9 = Lim = (2A-25)

We will have occasion to deal witirthonormal polynomialswhich we denote
by the general symbé!,(x). These have the property that

f dx P,(X)P,(X)W(X) = 8 (2A-26)

wherew(x) may be unity or some simple function, called the weight function.
For functions that may be expanded in a series of these orthogonal polynomials,
we can write

f0) = 2 aPn(¥) (2A-27)
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If we multiply both sides byw(X)P,(X) and integrate ove, we find that

8= [ dywy®P,) (2A-28)

We can insert this into (2A-27) and, prepared to deal with “generalized func-
tions,” we freely interchange sum and integral. We get

1) = 3 P®) | oy wOIP)
(2A-29)
= [ ay f(y)(; Pn(x)w(y)Pn(y)>

Thus we get still another representation of the delta function. Examples of the
P.(X) are Legendre polynomials, Hermite polynomials, and Laguerre polynomi-
als, all of which make their appearance in quantum mechanical problems.

Since the delta function always appears multiplied by a smooth function under an in-
tegral sign, we can give meaning to its derivatives. For example,

f dx 109 5 8(x) f dx—[f(x)8( )] — f dx&S()

J dx m5() (2A-30)

(df
& x=0

and so on. The delta function is an extremely useful tool, and the student will encounter it
in every part of mathematical physics.
The integral of a delta function is

fdyS(y—a)=O x<a

(2A-31)
=1 X>a

=0(x — a)

which is the standard notation for this discontinuous function. Conversely, the derivative
of the so-calledtep functions the Dirac delta function:

d% f(x — a) = 5(x — a) (2A-32)
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A Brief Tutorial on Probability

In this supplement we give a brief discussion of probability. For simplicity we start with
discrete events. Consider the toss of a six-faced die. If the die is not perfectly symmetric,

the outcome for face (n = 1, 2,..., 6)has a probabilityp,. In a large numbeN
of tosses, the facan™ turns upa, times, and we say that the probability of getting the face
nis

P = (28-1)

SinceXa, = N, it follows that
Sp,=1 (2B-2)

Let us now assign to each face a certain “payoff.” We assign points in the following man-
ner: 1 point when face 1 turns up, 2 points when face 2 turns up, and sdNdos&es we

getn pointsa, times, so that the total number of pointSisa,. This, of course, grows

with N. We thus focus on the average value (points per toss), so that

(m = %3 na, = 3 np, (2B-3)
n n
We may be interested in an average®say, and in that case we calculate
() = & 3 réa, = 3 rép, (28-4)
n n

and so on.

When we do not have a discrete outcome, we must deal with densities. To be specific,
consider a quantity that varies continuously, for example the height of a population of stu-
dents. We can make this discrete by makihgseogram(Fig. 2B-1) plotting the height by
listing people’s heights in 10-cm intervals. Nobody will be exactly 180 cm or 190 cm tall,

S0 we just group people, and somehow round things up at the edges. We may want a finer
detail, and list the heights in 1-cm intervals or 1-mm intervals, which will continue to
make things discrete, but as the intervals become smaller, the histogram resembles more
and more a continuous curve. Let us take some intefxahnd treat it as infinitesimal.

The number of people whose height lies betweandx + dxis n(x) dx. The proportion-

ality to dxis obvious: twice as many people will fall into the intervak ds fall intodx. It

is here that the infinitesimal characterdeafcomes in: we do not need to decide whether

n(x) dx or n(x + dx/2) dx is to be taken, since we trea)? as vanishingly small. If the

total population haBl members, we can speak of the probability of falling into the partic-
ular interval as

% n(X) dx = p(x) dx (2B-5)

W-11
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Supplement 2-B A Brief Tutorial on Probability
p(x) is called grobability density Since the total number of studentijsve have
f dxnx) =N (2B-6)

or

f dxp(x) = 1 (2B-7)

If we want the probability of finding a student of height betwaégay, 150 cm) ant
(say, 180 cm), we calculate

b
Pla=x=b)= f dx p(x) (2B-8)

The average height is calculated in the same way as for the discrete case

(x) = f xp(x) dx (2B-9)
and we can calculate other quantities such as

(X% = f x?p(x) dx (2B-10)

and so on. Instead of calling these quantities averages, we cakxpectation valuesa
terminology that goes back to the roots of probability theory in gambling theory.

We are often interested in a quantity that gives a measure of how the heights, say, are
distributed about the average. The deviations from the average must add up to zero. For-
mally it is clear that

X=(x»=0 (2B-11)

since the average of any number, includixygis just that number. We can, however, cal-
culate the average value of the square of the deviation, and this quantity will not be zero.
In fact,
(= () = (& = 2¢x) + (¥)?) = () = 200(x) + (x)°
= () — (0% = (A%)?

This quantity is called theispersion

(2B-12)

.

_l_.—'_

I | \ | | | | I—. Figure 2B-1
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The dispersion is used in quantum mechanics to definendetainty so that in the
Heisenberg uncertainty relations proper definitions\aj{and (A\p)? are given by

(AX)? = () — (x)? (2B-13)
and
(Ap)® = (p?) — (p)? (2B-14)

There is one more point to be made that is directly relevant to quantum physics. We
may illustrate it by going back to the population of students. Let us ask for the probability
that a randomly chosen student’s height lies between 160 cm and 1@Adtimat his or
her telephone number ends in an even integer. Assuming that there is nothing perverse
about how telephone numbers are distributed in the community, half the students will fall
into the even category, and thus the desired probabilRflB0= x =< 170) X (1/2). This
is just an example of a general rdif@t the probability of two (or more) uncorrelated
events is the product of the individual probabilities

Thus, if the probability that a particle is in some staieifi our laboratory isP(n),
and the probability that a different particle in a laboratory across the country is in a state
“m’ is P(m), then the joint probability that one findsin the first laboratoryand“m” in
the second laboratory is

P(m, n) = P(n)P(m) (2B-15)

We will find that a similar result holds for probability amplitudes—that is, for wave
functions.



Chapter 3

Eigenvalues, Eigenfunctions,
and the Expansion Postulate

Our discussion in Chapter 2 led us to the Schrodinger equation for the wave function
Yi(x, 1) and its interpretation. In this chapter we analyze the equation in some detail. We
find that for potentials V(x) that do not depend on time, the equation reduces to a simple
equation, the time-independent Schrodinger equation. We solve this equation for some
very simple, special cases and obtain some insights into the meaning of the solutions,
which we then extend to the general case of an arbitrary potential V(x).

3-1 THE TIME-INDEPENDENT SCHRODINGER EQUATION

44

Let us consider the time-dependent Schrédinger equation obtained in Chapter 2,

W1 52 PP 1)
g 2m g

ifh + VOY(x, ) = Hyu(x, 1) (3-1)
We introduced a symbol H for the operator on the right-hand side of this equation, which
stands for Hamiltonian. Equation (3-1) is a partial differential equation. Such equations
are much more difficult to deal with than ordinary differential equations in one variable.
In our case, because V(x) does not depend on the variable ¢, it is possible to reduce the
partial differential equation to two ordinary differential equations. We write

P, 1) = T(Ou(x) (3-2)

which implies that

2
i) LD - {—5’% dd’;(;‘) + V(x)u(x)}T(t)

Division by u(x)T(¢) gives us

1 dT) _ 1 {_ #2 d’u(x)

“dar ux)| 2m g

1 % ar e + V(x)u(x)} (3-3)

Since the two sides of the equation depend on different variables, this can only be satis-
fied if both sides are constant. We denote the constant by E. The solution of

L dT() _
ih—— = ET@) (3-4)
is
T(t) = Ce B (3-5)
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where C is a constant. The other equation is

_ kB d*u(x)
2m  dx?

+ V(x)u(x) = Eu(x) (3-6)

This equation is frequently called the time-independent Schrédinger equation.

In classical mechanics the motion of a particle is determined by the force F(x) =
—dV(x)/dx, so that adding a constant V; to the potential has no effect. We can see that the
same holds in quantum mechanics. If V(x) is replaced by V(x) + V,, then all we need to do
is to replace the label E in (3-4) by E + V,. This means that

T(t) — Ce~—i(E+ Vorh

and

1| 7 dPux)
u(x) | 2m dx?

+ (V(x) + Vo)u(X)}

so that (3-6) is unchanged. The presence of V,; merely changes the solution ¢(x, f) by a
phase factor e~ "Vo"*,

Let us return to (3-6). Its character is really different from that of (3-1). Equation
(3-1) describes the time evolution of the wave function i(x, ), whereas (3-6) is an eigen-
value equation. What do we mean by that?

3-2 EIGENVALUE EQUATIONS

A discussion of eigenvalue equations needs a more careful consideration of operators than
was presented in Chapter 2. Most generally, an operator acting on a function maps it into
another function. Let us consider some examples:

Ofx) = f) + x°
Ofx) = (AP
Ofx) = f(3x* + 1)
Of(x) = [dflx)dx]®
Ofx) = dfx)ldx — 2fx)
Oftx) = M(x)
All of these examples share the property that given a function f(x), there is a rule that de-
termines Of{x) for us. There is a special class of operators, called linear operators (we de-

note these operators by L to distinguish them from the general operators O). These have
the property that

(3-7)

LIfi(x) + £L(0)] = Lfi(x) + Lfy(x) (3-8)
and, with ¢ an arbitrary complex number,
Lcftx) = cLfx) 3-9)

Thus, in our list, the third, fifth, and sixth operators are linear.
A linear operator will map one function into another, as in the example

d
19 = T2 o
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It is instructive to think of the functions as analogous to vectors in a three-dimensional
space. Here, the action of an operator is to transform a vector into another vector. In the
special case that the vectors are all of unit length, an operator will transform one point on
a unit sphere into another.

Let us consider a special example. We define an operator that acts on a unit vector in
the following way: It rotates the vector about the polar axis in such a way that the tip
of the vector moves a distance 7 on a circle of fixed latitude (see Fig. 3-1). If we call this
operator R, then the eigenvalue equation will be

r' =Rr =Ar (3-10)

Since the length of the vector does not change, ¥’ = ¥* = 1 so that A> = 1 and thus
A = *1.We can now study the “eigenfunctions”—that is, the directions of the vectors r
that satisfy the above equation. For A = 1, the vector will return to its starting point if the
distance 7 is equal to an integer multiple of the circumference of the fixed latitude circle.
Since for a sphere of unit radius the radius of the circle is sin 8, and so its circumference is
247 sin 6, we must restrict the vector to values of 6 such that

77 = n(27 sin 6)
that is,
sin 6 = 1/2n n=1273...

Thus the eigenvectors lie on a series of circles starting at 30° and approaching the north
pole, and a similar series of circles starting at 150° and approaching the south pole. There is
only one allowed value of 6 for the eigenvalue A = —1. A change of sign can only happen
for a vector lying on the equator, so that § = 7/2.

Equation (3-6) may be written in the form

Hug(x) = Eug(x) (3-11)

This equation states that H, the Hamiltonian operator acting on a special class of func-
tions, will give back the function that it is acting on, multiplied by a constant, called the
eigenvalue. The solution of the equation depends on E and we have therefore labeled it
with an E. The solution u(x) is called the eigenfunction corresponding to the eigenvalue
E of the operator H. We shall see that eigenvalues can form a continuum or be discrete.
Because the operator H has the form
2
Pop
H=_—+V

om T V)
the eigenvalues are called energy eigenvalues and the eigenfunctions are energy eigen-
Jfunctions.

Figure 3-1 The action of R on a unit vector on a
sphere.
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EXAMPLE 3-11
Solve the eigenvalue problem

dfie)
do

i = M)

subject to the condition

fle) =fle + 2m)

SOLUTION The cigenvalue equation may be written in the form
d
.1 dfe) _ A

o) de
which is equivalent 1o

%ln_f(qo) - —ir
Integration gives
In i) = —iA¢ + constant
that is,
flg) = f0)e ™

The periodic condition implies that

e A2 — 1

This means that the allowed eigenvalues are A = 0, £1, £2, £3,. ..

The solution of the Schrodinger equation that we obtained is of the form ug(x)e ", but
since (3-1) is a linear equation, a sum of the solution of the above form is also a solution.
Permissible values of E may be discrete, E, (n = 1, 2, 3, . . .) or continuous. If we describe
the eigenfunctions corresponding to the discrete eigenvalues E, by u,(x) and those corre-
sponding to continuous eigenvalues E by u(x), then the most general solution of (3-1) is

Px, 1) = 2, Cu,(x)e” M 4 f dEC(E)ug(x)e 2" (3-12)

Here the C, are arbitrary constants and the C(E) are arbitrary functions of E, only con-
strained by the condition that i/(x, ) be square-integrable.

The separation of (3-1) would not have worked if the potential energy V depended on
the time. We will see later that when V does depend on 7, then energy is not conserved, so
that it is no longer a constant of the motion. We now turn to the discussion of a simple but
instructive example.

3-3 THE EIGENVALUE PROBLEM FOR A PARTICLE IN A BOX
We consider (3-6) with

Vx) = x<0
=0 0<x<a (3-13)
= a<x
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Vix)

Vix)=oo Vix)=0 Vix) =eo
x<0 0<x<a a<x

0 a *  Figure 3-2 The infinite well.

(See Fig. 3-2.) We see from (3-6) that

ux) =0 x<0

3-14
=0 a<x ( )
and inside the box, where V(x) = 0, we rewrite (3-6) in the form
d*uw(x) . 2mE
dx2 + ﬁz u(x) = 0 (3'15)

Fist we notice that if E < 0, then the equation takes the form
duxy
S~ — K
dx
where «* = 2m|E|/k*. The most general solution is some linear combination of ¢ and

e ", and although sinh kx vanishes at x = 0, it does not vanish at x = a. Thus we cannot
have E < 0. With positive E, and the notation

ux)=0

2= 2;:’2’5 (3-16)
(3-15) takes the form
2
a7 | u) =0 (3-17)

dx?

The most general solution is of the form A sin kx + B cos kx, but the requirement that
u(0) = 0 limits us to
u(x) = A sin kx (3-18)

The condition u(a) = 0 implies that

ka = nw n=1,273,... (3-19)
Thus the energy eigenvalues are
_ KK _ B2 _
" om T g n=1273,... (3-20)

It is easy to check that the solutions are normalized if A = V'2/a, so that

(%) = \/% sin 7% (3-21)
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The solutions have the property that

fdx X, (x) = fdx— sin 27X gjp BT
0

a a

1 j { (n — m)mx (n+ m)'n'x}
a dx {4 cos — oS
0

sin(n —m)m  sin(n + m)w

B (n — m)w - (n + m)wm (3-22)
=0 whenn ¥ m
=1 whenn =m
The conclusion that
f dx uy (Xu,(x) = 8, (3-23)
0

implies that eigenfunctions corresponding to different eigenvalues are orthogonal. If
the eigenfunctions are properly normalized, as they are here, (3-23) is called the ortho-
normality condition. Since the solutions are real, the complex conjugation in that equa-
tion is not really necessary, but is inserted for consistency with the more general
statement that applies when the eigenfunctions are complex. This will be established in
Chapter 5.

We can extract some physical information from the eigensolutions:

1. The state of lowest energy, the ground state, is described by u,(x), and the lowest
energy is

h?

E= 2ma’®

(3-24)

Note that classically the lowest energy would be that of a particle at rest in the
hole, and for p = 0 and V(x) = 0, the sum of the kinetic and potential energies
would be zero. Here we see the presence of a minimum energy.

2. Since the solutions are real,

f dxu (x)(—zh d"d(")) —it f g4 (Zx))

12
(3-25)

-5 [uz(a) — u(0)] =

On the other hand, { p2) does not vanish. In fact, inside the box p2 = 2mkE, so that

ﬁﬂ'zn

{(p*)=2mE, = (3-26)

for the eigenfunctions u,(x).
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2.2
E =161 =
2ma
2.2
E3=9 )i n2
2ma
2.2
E,=4 H n2
2ma
2.2
Ei= r nz . . .
2ma Figure 3-3 Eigensolutions for
x=0 x=a particles in a box.

3. The larger the number of nodes in a solution, the higher is its kinetic energy, as
can be seen in Fig. 3-3. This is understandable since the kinetic energy grows with
the curvature of the solutions. We see this by looking at the general form of the
expectation value of the kinetic energy. It is

O B
<K) —%— —Z—m_f dx u*(x)

d?u(x)
dx*

=)

S i S {i (u*(x) dut) ) N } 3-27)

2m dx dx dx dx
_ B T p du(x) |?
“om ) M dax

The first term in the middle line vanishes because u(x) and its derivative vanish at
infinity. We see that (K) is large if u(x) oscillates a lot.

4. The eigenfunctions shown in Fig. 3-3 exhibit a pattern. Those corresponding to
odd values of n are unaltered if they are reflected in a mirror placed along the mid-
point of the well, while those corresponding to even values of n change sign on re-
flection. It is therefore instructive to exhibit this symmetry explicitly. We do so by
displacing the well so that the “mirror” lies along the vertical axis at x = 0. This
puts the boundaries of the box at x = —a/2 and x = +a/2. This shift is accom-
plished by the change of variables -

X—>X—

IR
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We then get

. NTX . (nmx _nmw . nTX nw nmx . nir
—_—— =/ 2y = =0 il pidbidd iy -
sin —; sm( a 2 ) sin == cos 2 cos —;— sin 2 (3-28)

Forn = 1, 3, 5,..., the solutions (aside from a sign in front, absorbed in the
phase of the normalization constant) are proportional to cos nax/a, which are even
functions of x. For n = 2, 4, 6, . . ., the solutions are proportional to sin nwx/a,
which are odd functions of x, and which therefore vanish on the symmetry axis,
now labeled with x = 0.

By making the shift we have obtained the eigensolutions for the infinite well
bounded by x = *a/2. They are

2 . nmx . _
\/;smT withn =2,4,6, ...

\/%cosnaﬂ withn =1,3,5,..

and

S 1
EXAMPLE 3-2
Consider a one-dimensional box of width 1 mm. Roughly, what value of n corresponds to a state of

energy 0.01 eV?

SOLUTION We calculate

2 _ 2md’E _
2
(2% 0.9 X 107¥kg)(107° m*(10 2 eV)(1.6 X 10~ JeV)
B (1.05 X 1073 J-5)%(3.14)?
=2.65 % 10°
The value of » is roughly

n= 163 X 1¢*

EXAMPLE 3-3

Calculate the density of states for Example 3-2 in the vicinity of 0.01 eV. The density of states is de-
fined by dn/dE. What is the number of states within an interval of 10~* eV about the energy of 1072 eV?

SOLUTION Wehave
E = (constn?
so that
In E = In(const) + 2 Inn

From this we get
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so that

dn _ n

dE 2E
Numerically we get

dn _ 1.63 X 10°

E-2x107cv " 0.82 X 10° states/eV
e

The number of sates in a 10™* eV interval is therefore 82.

3-4 THE EXPANSION POSTULATE AND ITS PHYSICAL
INTERPRETATION

Fourier’s theorem states that any function ¢i(x) that satisfies the boundary conditions y«(0) =
Y(a) = 0 can be written in the form

Px) = 2, C, sin 17> (3-29)
n=1

Since the eigenfunctions of H for the infinite well are proportional to sin n7x/a, we write
the preceding expression in terms of the eigenfunctions u,(x):

P(x) = 21 A, (%) (3-30)

The orthonormality relation (3-23) can be used to find A,. We see that

f dx ut o(x) = f dx uk(x) i A, (%)
0 0 =1

s

n

A, f dx wi(xu,(x) = 2 Ab,m = A,
1 n=1
0

so that

A, = f dx up (%) (3-31)
0

As in our discussion of the free wave packet, we can calculate the time development of
this arbitrary initial wave function ¢(x). Since each of the eigenfunctions u,(x) acquires its
own time dependence e~ *“*, we have quite generally

Px, D) = D Au, (x)e it (3-32)

The expansion has its counterpart in vector analysis. Consider an n-dimensional space.
The set of orthogonal unit vector i, plays the role of a complete set of eigenfunctions,
complete in the sense that any vector a in this space may be expanded in terms of these
unit vectors

n
a= 2 a,i,

m=1
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Since the unit vectors form an orthogonal basis, we have

Ly "l = amk

The coefficients in the expansion g, may be obtained by taking a dot product with unit
vectors

ak=i,('a

The analogy has its peculiarity: The dot product is replaced by an integral over the vari-
able x. In spite of this, the analogy between wave functions and vectors, between eigen-
functions and a basis of unit vectors will turn out to be very instructive.

Interpretation of the Expansion Coefficients

To interpret the coefficients A, we calculate the expectation value of the energy in an arbi-
trary state yx(x). Since inside the box H = pH2m, and outside the box «(x) = 0, and since

Hu,(x) = E,u,(x)

It follows that

(H) = f dx y* ()HY(x) = f dx y*(x)H 2 A, u,(x)
0 0 i

=YA, f dx Y*(X)E,u,(x) (3-33)
" 0
=2 E|Af
We also note that
] dx Y*x)px) = 1 (3-34)
0
implies that
1= f dx y*(x) D, A (x) = X AAY = Al (3-35)
A p . p

To interpret |A,[?, we note that an energy measurement can only yield one of the eigenval-
ues. This statement was implicit in the starting point of Bohr’s description of the station-
ary states of the atom. We shall take it to be a postulate of quantum mechanics that a
measurement of the energy must be one of the eigenvalues of the energy operator. Under
these circumstances, a measurement of the average energy of a system will give us

E, =(H)=Y Ep,

where p, is the probability that an individual measurement yields E,. The probabilities
must add up to one, so that

Sp.=1
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Comparison with (3-33) and (3-35) immediately suggests that |4,|>, where
A, = f dx wFx)(x) (3-36)
0

be interpreted as the probability that a measurement of the energy for the state yi(x) yields
the eigenvalue E,.

The assertion that any single energy measurement must yield an eigenvalue E, has
further implications. Suppose such a measurement is made, and E, results. A repetition of
the measurement must yield the same result. (Otherwise, how else could we check that the
measurement was carried out correctly?) This, however, means that after the first mea-
surement the system had fo be in the eigenstate u,(x), since that is the only way to ensure
that the second measurement will give E, with certainty. This implies that a measurement
projects the initial state into an eigenstate of the observable (the energy here) that is
being measured.

This assertion is not peculiar to the problem of a particle in a box. It holds for more
general systems in which there is a potential energy V(x), and also for observables other
than the energy, such as the momentum, angular momentum, and so on.

EXAMPLE 34"

Consider the eigenvalue problem discussed in Example 3-1. The eigenvalues are n = 0, 1, *2,. ..
and the normalized eigenfunctions are

einqp

u(p) = 1
\V2ar

with the normalization determined by the condition that

2

J delu (@) =1
(4]

We may view ¢ as the coordinate of a particle moving on a unit circle. Suppose the normalized
wave function of the particle is

W(p) =N cos’ @

What is the probability that a measurement of the eigenvalue yields n = —2?

SOLUTION We need to expand the wave function ¢ in terms of the normalized eigenfunction. We do this
by a direct expansion rather than by using the orthonormality of the eigenfunctions, since this al-
lows us to look at other possibilities.

i —ip \2 i .
() = N(—e =€ ) =@+ 2+ e
= % V2m(u, + 2up + u_y)

Thus the coefficient of u_, is V/(27mN/4, and the probability is P(—2) = tN*/8. We need only to
find the value of N2. It is determined by

27
NZquo cos*p=1
0
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One can do the integral, but another way of doing it in simple cases is to note that P(2) = P(—2) =
aNY8 and P(0) = 47N%/8. Since all of these add up to 1, we get

aN? | 4aN?
= + =
2 3 3 1
so that N* = 4/3, and therefore
P-2)=¢
EXAMPLE 3-5
Consider a particle in a box. Its wave function is given by
Y(x) = A(x/a) 0<x<al2

=A( — x/a) al2<x<a

where A = V12/a so as to satisfy [& dx]y(x)|* = 1. Calculate the probability that a measurement of
the energy yields the eigenvalue E,.

SOLUTION We want to calculate 4, in the expansion

A,,=fdx!,l/(x)\/%sin%
0
\/_ al2 a
= 024[fdx<%>sinnaﬂ+fdx<l—g>sin%:|

0 al2

With the change of variables 7rx/a = u in the first integral and mx/a = 7 — u in the second integral,
we get

72
_ V24 u . .
A,,—deuq—r sin nu(l — (—1)")
0

The A, for n even vanish because of the last factor. The integral is easily calculated, and we get, for

n odd only,
V24, 1 1
A,, = T 2 ﬁ (_ l) +
so that
96
|42 = s for n odd
=0 for n even

One can easily check, using the fact that 3, n~* = 7*/90 and

Snt=>nt+>nt=Ynt+ 116 5"
odd all

all even odd

that the sum of all the probabilities is 1:

96 _4_ 96 1 4_9 15 7 _
oo 4_7<1_E>2"4_7'%'%‘1

T odd a all ka
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3-5 MOMENTUM EIGENFUNCTION AND THE FREE PARTICLE

The energy operator H is not the only one that has eigenfunctions and eigenvalues. Let us
solve the eigenvalue equation for the momentum operator

popup(x) = Pup(x) (3'37)
Since p,, = (h/i)(d/dx), this reads
duy(x) i
The solution to this equation is
u,(x) = CePt (3-39)

with C a constant to be determined by normalization, and the eigenvalue p real, so that the
eigenfunction does not blow up at either +o or —eoo. This is the only constraint on p: we
say that p,, has a continuous spectrum. We might, by analogy with (3-23), expect that the
eigenfunctions obey orthonormality conditions. We see that

f dx uf(xu,(x) = |C[ f dx &P

= 27| C|"hé(p — p") (3-40)
With the choice
1 ipx/f
uy(x) = e’ (3-41
SRV = )
(3-40) reads
f dx uy(xyu(x) = 8(p — p') (3-42)

This differs from (3-23) only in that the Kronecker 8,,,, appropriate for discrete indices is
replaced by a Dirac delta function 8(p — p’) for the continuous indices.

The statement that any wave packet ¢4(x) may be expanded in terms of a complete set
of eigenfunctions can also be established here. The analog of (3-30) must take into ac-
count that we are summing over a continuous index p, so that we write

r; ipx/f
) e 343
Y(x) __[0 p (p) s (3-43)
According to the interpretation implicit in (3-36), |¢(p)[%, where
s~ | a ( iy )*w( ) (3-44)
= | dx x -
27h

—ce

gives the probability that a measurement of the momentum for an arbitrary packet yi(x)
yields the eigenvalue p. In this way we justify the conjecture made about ¢(p) in Chapter
2, that ¢(p) is the wave function in momentum space.
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EXAMPLE 3-6 .

A particle is in the ground state of a box with sides at x = 0 and x = a. Suddenly the walls of the
box are moved to +o, so that the particle is free. What is the probability that the particle has mo-
mentum in the range ( p, p + dp)? Since a free particle of momentum p has energy P*12m, which
need not equal the ground-state energy, energy is not conserved. How is this possible?

SOLUTION Our initial wave function has the form

lp(x)=\/%sin? 0=x=a

As we saw in (3-44) the probability amplitude that the particle in this state has momentum p is
given by

1 —ipxth 2 . mx
¢(p)=——dee" \/:sm—
N2h A a a
The limits on the integrals come from the condition that ¢(x) vanishes to the left of x = 0 and to the

right of x = a, since that is where the walls initially stood. The integral is casy to evaluate. We get

__—pats _27la cos paf2h

PO = €T e (wlay — (pity

so that

47  cos’(pal2h)

2 [ L Bt L it A
|¢(P)| dp ﬁa3 ((’77/(1)2 _ (p/ﬁ)2)2 4

Energy is not conserved because there is actually a time dependence in the potential energy. In fact,
V(x) changes very rapidly from the walls at x = 0 and x = g, to walls at * .

Note that (1) the probability drops very rapidly once p gets to be much larger than #ir/a, and
(2) the probability density does not become infinite at p = fi7r/a because the numerator vanishes at
that point.

Normalization of the Free Particle Wave Function

Let us now turn to the free particle Hamiltonian. When W(x) is zero everywhere, the en-
ergy eigenvalue equation reads

dux)  2mE u(x) = dz:ff)

di? A2
The solutions are ¢* and e **, or linear combinations of these, such as cos kx and sin kx.
The trouble with all of them is that they are not square-integrable, since

+ Ku(x) =0 (3-45)

f dxlae™ + Be *|?

diverges for all values of A and B. There are three ways of getting around this difficulty.

(a) One way is to consider the particle as confined in a very large box. The diffi-
culty with a box extending from —a/2 to +a/2 is that the wave functions must
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(b)

vanish at the boundaries, and it is therefore impossible to construct wave func-
tions of the type exp(*ikx). A way of getting around this is to replace the
boundary condition {*a/2) = 0 by periodic boundary conditions expressed in
the form

Px) = d(x + a) (3-46)

For a free particle described by ¢* this implies that k cannot be continuous, but
must satisfy

=1 (3-47)

which means that k = 2n/a or that p = 2nwh/a. If the box is large, then the n-
values must be correspondingly large. The normalization is one that corresponds
to one “period” of width a, so that

N? f dx|e™|? = Na =1 (3-48)
0

Thus the solutions corresponding to an energy ZLm (2narhi/a)* will be linear com-

binations of ¢*/\Va and ¢"*/Va. Since a is arbitrary, we expect the answer to
all sensible questions' to be independent of a. This is indeed the case.

We may work with wave packets. A solution of the form
Px) = e (3-49)
is a special case of (3-43) with
dp) = V2rh 8(p — kk) (3-50)

that is, an infinitely peaked momentum-space distribution. Suppose we replace
this limiting ¢(p) by a very sharply peaked function V27h g(p — #ik). Then &
will be replaced by

PY(x) = f dp éPg(p — hk)

— eikx f dq eiqx/ﬁg(q) (3_51)

which is a plane wave, ¢*, multiplied by a very broad function of x. We may
make this function so broad that it is essentially constant over the region of phys-
ical interest. The uncertainty in the momentum will now be of the order of mag-
nitude #i/(size of x-packet), and if the denominator is of macroscopic size, this
uncertainty is negligible. We thus satisfy the mathematical requirements without
changing any of the physics. The wave-packet description is actually the one that
is closest to what really happens physically, since any way of preparing the ini-
tial state, for example, firing an electron gun, can never, in practice, create an
exact momentum eigenstate.

'An example of a question that is not sensible is “How long does it take a particle to travel fromx = O to x =

al2?’
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() We can approach the problem by recognizing that the difficulty in normalization
stems from the fact that for a wave function like ¢, the particle is not confined
to any region of space, so that the probability of finding it anywhere is zero. If
we do not ask questions that involve the probability of finding the particle in any
finite region, no problems arise. One way of avoiding the normalization diffi-
culty is to deal with the probability current, or flux

h dp(x)  dy*(x) W)]

2im dx dx

jx) = [l,ll*(x) (3-52)
discussed in Chapter 2. For a wave function Ce?", the flux is |C|* p/m; for the
wave function Ce P the flux is —|C[* p/m. If we note that for a one-
dimensional problem, the flux of particles with a density of 1 particle/m, moving
with velocity v = p/m is just v—that is, the number crossing a point x = x; per
second—we see that |C|? represents the density of particles per m. Thus (3-41)
represents particles with a density of 1/27 per m.

In three dimensions, with
(3-53)

the flux will be |C|* p/m, and this corresponds to a flow of particles, with density
|C? per m? crossing a unit area perpendicular to p, when the particles are moving
with velocity v = p/m (Fig. 3-4).

uy(r) = Ce*™"*

Degeneracy

The energy cigenvalue equation (3-45) has two independent solutions, ¢** and e
equivalently, the pair of real solutions cos kx and sin kx is also independent. Whichever
pair we choose, we notice that in contrast to the problem of a particle in a box, there are
two solutions that have the same energy associated with them. This is an example of
something that happens quite frequently: there may be more than one independent eigen-
function that corresponds to the same eigenvalue of a hermitian operator. When this oc-
curs, we have a degeneracy.

-~ >3 >3

*~— - -— -
\\ [ *>

~> \ o>
*> \ *> - >~ -
-—> } ~> *> -
*->>

-— i L d

/ > *>

v

Particles not
crossing in
1st second

Figure 3-4 The relation between velocity of particles and flux—that is, number of particles

Particles crossing
in 1st second

= 2lcl?)

crossing a unit area perpendicular to velocity, per unit time.
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In the two cases that we have carlier, the two solutions are orthogonal:

f dx(e” ™ y* e* = f dx ¥ =0
- o (3-54)
f dx sinkxcos kx =0

for k # 0. It is always possible to make linear combinations such that this is true. Indepen-
dent of any degeneracy, eigenfunctions corresponding to a given energy E = #°k*/2m are
orthogonal to eigenfunctions corresponding to a different energy.

What distinguishes the two degenerate eigenfunctions? For the set (e, *), the dif-
ference is that they are eigenfunctions of the momentum operator

oo = %d% ¢t = - pketi (3-55)
The two degenerate energy eigenfunctions are distinguished by the fact that they are si-
multaneously eigenfunctions of the momentum operator, with eigenvalues *p.

We could, instead have chose cos kx and sin kx as degenerate solutions. We expect
that there must be something more basic than the fact that they are different functions that
distinguishes them. The important difference turns out to be that one of them is even
under the interchange x — —x and the other one is odd under that interchange. This leads
us to yet another operator of interest, called the parity operator.

3-6 PARITY

The eigenfunctions for the free particle (sin kx, cos kx) as well as the eigenfunctions for a
particle in a box extending from —a/2 to +a/2, are either even or odd under the inter-
change x — —x. Suppose we consider the particle in a box that is symmetric about the
x = 0 point, and suppose that the initial state y(x) is even in x. This means that {(x) must

be of the form
Y(x) = E A,,\/% cos r%rx (3-56)
where the sum extends overn = 1, 3, 5, . . . . At a later time this wave function becomes

Y, 0 =D A, \/% cos X o iEih (3-57)

Thus the wave function is still even in x at a later time. The same holds for a wave func-
tion that is initially odd. Thus for our box, symmetrically centered about x = 0, evenness
and oddness are properties that are time independent. We may say that evenness and odd-
ness are constants of the motion. Since any constant of the motion is of interest to us, we
formalize the discussion somewhat.

We do this by introducing the parity operator P, whose rule of operation is to reflect
x — —x. Thus for any wave function {«(x), we have

Py(x) = (—x) (3-58)
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For an even wave function we have
PY ) = ) (3-59)
and for an odd wave function
PY(x) = —¢' () (3-60)

These two equations are eigenvalue equations, and what we have shown is that even func-

tions are eigenfunctions of P with eigenvalue +1, while odd functions are eigenfunctions of

P with cigenvalue — 1. In the problem of the particle in a box, the functions cos (nx/a) and

sin (n7rx/a) are not only eigenfunctions of H; they are simultaneously eigenfunctions of P.
The cigenvalues *1 are the only possible ones. Suppose we have

Pu(x) = Au(x) (3-61)
Applying P again, we would get
Pou(x) = PAu(x) = A%u(x) (3-62)

However, Pu(x) = u(x), since two reflections should not change anything. Hence Al=1;
thatis, A = =1. An arbitrary function /(x) can always be written as a sum of an even and
an odd function

P(0) = 3P + Y(=x)1 + 3P — Y(—x)] (3-63)

that is, just as with the eigenfunctions of H discussed in our example, any function can be
expanded in terms of the eigenfunctions of this new operator.

The explicit appearance of evenness and oddness came about because we centered the
box at x = 0. Had we taken it to lie between 0 and a, nothing would have changed, and there
would still be symmetry under reflections about x = a/2. Such symmetry would, however,
be much less apparent. The lesson to be learned here is that in setting up a quantum mechan-
ical problem one should always pay attention to the symmetries in the Hamiltonian, and
choose the coordinates in a way that exhibits the symmetries most explicitly. If the box were
uneven (Fig. 3-5), no amount of changing coordinates would bring about a symmetry. The
important fact is that the symmetry be in the Hamilronian. This may be seen more clearly
by asking under what circumstances an even function will remain even for all time.

0 _a Figure 3-5 Box for which there is no
symmetry under reflections.

N8R
N

2When dealing with the box, we consider the walls as part of the potential-—that is, the Hamiltonian. That is
why we do not speak of boundary conditions instead of the Hamiltonian.
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Let
P(x, 0) = th(—x, 0) = ¢/ "(x) (3-64)
The time development is given by
ox, t
it ‘!’g ) — Hyx, ) (3-65)
If we operate with P on this equation, we get
it % Pysx, 1) = PHy(x, 1) (3-66)
Under the special circumstances that
PHyi(x, t) = HPY{(x, 1) (3-67)

which holds when H is even under x — —x—that is, when V(x) is an even function (since
d*1dx’ is even)—we have

ifi 2 [PY(x, 01 = HIPY(x, 0] (3-68)
Hence
P, 1) = 51 + Pylx, 1) (3-69)
and
P x, 1) = 3(1 = Phjx, 1) (3-70)

separately obey the Schrédinger equation, and do not mix, if the initial state is even (or
odd). The condition for the time independence of parity only holds if

(PH — HP)Y(x,1) =0 (3-71)
for all possible states—that is, if the operators P and H commute
[P,H =0 (3-72)

This important condition will be seen to be quite general: any operator that does not have
an explicit time dependence and that commutes with the Hamiltonian H is a constant of
the motion. In particular, if the potential changes with time—that is, we have V(x, )—
then the energy itself is not a constant of the motion, just as in classical mechanics. Note
that when V depends on #, the separation of the equation into an equation for the time de-
pendence and an energy eigenvalue equation is not possible.

In summary, what differentiates the degenerate eigenfunctions is that they are simul-
taneous eigenfunctions of another hermitian operator. Both the operators Pop and P have
the property that they commute with the Hamiltonian pﬁPIZm in this problem. We shall
show later that this is a necessary condition for the existence of simultaneous eigenfunc-
tions. For example, p,, and P do not commute [since (fi/i)(d/dx) changes sign under
x — —x], and therefore the eigenfunctions of one of the operators cannot all be simultane-
ous eigenfunctions of the other.

We have learned an enormous amount about quantum mechanics from the two sim-
ple problems that we have considered. We shall return to these matters in later chapters
and generalize them. In Chapter 4 we will again consider some very simple problems.
However, there we will concentrate not on the mathematical features, but rather on the
physical systems that they are simple models of.



Problems 63

PROBLEMS

1.

You are given the following operators:
(@) O = XF*Y(); (b) Ouf(x) = x(dldx)f(x); () Osth(x) = AY*(x);
(@) O(x) = €'%; (&) Os(x) = [dPp(x)/dx] + a; (F) Og(x) = [~ dx’ (P(x" ")

Which of these are linear operators?

Solve the eigenvalue problem
Ogi(x) = A(x)

What values of the eigenvalue A lead to square-integrable eigenfunctions? (Hint: Differentiate both
sides of the equation with respect to x.)

Calculate the following commutators: (a) [O,, Ogl; (b) [0, O;]. The procedure is to calculate [A, B]
by expressing A(Byy) — B(Ay) in the form Cifs.

Calculate
Ax = V()
for the u,(x) given in (3-21). Using ( p°) given by (3-26), calculate
Ap Ax

It is characteristic that for the higher states the uncertainty increases with n.

Consider an electron of mass m = 0.9 X 107 kg in an infinite box of dimension a = 10~° m.

(a) What is the energy difference between the ground state and the first excited state? Express your
answer in eV.

{(b) Suppose the transition from the state # = 2 to the state n = 1 is accompanied by the emission of
a photon, as given by the Bohr rule. What is the wavelength of the emitted photon?

Consider an electron in a macroscopic box of size a = 2 cm.
(a) What value of n corresponds to an energy of 1.5 eV?
(b) What is the difference in energy between the state n and n + 1 in that energy region?

Consider an infinite box of unknown width. In transitions between neighboring values of n, photons
of various energies are emitted. It is found that the largest wavelength of the various photons seen is
450 X 107° m. Use this information to determine a, the width of the infinite box.

Consider an infinite box extending from x = —a/2 to x = a/2. Can you, without actually solving the
Schrodinger equation but by looking at the shape of the wave functions, immediately give a general
formula for the energy eigenvalues of an infinite box that extends for x = —a/2 to x = 07 (Hint:
Where do the eigenfunctions have nodes?)

A particle is known to be localized in the left half of a box with sides at x = *a/2, with wave function

2

= /£ —a
— < x<
a > x<0

P(x)

=0 < a
0 x<2

(a) Will the particle remain localized at later times?

(b) Calculate the probability that an energy measurement yields the ground state energy; the energy
of the first excited state.
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10.

11.

12.

13.

14.

15.

16.

Consider the wave function of Problem 9.

(a) Calculate the probability that an energy measurement yields the energy eigenvalue associated
with a particular value of n.

(b) Use the fact that

$1_m
n=1 n2 8
to show that the probabilities add up to one.

The eigenfunctions for a potential of the form

V(x) = o x<0, x>a
=0 O0<x<a

u,(x) = \/% sin %

Suppose a particle in the preceding potential has an initial normalized wave function of the form

- 5
P(x, 0) = A(Sme)

are of the form

(a) What is the form of (x, 1)?

(b) Calculate A without doing the integral f d6 sin'® 6.

(c) What is the probability that an energy measurement yields E,, where E, = n>m2h%2ma*?

{Hint: Expand ([¢® — ¢ ®)/2i)° in a power series €™ + --+ —e " and recombine into a series of
terms involving sin 56 and so on. }.

A particle is in the ground state of a box with sides at x = *a. Very suddenly the sides of the box
are moved to x = *b(b > g). What is the probability that the particle will be found in the ground
state for the new potential? What is the probability that it will be found in the first excited state? In
the latter case, the simple answer has a simple explanation. What is it?

Repeat the calculation given in example (3-6) for a particle initially in the nth eigenstate. Show that
the corresponding probability is given by

20?7 1 — (—1)" cos palt

fia® [(p/h)* — (nmla)™?

Sketch the distribution. Show that it conforms with the uncertainty relation, and that the result is in
agreement with the correspondence principle when » is large.

A particle in free space is initially in a wave packet described by

!ll(x) — (g)lmeaxill
ki

(a) What is the probability that its momentum is in the range (p, p + dp)?

(b) What is the expectation value of the energy? Can you give a rough argument based on the “size”
of the wave function and the uncertainty principle, for why the answer should be roughly what it is?

The wave function for a particle is given by
Y(x) = Ae™ + Be ™
What flux does this represent?

What is the flux associated with a particle described by the wave function

P = u(x)e™

where u(x) is a real function?
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17. Consider the eigenfunctions for a box with sides at x = *a. Without working out the integral, prove
that the expectation value of the quantity

x°p* + 3xp’x + pX*
vanishes for all the eigenfunctions.
18. Prove that the parity operator. defined by
P(x) = Y(—x)

is a hermitian operator. Also prove that the eigenfunctions of P, corresponding to the eigenvalues
+1 and —1, are orthogonal.

19. Use parity arguments to show that in Example 3-5 the A,, for n even must all vanish.



Chapter 4

One-Dimensional Potentials

In this chapter we solve some simple problems of one-dimensional motion. They are
of interest because they illustrate some nonclassical effects, and because many physical
situations are effectively one-dimensional even though we live in a three-dimensional
world.

4-1 THE POTENTIAL STEP

66

For this problem we take (Fig. 4-1) the form of V(x) to be
Vix)=0 x<0

4-1
= VO x>0 )
The Schrodinger equation
B dux) _
g2 + V(%) u(x) = Eu(x) “4-2)
takes the form
d’u(x)  2m
— + T [E—- V)] u@x) =0 4-3
P 7 [ (0] u(x) “4-3)
We write, as usual,
and we also introduce
2m(E — Vyp)
*—hz—o =g 4-5)
The most general solution of (4-3) for x < 0, where V(x) = 0, is
ulx) = e + Re™™ (4-6)
This corresponds to a net flux moving in the positive x-direction, of magnitude
i b odu du* B i | op ik ike _ poikny
j=5 u o a5 [(e™™ + R*e™)(ike ikRe ™) — c.c] )
_ hk
= (1= |RP)

We may view e** with flux #k/m as an incoming wave. If there were no potential, we
could choose €** as the solution for all x, so that we attribute R to the presence of the po-
tential. This potential gives rise to a reflected wave, R e **, with a reflected flux #k|R[*/m.
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X
x=0 Figure 4-1 The potential step.

For x > 0, we write the solution
u(x) =T ¥ (4-8)

The most general solution for x > 0 is a linear combination of ¢/ and ¢™**, but a term in-
volving the latter would describe a wave coming from + o0 in the negative direction, and
with the “experiment” in which only a wave from the left is sent in, the only wave on the
right can be a transmitted wave. The flux corresponding to (4-8) is

i)
i=2\p 4-9)

Since there is no time dependence in the problem, the conservation law (3-12) implies
that j(x) is independent of x. Hence the flux on the left must be equal to the flux on the
right; that is, we expect that

h
- IR =32 7P (4-10)

The continuity of the wave function at x = 0 implies that
1+R=T (4-11)

obtained by matching the two solutions at x = 0. In spite of the fact that the potential is
discontinuous, the slope of the wave function is also continuous, as can be seen by inte-
grating (4-3) from —& to +& (with ¢ arbitrarily small and positive) and using the continu-
ity of the wave function:

du) _ (du =fdx¢d_u
dx )/, dx/_, dx dx

f dxzﬁ—’? [V(x) — E] u(x) = O (4-12)

We note, for future reference, that if the potential contains a term like Aé(x — @), then in-
tegration of the equation froma — £to a + &£ gives

ate

d d 2
(d—Z)a+£ - (d—Z)a_E = ﬁ_’g f dx A6(x — a) u(x)

= 2ﬁ_r;1 Au(a)

(4-13)
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The continuity of the derivative for our potential implies that

ik(1 — R) = igT 4-14)
We can therefore solve (4-11) and (4-14) for R and T to obtain
_k—q
T k+gq
4-15
_ % ( )
k+gqg

From this we can calculate the reflected and transmitted fluxes:

Ak | pp = ik (k.:_Q)Z
m

kg 4-16
B gtk ko o

We note the following:

1. In contrast to classical mechanics, according to which a particle going over a po-
tential step would slow down (to conserve energy) but would never be reflected,
here we do have a certain fraction of the incident particles reflected. This is, of
course, a consequence of the wave properties of the particle; partial reflection of
light from an interface between two media is a familiar phenomenon.

2. With the help of (4-16) we can easily check that the conservation law (4-10) is in-
deed satisfied.

3. For E => Vy—that is, for ¢ — k from below—the ratio of the reflected flux to the
incident flux—that is, |R*—approaches zero. This agrees with intuition, which
tells us that at very high energies, the presence of the step is but a small perturba-
tion on the propagation of the wave.

4. If the energy F is less than V,, then g becomes imaginary. If we note that, now the
solution for x > 0 must be of the form

u(x) = T e~k (4-17)

s0 as not to blow up at + o, we see that in this case,
IRP = ( i )( ’.m) =1 (*-18)

k+ilql /\k + ilq|

Thus, as in classical mechanics, there is now total reflection. Note, however, that

__ 2%
k+ i|q|

4-19

does not vanish, and a part of the wave penetrates into the forbidden region.
This penetration phenomenon again is characteristic of waves, and we shall see
a little later that it permits a “tunneling” through barriers that would totally
block particles in a classical description. There is no flux to the right, since j(x)
vanishes for a real solution even if the coefficient in front of it is taken to be
complex. The phenomenon of total reflection is mathematically identical to
what happens to light when it strikes an interface between two media of differ-
ent refractive indices (going from the larger to the smaller value of n) at an angle
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larger than the critical angle. The light undergoes total internal reflection, but
there is an exponentially decaying electromagnetic field that penetrates into the
forbidden region.

5. It is a peculiarity of the idealized sharp potential that the expressions for R and T
can be written in terms of E and (E — V) only, independent of #, which could ap-
parently be set equal to zero. This appears to present us with a paradox, since we
associate fi = 0 with the classical limit. Does this mean that for such a potential
one could get partial reflection in the classical limit? There is no paradox, since a
condition for the classical limit to hold is that the de Broglie wavelength (A =
2fi/p) be small compared with the relevant dimensions of the system. In this ex-
ample, the dimension that is relevant is the size of the region in which the poten-
tial changes from zero to V|, which is zero in the limiting case. Thus for this
idealized potential, there never is a classical region. If we were to round off the
potential, then at sufficiently high energies the condition for classical behavior
would indeed obtain, but as already noted, at sufficiently high energies there is no
reflection.

4-2 THE POTENTIAL WELL

We next consider the potential (Fig. 4-2)

Vix) =0 x<—a
=-V, —a<x<a (4-20)
=0 a<x
We again write
2 2mE
k= 72 (4-21)
and
2m(E + Vy)
7= . (4-22)
We can immediately write down the solutions
u(x) = e* + Re ™ x<—a
u(x) =A% + Be & —a<x<a @-23)
u(x) =T ™ a<x

These correspond to an incoming flux #ik/m from the left, a reflected flux #k|R|*/m, and a
transmitted flux #k|T|*/m to the right. Inside the well there are waves going in both direc-

X =—-a x =a
x
R
VO
J Figure 4-2 The potential
- well.
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tions because of the reflections at both discontinuities at +a. According to flux conserva-
tion we should get

A
% (1—|RP =22 (AP~ |BP) = % | T (4-24)

We again write down the conditions for the continuity of #(x) and du(x)/dx at x = a and
x = —a. It is useful to note that these conditions can be combined into a single set of con-
ditions requiring the continuity of

1 du(x)

u(x) dx

at x = g and x = —a. In this form we see that the overall normalization plays no role in
determining the shape (though not the scale) of the wave functions. Multiplying #(x) by a
constant will not change the ratio. In the present situation we get

Atx = —a
igAe " — igBe'®  jre~i*e _ jkRe*e
4. _ goe” _ zke__k szke (4-25a)
Ae ' + Be'" e " + Re™
Atx=a
igAe'’ — igBe ¢ .y o ika
1 wEE _ _kTe _ gy (4-25b)

Aé'%® + Be i Te*e
A little algebra is needed to eliminate A and B. What remains are expressions for R and T.
These are

(¢* — K sin 2qa
2kq cos 2ga — i(g" + k) sin 2qga
2kq
2kg cos 2ga — i(g* + k) sin 2qa

R=ig s
(4-26)

= o~ 2ika

Again, if E >> V,, there is practically no reflection, since g*> — k* << 2kgq, and as E — 0,
the transmission goes to zero. There is an item of special interest: in the special case that
sin 2ga = O—that is, for the positive energies given by

n*mh?

2

E=—-V,+ n=123... (4-27)

8ma
there is no reflection. This is actually a model of what happens in the scattering of low
energy electrons (0.1 eV) by noble gas atoms—for example, neon and argon—in which
there is anomalously large transmission. The effect, first observed by Ramsauer and
Townsend, is described as a transmission resonance. A more accurate discussion must, of
course, involve three-dimensional considerations. In wave language, the effect is due to a
destructive interference between the wave reflected at x = —a and the wave reflected
once, twice, thrice, . . ., at the edge x = a. The resonance condition 2ga = nr, which may
be written in the form

27 _ 4a
“n

A= 7 (4-28)

is just the one that describes the Fabry-Perot interferometer in optics.
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4-3 THE POTENTIAL BARRIER

‘We now consider
=V, —a<x<a 4-29)

We will limit our discussion to energies such that E < Vi—that is, energies such that no
penetration of the barrier would occur in classical physics (Fig. 4-3). Inside the barrier we
have the equation

d’u(x) | 2

X +ﬁ—’;1(E—V0)u(x)=0

that is, with

oo _2mE= V)

ﬁ2
2 (4-30)
dutx) Zu(x) = 0
2R« =
dx*
The general solution
u(x) = Ae " + Be |x| <a (4-31)
is to be matched onto
— ikx —ikx < —
ux)=-ce . + Re X a 4-32)
= Te* x>a

Actually we need not go through the trouble of solving this since the results can be read
off from (4-26) with the substitution

g — ik = iVQmh*(V, — E) (4-33)
Thus, for example,
i 2kk
T=e¢ % 4-34
2k cosh 2ka — i(k> — %) sinh 2ka ( )
and this implies that
2kk)?
. . (4-35)
(# + k??sinh? 2ka + (2kk)
Ve
VO
IR N R r———t—————— Figure 4-3 Potential barrier Energy is
% such that a classical particle would be

-a a totally reflected by the barrier.
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When ka >> 1, sinh 2ka —> % >, and the expression for |T|* simplifies to

2

|7 > (—24"" ) e e (4-36)
K2+ K

There is transmission, even though the energy lies below the top of the barrier. This is a

wave phenomenon, and in quantum mechanics it is also one exhibited by particles. This

tunneling of a particle through a barrier is frequently encountered, and we shall discuss

some applications later.

We pause to analyze an apparent difficulty. The wave function does not vanish inside
the barrier, and thus there appears to be some probability of finding a particle with negative
Kkinetic energy. How can this make sense? We look to the uncertainty relation to remove an
apparent paradox that arises from oo classical a description of the process. An experiment
to study the particle inside the potential barrier must be able to localize it with an accuracy

Ax<<2a 4-37)
This measurement will transfer to the particle momentum, with an uncertainty
Ap >>h/2a (4-38)
which corresponds to a transfer of energy
AE >> h8ma’ (4-39)
In order to observe the negative kinetic energy, this uncertainty must be much less than
|E — V), so that
R s pE > T (4-40)
2Zm 8ma®

which implies that 2ka >> 1. Under these circumstances, the quantity to be measured, |7|*
is, as seen in (4-36), vanishingly small. For example for ka = 10, e ™ = 1078,

The approximate expression for the ratio of transmitted flux to incident flux, |T is
an extremely sensitive function of the width of the barrier, and of the amount by which
the barrier exceeds the incident energy, since

!
Ka = [Z"—'“f (Vo - E):Il i (a-41)

In general, the barriers that occur in physical phenomena are not square, and to dis-
cuss some applications, we must first obtain an approximate expression for the transmis-
sion coefficient |T|? through an irregularly shaped barrier. The proper way to do this,
given the fact that there is no exact solution available for most potentials, is through the
Wentzel-Kramers—Brillouin (WKB) approximation technique.' Our discussion will be
less mathematical.

We observe that (4-36) consists of a product of a pre-factor and a much more
rapidly varying exponential factor. Thus we may isolate this behavior by writing, again
approximately

In|T|* = (const) — (2x)(2a)

"The WKB approximation is briefly discussed in Supplement 4-A. [www.wiley.com/college/gasiorowicz)
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- ]
A B
/ AN Figure 4-4 Approximation of
/ \\ a smooth barrier by a
‘74/ ;s\ juxtaposition of square

potential barriers.

in which the energy dependent factor 2x multiplies the width of the barrier 2a. The proce-
dure we adopt is to treat a smooth curved barrier as a juxtaposition of square barriers, as
shown in Fig. 4-4. If the transmission probability for each barrier is small, the overall
probability is the product of the individual ones. Equivalently the overall transmission co-
efficient is a product of the transmission coefficients of the individual barriers. In effect,
when most of the flux is reflected by a single barrier, the transmission through each
“slice” is an independent, improbable event. We may therefore write, approximately

In |T|2 = 2 In ITslice|2 = =2 2 Axn<K)n

slices

=2 f dx\2m(V(x) — E)H?

barrier

(4-42)

In the “slices” Ax, is the width and (k) is the average value of  for that slice of the bar-
rier. In the last step, a limit of infinitely narrow barriers was taken. It is clear from the ex-
pression that the approximation is least accurate near the turning points, where the energy
and potential are nearly equal, since there (4-36) is not a good approximation to (4-35). It
is also important that V(x) be a slowly varying function of x, since otherwise the approxi-
mation of a smooth barrier by a stack of square ones is only possible if the latter are nar-
row. However, there (4-36) is again a poor approximation. A proper treatment using the
WKB approximation includes a discussion of the behavior near the turning points. For our
purposes it is a fair approximation to write

| T = Ce~ YN 2mVD~ENR (4-43)

where the integration is over the region in which the square root is real.

4-4 AN EXAMPLE OF TUNNELING

We illustrate tunneling by considering cold emission. We learned from our discussion of
the photoelectric effect that electrons need a minimum energy W (the work function) to
escape from a metal. We may therefore view the most easily liberated electrons as trapped
in a large box, with a potential barrier of height W. The photoelectric effect is not the only
way in which electrons can be removed from the metal. They can also be removed by
heating the metal, and they can be removed at room temperature by the application of an
external electric field €. This phenomenon is described as cold emission. It occurs be-
cause the external field changes the potential seen by the electron from a macroscopically
wide barrier of height W to one described by W — ¢éx, where x is the distance from the
wall of the box (Fig. 4-5b). The change creates a barrier of finite width, and electrons can
tunnel through it. We define the most easily removed electrons as having energy E = 0.
This then gives the transmission coefficient as

|7 = Ce—z({dx\/m(w—e%x)/ﬁz (4-44)
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E = 0. (b) Schematic sketch

of how the potential is

altered by an external
(a) () electric field.

where a is the width of the barrier given by

w
= 4-4
a = (4-45)
The integral in (4-44) is easily evaluated. It leads to the result
42 —
\T|? = Ce™—5 Vet (4-46)

The Fowler-Nordheim formula, as (4-46) is called, describes emission only qualitatively
One effect, which is easily included, is the additional attraction of the electron to its image
charge, which acts to pull it back to the plate. The other effect, much harder to handle, is
that there are surface imperfections, which change the electric field locally, and since €
appears in the exponent (in a) this can make a large difference.

In the last 25 years a version of cold emission has found an important application in
the scanning tunneling microscope (STM). This tool is based on the extreme sensitivity to
the distance in cold emission. The current of electrons induced by an electric potential dif-
ference between a metal surface and a very sharp tungsten tip above the surface varies ex-
ponentially with the distance to the surface, and this allows for very detailed studies of the
topography of the surface. The functioning of the STM depends on some new concepts
and also on several technological advances.

First, in order to get a 1-A (or less) resolution, radiation of the order of 10 keV is
required by the usual diffraction limit. This does not allow for nondestructive studies of
a surface. An electron microscope requires electrons of the order of 150 eV, which is
still too large for the scanning of surfaces. As was pointed out by J. A. O’Keefe in
1956, it is possible to bypass the diffraction limit with a new type of microscope. In
such a microscope light would shine through a tiny hole onto the object directly in front
of the hole, and the transmitted or reflected light would be affected by the object. In
such a microscope it is the size of the hole that determines its resolution. The STM op-
erates on this principle. The tungsten tip, to which the potential is applied, acts as the
“hole.”

A potential difference of 10 V acting across a spacing of about 5 A gives rise to
very large electric fields, and these fields “pull out” a few atoms from the tip to sharpen
it. For example, a tip machined to have a radius of 1000 A would quite naturally be able
to resolve lateral distances to 45 A because of the sensitivity of the current to the dis-
tance from the sampled surface. The tiny atomic protuberances improve this resolution
to 1-2 A.

The usefulness of the STM depends on the ability of the experimenter to keep the dis-
tance from the surface, or alternatively, the current constant. This can now be achieved by
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means of ceramic (piezoelectric) supports that expand or contract when electric fields are
applied to them. Their location can be determined to very high precision by means of in-
terferometers, and thus a constant distance between the tip and the scanned surface can be
maintained.

The STM has been used for a study of surfaces of metals and some semiconductors.
More recently atoms and molecules have been moved around on surfaces, either by slid-
ing them by means of the tip or by lifting them off the surface by the tip and depositing
them at a different location.

Another example of tunneling is given in Supplement 4-B [www.wiley.com/college/
gasiorowiczl, where an application to nuclear decay with the emission of a-particles is
discussed.

4-5 BOUND STATES IN A POTENTIAL WELL

In addition to the solutions for E > 0 discussed in the section on the potential well,
there are also solutions for E < 0. This is only possible if the potential well is attrac-
rive; that is, V; > 0 in (4-20). In classical physics too, negative energies appear, as for
the Keplerian orbits with a potential —GmM/r. What is different about quantum me-
chanics is that the negative energy states have a discrete, rather than a continuous spec-
trum. Let us write

2212’5 = —a? (4-47)

The solutions outside the well that are bounded at infinity are:

Forx < —a
u(x) = C,e™
Fora<x

ux) = Ce™™ (4-48)

Since we are dealing with real functions, it is more convenient to write the solution inside
the well in the form

u(x) = A cos gx + B sin gx —a<x<a (4-49)

Note that
2
g = —ﬁ’? (Vo= |E)>0 (4-50)

The potential under consideration is symmetric under reflection in the origin, when
x — —x. The kinetic energy is manifestly unaltered by this change, which means that the
Hamiltonian is unchanged under x — —x. We may therefore classify solutions by their
parity in addition to their energy eigenvalues. Thus we may separately look at solutions
that are even in x, and solutions that are odd in x. For the even solutions C, = C,; while for
the odd solutions, C, = —C,. As Fig. 4-6 shows, it is sufficient to match

1 dulx)

u(x) dx

at x = a only, since the same conditions will obtain when the matching is done at x = —a.
This is clearly a consequence of the symmetry under reflection.
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Figure 4-6 Solutions for a discrete spectrum in an attractive potential well.

For the even solutions, B = 0 and we have

B sin ga
® = "97Cos qa
that is,
o = gtanga

For the odd solutions, A = 0 and we get

__ cos ga
sin ga
that is,
o = —qgcotga
Let us examine these separately.
(a) The even solutions:
With the notation
_ 2mVya*
==
y=gqa
the relation (4-51) reads
Visy
———— =tany

y

(4-51)

(4-52)

(4-53)

(4-54)

If we plot tan y and VA — y?/y as functions of y (Fig. 4-7), the points of intersection de-
termine the eigenvalues. These form a discrete set. The larger A is, the further the curves
for VA — y*y go; that is, when the potential is deeper and/or broader, there are more
bound states. The figure also shows that no matter how small A is, there will always be at
least one bound state. This is characteristic of one-dimensional attractive potentials, and is
not true for three-dimensional potentials, which behave much more like the odd-solution
problem that we will discuss later. As A becomes large, the eigenvalues tend to become

equally spaced in y, with the intersection points given approximately by

y=m+Hr n=0,1,2,...

(4-55)
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Figure 4-7 Location of discrete eigenvalues for even solutions in a square well. The rising curves
represent tan y; the falling curves are VA — y*/y for different values of A.

This is just the eigenvalue condition for the even solutions of the infinite box centered at
the origin [eigenfunctions given in (3-28)]. This is as might be expected, since for the
deep-lying states in the potential, the fact that it is not really infinitely deep does not mat-
ter very much.

(b) The odd solutions:
Here the eigenvalue condition reads

2

Ay
y
Since —cot y = tan(7/2 + y), the plot in Fig. 4-8 is the same as in Fig. 4-7 with the tan-
gent curves shifted by 7172. The large A behavior is more or less the same, with (4-55) re-
placed by

= —coty (4-56)

Yy = ni n=1273,... 4-57)
In contrast to the even solutions, there will only be an intersection if VA — w44 > 0, that
is, if
2mVoa® 2

== (4-58)

The odd solutions all vanish at x = 0, and hence the bound-state problem for the odd
solutions will be the same as for the potential well shown in Fig. 4-9 since in the latter, the
condition 4(0) = 0 would be imposed. We shall see that such conditions are imposed on
wave functions in the three-dimensional world.

The detailed calculations that we have carried out support the qualitative understanding
of the reason for discrete eigenvalues. These arise because we require the wave functions to
vanish at infinity. We see this graphically in Fig. 4-10. The even-parity ground-state wave
function inside the potential, of the form cos gx, must tie on continuously to a falling
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Figure 4-8 Location of discrete eigenvalues for odd solutions in a square well. The rising curves

represent —cot y; the falling curves are VA — y*/y for different values of A. Note that there is no
eigenvalue for A < (71/2)%.

exponential e~ with o? = 2mE,/#>. Large binding means a rapidly falling exponential.
Since ¢* = 2mV,/h* — o?), a large binding energy means that ¢ is small; that is, the wave
function is quite flat: thus matching is impossible. As we reduce the trial £, the exponential
falls less steeply and the wave function inside curves more, so that at some point the match-
ing (continuous slope) becomes possible. If the value of « is lowered beyond this point, the
outside curve is too flat to match the more curved inside wave function. For the first excited
state, with odd parity, the wave function vanishes at the origin, so that it can only tie onto a
falling exponential if it has a chance to turn over inside the potential. The condition that it
turns over just enough to tie to a straight line (o« = 0) is that sin ga = 1, so that ga = /2,
which corresponds to the condition expressed in (4-58).

The sketches we used to describe the wave functions for the bound states can be used
to give some insight for more complicated potentials. Let us take, for example, a single
well shown in Fig. 4-11(a) and then a double well, consisting of two wells identical to
those in Fig. 4-11(a), separated by a distance somewhat larger than the width of each well
(Fig. 4-11b). Consider first the lowest, even energy state in the single well. We see that to
match slopes at the edges of the well the wave function on the inside must match the
falling, exponential curves on both sides outside the well. This determines the rate at
which the exponential falls, and which thus determines the binding energy. If we look at

Vix)

Figure 4-9 Equivalent potential for odd
solutions of a square well bound state problem.
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Figure 4-10 (a) Mismatch with Eg
too large. (b) Mismatch with Eg too
small.

the double well, the wave function must be symmetric about the midpoint between the
two wells. However, this does not prevent the wave function inside the well on the right,
for example, from dropping quite a bit more on the far right side, and still connecting to a
fairly flat curve between the wells, as shown in Fig. 4-11(b). Thus a double well can bind
a particle much more strongly than a single well, not because two wells are somewhat
stronger than one well, but rather because one can maintain an almost constant wave
function between the two potentials. This means that the bound particle has a high proba-
bility of being anywhere between the two wells.

For the first excited state (odd under reflection), the wave function must go through
zero at the midpoint, so that it matches on to a flatter falling curve at the outer edges of the
wells. This implies a smaller binding, as expected. When the wells are very far apart, then,
roughly speaking, a particle bound on the right side does not know that there is a well on
the left, and the same is true for the particle when it is bound to the well on the left. If the
wave functions for the two cases are ug(x) and y;(x), then the symmetric wave function is

Hen3) = 3 () + 10,05) (4-59)
while the antisymmetric wave function, corresponding to the first excited state, is

o) = 3y~ () = ,0) (4-60)
The normalization factors differ slightly because of the nonvanishing overlap of the ug(x)

and y,; (x). If the wells were so far apart that there was no overlap, then the normalization
constants would each be 1/\V/2. Because of the small overlap, the eigenvalues are not

(a) {b)

Figure 4-11 (a) Wave function for the lowest bound state in a single square well potential. (b) Wave
function for lowest bound state in a double well. Note that the wave functions at the inner edges of the
wells do not have to fall off as rapidly to satisfy the continuity condition for u(x) and du(x)/dx,
allowing for a large wave function between the wells and a steeper drop-off at the outer edges.
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quite the same. Thus the ug(x) and the u,(x) do not represent stationary states. For exam-
ple, the wave function of a particle localized on the right will be approximately given by

U(x) = ClUeyen(X) + toas(x)) (4-61)

If we start with a particle “on the right” at time ¢ = 0, then at a later time the wave func-
tion will be

u(x, t) = C(ueven(x)e_iEJ/ﬁ + uodd(x)efiE,,t/ﬁ)
= Ce M (Upyer(X) + Upa(x)e” E EIP (4-62)
= Ce*iEet/ﬁ(ueven(x) + uodd(x) e—iAErIﬁ)

—iAEHh — __

Now after a time ¢ such that e 1—that is, after a time

,_fm _

AE T E,- (+-63)

the wave function becomes one that is approximately localized on the left side. The particle
thus oscillates between the two wells with a period 2¢—that is, with an angular frequency

o AE
#

This will be illustrated in detail when we discuss the delta-function potentials in the next
section. For now we point out that the above considerations apply to a variety of physical
systems. A good example is the ammonia molecule. NH; has the tetrahedral shape shown
in Figure 4-12 with the three H nuclei forming a triangular base, and the N nucleus at one
of the two symmetrically located apexes of the pyramid. This location is determined by
the condition that the energy is a minimum, which implies that in the region between the
two minima there is a potential barrier. The two-well problem models this, and we might
expect two nearly degenerate states, with the N nucleus oscillating between the two min-
ima. This is actually observed, with a frequency of 1.500 X 10'' radians/s. This frequency
has been determined with very high accuracy by placing the ammonia samples in resonant
cavities and tuning those to match the oscillation frequency of the ammonia molecule.
The way this is done is to prepare a beam of ammonia molecules heated in an oven (at
300 K). The beam contains molecules in the ground as well as in the nearby vibrational
excited state. When the beam is passed through an electrostatic separator, the different
electric dipole moments of the two states allow the separation of a beam of pure “upper
state” molecules into a microwave cavity resonator. When the electric field in the cavity
oscillates with a frequency that just matches the transition frequency o, then transitions to
the ground state are induced. The energy emitted in the form of photons can be detected.

(4-64)

N
H H
N 7
\ /
\ /
N J
\ i /
\\ | //
N : J/ Figure 4-12 Schematic representation of localized sites of
\ \|( s nuclei in an ammonia molecule. The nitrogen nucleus
N oscillates between N and N'.
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4-6 DELTA FUNCTION POTENTIALS

We consider a potential V(x) whose spatial behavior is given by &(x). Since 8(x) has the
dimensions of a reciprocal length, it is convenient to write for the attractive potential.

2
V(x) = —% 80x) (4-65)

We have introduced a, an arbitrary quantity with dimensions of a length, so that A is a di-
mensionless quantity that we use to characterize the strength of the potential. The equa-
tion to be solved is, when E < 0,

d?u(x) o

dx*

where «k? = 2m|E|/A%. The solution everywhere, except at x = 0, must satisfy the equation
d?u/dx* — Pu = 0, and if it is to vanish at x — *oo, we must have
ux)=e x>0
=¥ x<0

u(x) = 2 800 u(x) (4-66)

(4-67)

The coefficients in front are the same (and here chosen to be unity—we can normalize af-
terwards) because of the continuity of the wave function. The derivative of the wave func-
tion is no longer continuous. As argued before (Eq. 4-13), we have

(%) - (%) = A 4o (4-68)

The last relation gives the eigenvalue condition
k—k= A
K—K=—F
that is,

A

= % (4-69)

K

The double delta function potential is more interesting because it gives a quick way to
study the properties of a narrow deep double well, such as shown in Figure 4-13. Let

2mIh?) V(x) = _)—& [6(x — a) + 8(x + a)] (4-70)

Figure 4-13 Double one-
dimensional potential
well. The shape of the
wave function for a bound
state is sketched in. We
consider the limiting case

b b in (4-70).
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(Here a in the description of the magnitude of the potential is no longer an arbitrary
length, but is connected to the form of the potential.) Because the potential is symmetric
under the interchange x —> —x, we expect that there will be solutions of definite parity,

and we will first consider the even solutions.

1. For the even solution we write

ux) = e x>a
= A cosh kx a>x>—a “4-71)
= v x<-—a
and continuity of the wave function gives
e *® = A cosh ka (4-72)
Because of the symmetry, it is sufficient to apply the discontinuity condition for the
derivative at x = a. Nothing new will come of the application at x = —a. We get
—ke " — kA sinh ka = —% e 4-73)

and the eigenvalue condition is, upon eliminating A,

tanhka = 2 — 1 (4-74)

Ka
The preceding may be rewritten in the form

A _ _ eka _ e—xa _ 1 —_ e—ZKa

1 =
Ka el + e @ 1+ e—ZKa

from which we get

e e =2Ka_y (4-75)
A
For A large we must have 2ka slightly larger than A. If we try 2ka = A + &, then,
to order £ (4.75) reads e * = &/\ so that

2ka =X+ Ae? 4-76)

We can see that for the even solution there is always a single bound state. Figure
4-14 shows a plot of the eigenvalue equation (4-74) with y = ka. As the figure
shows, there is only one intersection point of the curve tanh y with (A/y) — 1. It is
obvious that when y = A, the right side is zero, whereas tanh y > 0. Thus the inter-

y Figure 4-14 Solution of the eigenvalue
\ condition tanhy = A/y — 1.
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|

[

|

1

1

l Figure 4-15 Bound state wave
functions for single and double

delta function attractive potentials

The strength of the potential is

measured by the discontinuity in

the slopes of the wave function at
the potentials. It is the same in all
three cases, and shows that for the
double potential, a much steeper
fall-off to the left and to the right
is possible.

section point occurs for y < A. On the other hand, since tanh y < 1, we must have
(Ay) < 2 at the intersection point; that is,
A

K> % “-77)
If we compare this with (4-69), we see that the energy for the double well is a
larger negative number; that is, the energy for the double potential is lower. Note
that this is not because somehow the strength of a pair of potentials is larger than
that of a single potential, as might be the case if one compared an electron bound
to two protons with an electron bound to one proton. The larger binding is there
because, as Figure 4-15 indicates, it is easier to accommodate a sharply dropping
exponential to a symmetric function (here cosh x) with a discontinuity in slope as
given, than it is to accommodate it to an equally sharply dropping exponential on
the other side of the potential. In the real world, a single electron bound to two
protons separated by a small distance will have a lower energy than a single pro-
ton plus a hydrogen atom far away, even though in the first case there is a more ef-
fective repulsion between the protons. Again it is the way in which the wave
function can accommodate itself to the geometrical situation that is the dominant
effect.

The odd solution will have the form

u(x) = e ™ x>a
= A sinh kx a>x> —a 4-78)
= —¥ x<-—aqa

Again, because of the antisymmetry, it is sufficient to apply the conditions at
x = a, say. Continuity of the wave function gives

A sinh kg = ¢ 4-79)

and the discontinnity equation reads

—k e " — kA cosh ka = —% e " 4-80)
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Combining the two yields the eigenvalue condition

cothka =2 —1 (4-81)

This equation can be rewritten in the form

L_l_eka+e-xa_1+e—2xa
Ka eka _ efka

—2ka

1—e

Just as for the ground-state eigenvalue, we can find the solution for A >> 1. It is
given by changing the sign of e > so that

2ka = A — Ae? (4-82)

We can show that the odd solution has at most one bound state. Figure 4-16 shows
a plot of the reciprocal of the eigenvalue equation—that is, of

-1
tanh ka = (KAd - ])
with xa denoted by y.

There will only be an intersection if the slope of the former at the origin is
larger than that of the second—that is, if

A>1 (4-83)

Aty = A2 the term (My — 1)7! is already at 1, so that the intersection had to
occur for y << A/2; that is,

A
k< % 4-84)
Thus the odd solution, if there is a bound state, is less strongly bound than the even
solution. The wave function, which has to go through zero, is forced to be steep be-
tween the wells, and thus can only accommodate to a less rapidly falling exponential.
Depending on the size of A, there may or may not exist an odd parity bound state.
For large A we can use our solutions for the energies to obtain

o=l P
f 2ma?

8mﬁa2 (A +Ae? — (A —2re™?d (4-85)

_ N

(—(%,0) — (—(x)*)

" 2ma®

tanh y

Figure 4-16 Solution of the eigenvalue
¥ condition tanh y = ((A/y) — 1)7\.
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THE HARMONIC OSCILLATOR

As our last example we consider the harmonic oscillator (Fig. 4-17). In contrast to the ex-
amples dealt with until now, the differential equation that needs to be solved is not so triv-
ial, and one reason for discussing this problem is to learn something about the techniques
for solving such equations.

The classical Hamiltonian is of the form

p2
= — 1p.2 -
H m + Zkx (4-86)
so that the eigenvalue equation is
2 d 2u(x) 1.2
—_ + = = -
g skx“u(x) = Eu(x) (4-87)
We introduce the frequency of the oscillator
w = Vikim (4-88)
write
- 2E -
£=3 (4-89)

and change variables to

_ [mw §
y= 7 X (4-90)

to finally get the simpler form of the equation

d 2u 2
—+ (e — u=20 4-91)
4y ) (
All quantities that appear are dimensionless.
For any eigenvalue &, as y* — o, the term involving ¢ is negligible, and we must
therefore require that u(y) asymptotically satisfy the equation

d’u(y) _
dy’
We multiply by 2duy/dy, which allows us to rewrite this in the form
d () _ od o

Yu(y) =0 (4-92)

Vix)

x  Figure 4-17 Harmonic oscillator potential.
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or, equivalently,

d 2
diy [(diy") - fu%] = -2y 4-93)

This simplifies a great deal if we neglect the term on the right side of the equation. We as-
sume that this can be done, and then check that the assumption was correct. If we drop the
right side, we find that

duo _

dy
where C is a constant of integration. Since both u(y) and duy/dy must vanish at infinity,
we must have C = 0. Thus

(C+yup)” (4-94)

20 =y, (4-95)

whose solution, acceptable at infinity, is

uy(y) = e (4-96)

We can now check that 2yu3 = 2y e is indeed negligible compared with

_51_ 2,2y — .51_ _yz ~ — 3 _yz -
OB = LN = vle (4-97)
for large y. If we now introduce a new function h(y), such that
u(y) = h(y)e " (4-98)
then the differential equation is easily seen to take the form
d’h(y)  dh(y)
-2 +E&—Dhy)=0 4-99
D e Do) (4-99)

This may not seem like much of a simplification, but we have accounted for the behavior
at infinity, and we can now look at the behavior near y = 0. Let us attempt a power series
expansion

h(y) = 20 a,y" (4-100)

When this is inserted into the equation, we find that the coefficients of y™ satisfy the recur-
sion relation

m+bDm+2a,,=2m—e+ 1a, 4-101)

Thus, given a, and a,, the even and odd series can be generated separately. That they do
not mix is a consequence of the invariance of the Hamiltonian under reflections. For arbi-
trary &, we find that for large m (say, m > N)

iy = 2 a, (4-102)
This means that the solution is approximately

h(y) = (a polynomial in y)

2 N2 22 N+4 23 N+6
+ + N2y
“N[yN N tanEy? Tavroan+aY T



4-7 The Harmonic Oscillator 87

where, for simplicity, we have only taken the even solution. The series may be written in
the form

N (yZ)NIZ—I (yZ)NIZ (y2)N12+1 -
aNy2<§ B 1)![(1\//2 oty s T

If we choose N = 2k for convenience, the series takes the form

COAREN S S
yz(k_l)![(k—l)!+ TS

(yz)z (yZ)k—Z }:l

= 2k — N & — 2 ey 7
vk 1).[8 {1+) + o1 + +(K—2)!

which is of the form of a polynomial + a constant X y?*¢”. When this is inserted into
(4-98), we get a solution that does not vanish at infinity. An acceptable solution can be
found if the recursion relation (4-101) terminates—that is, if

e=2n+1 (4-103)
For that particular value of & the recursion relations yield

=2y (n—2k+4)(n—2k+2)
2k)!

ay = (=2) ao (4-104)

and
Dn—3) - mn—2k+3)¥n—2k+ 1) .

_ (n—
Qopey = (_Z)k 2k + 1! 1

(4-105)

Thus the results are:
1. There are discrete, equally spaced eigenvalues. Equation (4-103) translates into
E=fomn+3);n=0,1,2, .. (4-106)

a form that looks familiar, since the relation between energy and frequency is the
same as that discovered by Planck for the radiation field modes. This is no
accident, since a decomposition of the electromagnetic field into normal modes is
essentially a decomposition into harmonic oscillators that are decoupled.

2. The polynomials h(y) are, except for normalization constants, the Hermite polyno-
mials H,(y), whose properties can be found in any number of textbooks on mathe-
matical physics. We limit ourselves to the following outline of their properties:

H,(y) satisfy the differential equation

d’H(y)_ , dH(y)
— + = -
dy 2y dy 2nH (y) =0 (4-107)
They satisfy the following recursion relations
H,,, —2yH,+2nH,_, =0 (4-108)
dH,
H, +—=2—-2yH,=0 (4-109)

dy
Also,

S H) = oo (4+-110)
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and
H(y) = (-1ye" d’ - (9-111)
n dyﬂ
The normalization of the Hermite polynomials is such that
f dy eV H(y)* = 2'n'"Var (4-112)
We list a few of the Hermite polynomials here:
Hyy) =1
Hi(y) =2y
Hy(y) = 4y* — 2

Hy(y) = 8y’ — 12y
Hy(y) = 16y* — 48y* + 12
Hy(y) = 32y’ — 160y* + 120y

The orthogonality of eigenfunctions corresponding to different values of n is eas-
ily established. The eigenvalue equations

d*u, mk 2mE,
= _x2 U, — Uy,
dx> k2 #2
and
d*uf _mk 2 _ 2mE, o
I TR T

when multiplied by &} and u,, respectively, and the second equation is subtracted
from the first one, yields

d oty _du N om *
dx (ul dx dx u, ﬁ2 (EI En) uu,

When this equation is integrated over x from — to +oo, the left-hand side
vanishes, since the eigenfunctions and their derivatives vanish at x = oo,
Thus

(E,—E) f dx u(xu,(x) =0 (4-114)

which means that the eigenfunctions for which E, # E, are orthogonal. The reason
for the importance of the harmonic oscillator in quantum mechanics, as in classi-
cal mechanics, is that any small perturbation of a system from its equilibrium state
will give rise to small oscillations, which are ultimately decomposable into normal
modes—that is, independent oscillators.

3. As (4-106) shows, even the lowest state has some energy, the zero-point energy.
Its presence is a purely quantum mechanical effect, and can be interpreted in terms
of the uncertainty principle. It is the zero-point energy that is responsible for the
fact that helium does not “freeze” at extremely low temperatures, but remains lig-
uid down to temperatures of the order of 1072 K, at normal pressures. The fre-
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quency o is larger for lighter atoms, which is why the effect is not seen for nitro-
gen, say. It also depends on detailed features of the interatomic forces, which is
why liquid hydrogen does freeze.

Figure 4-18 shows the shapes of the lowest six eigenfunctions.

Another class of one-dimensional potentials of physical interest are periodic poten-
tials, which satisfy the condition

V(x) = V(x + a)

Such potentials lead to band structure in the energy spectrum—that is, continuous values
of allowed energies separated by gaps. This is a rather space- and time-consuming pro-
ject, and we leave it to Supplement 4-C [www.wiley.com/college/gasiorowicz).

ug
U
U2
u3
Ug
| .
U l} Figure 4-18 The shapes of

the first six eigenfunctions.
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PROBLEMS

1.

Consider an arbitrary potential localized on a finite part of the x-axis. The solutions of the
Schrédinger equation to the left and to the right of the potential region are given by

ikx —ikx ikx —tkx
Ac™ + Be /\ Pl Ceé™ + De

(N x

respectively. Show that if we write

C=S,A+SpD
B=S,A + SuD

that is, relate the “outgoing” waves to the “ingoing” waves by
-G )G
B Sxn S/ \D

Isnl2 + |S21 |2 =1
|Slz|2 + |Szzl2 =1
SuSh + Sﬂsakz =0

S — (Sll SlZ)
S Sz
and its transpose are unitary. (Hinz: Use flux conservation and the possibility that A and D are arbi-
trary complex numbers.)

then the following relations hold

Use this to show that the matrix

Calculate the elements of the scattering matrix, S,;, 12, S2;, and Sy, for the potential

Vix)=0 x<-—a
=W —a<x<a
=0 x<a

and show that the general conditions proved in Problem 1 are indeed satisfied.

The elements S, - - - S,, are functions of k. Show that

Sk = S;kl(k)
Sp(—k) = ng(k)
Si(—k) = §3(k)

that is, that the matrix has the property

S(—k) = S*(k)
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4. Without actually solving the Schrédinger equation, set up the solutions so that only the matching of
eigenfunctions and their derivatives remain to be done for the following situations:

e X —

(a) flux fik/m would be incident from the left if the potentials were absent; take E < V.

le——— o~ ——

(b) with flux of magnitude Ak/m incident from the right if the potential were absent; E < V,

5. Show that the conditions for a bound state (4-51), (4-52) can be obtained by requiring the van-
ishing of the denominators in (4-26) at k = ik. Can you give an argument for why this is not an
accident?

6. Consider the scattering matrix for the potential

%’f V) =2 66— b)

Show that it has the form

2ika A e_z,-kb
2ika — A 2ika — A
A ikb 2ika
2ika — A 2ika — A

Prove that it is unitary, and that it will yield the condition for bound states when the elements of that
matrix become infinite. (This will only occur for A < 0.)

7. Consider the harmonic oscillator potential perturbed by a small cubic term, so that
V) = %mwz(x2 — %)
If a is large compared to the characteristic dimension (fi/mw)'?, the states will all be mezastable,

since there can be no lowest energy state (as x —> ©, the energy gets arbitrarily negative). Estimate
the probability of tunneling from the ground state to the region on the far right.



92 Chapter4 One-Dimensional Potentials

8. Consider the potential shown in the figure

10.

11.

| Al A
E

——————— Vix)

x
R
with
RAJ+ 1

V(x) = (72) x>R

2mx

Estimate the lifetime of a particle of energy E in this potential. (The outside potential represents a
centrifugal barrier in a three-dimensional world.) Express your result in terms of the dimensionless
ratio /kR, where E = #%/2m, and I >> 1.

Consider the following argument: If we have an electron in a potential of width a, then the kinetic
energy is, by the uncertainty principle, larger than #%2ma”. Thus to get a bound state, the potential
energy must not only be negative, but it must also be larger in magnitude than A%/2ma?. On the other
hand, we have shown that in one dimension there is always a bound state, no matter how smatll V;
is, provided it is negative. What is wrong with this argument?

Consider a potential given by
Vix) = » x<0
=0 x>a

= a negative function of x in between.

Suppose it is known that the interior wave function is such that
= fE)
=a

(a) What is the binding energy of a bound state 1n terms of fliEy)?

(b) Suppose fiE) is a very slowly varying function of E, so that we can take it to be a constant. Cal-
culate the reflected amplitude R(k) in terms of f, if the wave function for x > a has the form e™* +
R(k)e™, and check that |R(k)|2 =1.

Consider a particle in the double well shown in the figure. Show that the eigenvalue conditions may
be written in the form
1 + tanh ab
tan q(a — b) = M
q° — o tanh ab
and

ga(l + coth ab)

tan gla — b) =
9 ) q* — o coth arb
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S

for the even and odd solutions, respectively, where —E = #%a*/2m and E + V,, = h’¢*/2m.

Use Figs. 4-7 and 4-8 to discuss the following:
(a) The condition that there be at most two bound states in the problem
(b) The condition that there be at most three bound states in the problem

(c) Suppose the third bound state is just barely bound. What can you say about the binding energy
of the first and second bound states?

Consider the example of Problem 11.
(a) Show that the eigenvalue conditions approach the single well conditions when b — 0.

(b) Consider the case where the separation between the well centers becomes large, with the well
width fixed. Show that the even and odd eigenvalues approach each other in value. Estimate the en-
ergy difference between the lowest lying even and odd eigenvalues.

(Hint: For large z, tanh 7 = 1 — 2¢”%. Work to lowest order in e %)

Prove the Virial theorem, which, in one dimension, takes the form
PPN _1{ av
2m 2\ dx
To do this (a) show that for real wave functions ¢xx),
T dv(x) T o d
[ axv0x %2y = ~vy + 2 [ ax v

(b) Use the energy eigenvalue equation to prove that

[ [ (WY
Z_J;dxax—xV(x)gb(x)-—E+ﬂ j dx(?ix?)

—o



Supplement4-A

W-14

The Wentzel-Kramers-Brillouin-
Jeffreys Approximation

This approximation method is particularly useful when one is dealing with slowly varying
potentials. Exactly what this means will become clear later. One wants to solve the equation

d’y(x) | 2m
™ + e [E—=VX)]¥(X) =0 (4A-1)
and to do so, it is useful to write
P(xX) = R(x)eSw/h (4A-2)
Then
d* _|d®R  2idRAS , i nd%S 1 o (dS\| swm

so that the differential equation splits into two, by taking the real and imaginary part of
(4A-1) after (4A-3) has been substituted. The imaginary part gives

d3s dRdS _
Rd—XZJrZ&&—O (4A-4)
that is,
d ds _
dx(Iog &4— 2 log R)—O
whose solution is
ds_ C i
xR (4A-5)

The real part reads
dR_1

d¢ 2
which, when (4A-5) is substituted, becomes

d?R_C?1 , 2mE — V(¥

(gi)z . 2mE — V(¥)] R— 0

as e

S =T I R=0 4AA-6
i WR 72 (4A-6)
At this point we make the approximation that
1d’R__C*1 _ 1 (ds)
Rae W R <dX> @A)
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so that the equation becomes

C?_ _ )
=i = 2mE — V(9] (4A-8)
Thus
% = S5 Vam(E - V)] (4A-9)
and hence

X

SX) = f dyV2mE — V(X)] (4A-10)

X1

The condition for the validity can be translated into a statement about the variation of
V(). It will be satisfied ifV(x) varies slowly in a wavelength, which varies from point to
point, but which for slowly varyin¥(x) is defined by

h h

7509 ™ famiE - Voo

(4A-11)
At the points where
E-V(X)=0 (4A-12)

special treatment is required, because in the approximate equation R$Q-8ppears to

be singular. This cannot be, which means that the approximation (4A-7) must be poor
there. The special points are caltadching pointsbecause it is there that a classical parti-

cle would turn around: It can only move whé&re- V(x) = 0. The way of handling solu-

tions near turning points is a little too technical to be presented here. The basic idea is that
we have a solution to the left of the turning point [wHere V(x), say], of the form

P(x) = R(x)exp{i f dyV2m(E — V(y))/hz} (4A-13)

and a solution to the right of the turning point [whEre< V(x)], and what we need is a
formula that interpolates between them. In the vicinity of the turning point one can ap-
proximate V' (2w#?)[E — V(x)] by a straight line over a small interval, and solve the
Schradinger equation exactly. Since it is a second-order equation, there are two adjustable
constants, one that is fixed by fitting the solution to (4A-13) and the other by fitting it to

P = R(X)exp{— f dyv2m(V(y)) — Elﬁz\Jl (4A-14)

the solution to the right of the turning potrithe preceding solution decreases in ampli-
tude axincreases. The total attenuation at the next turning point, &kel(x) again, is

‘g(();'")) - exp{— f " YV 2Zmv(y) — E)/hz} (4A-15)

which is just the square root of the transmission probability that we found in Chapter 4.

IFor more details, see almost any of the more advanced books on quantum mechanics—for example,
J. L. Powell and B. Crasemar@@uantum Mechanicfddison-Wesley, Reading, Mass., 1961; L. I. Schiff,
Quantum Mechani¢dMcGraw-Hill, New York, 1968.
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Tunneling in Nuclear Physics

Tunneling is important in nuclear physics. Nuclei are very complicated objects, but under
certain circumstances it is appropriate to view nucleons as independent particles occupy-
ing levels in a potential well. With this picture in mind, the decay of a nucleus inte an
particle (a He nucleus witd = 2) and a daughter nucleus can be described as the
tunneling of aru-particle through a barrier caused by the Coulomb potential between the
daughter and the-particle (Fig. 4B-1). Thex-particle is not viewed as being in a bound
state: if it were, the nucleus could not decay. Ratherytparticle is taken to have posi-
tive energy, and its escape is only inhibited by the existence of the barrier.

If we write

ITP=¢e"° (4B-1)

b
1/2
G=2[2m fdr %€ ¢ (4B-2)
#2 A Arreyr

whereR is the nuclear radidsandb is the turning point, determined by the vanishing of
the integrand (4B-2)Z, is the charge of the daughter nucleus, @n¢= 2 here) is the
charge of the particle being emitted. The integral can be done exactly

h 12 12 12
[l G5] weo

At low energies (relative to the height of the Coulomb barrier-=aiR), we haveh >> R,

and then
2 (2mZZeD\Y » |R
G _h<47780 2+b (4B-4)

with b = Z,Z,644me E. If we write for thea-particle energyE = mv?/2, wherev is its
final velocity, then

then

| 2wZ.2,8 c
G= W = 27Talez<v (48'5)

1f you find it difficult to imagine why a repulsion would keep two objects from separating, think of the inverse
processq capture. It is clear that the barrier will tend to keemtiparticle out.

2n fact, early estimations of the nuclear radius came from the stugyleéay. Nowadays one uses the size of

the charge distribution as measured by scattering electrons off nuclei to get nuclear radii. It is not clear that the
two should be expected to give exactly the same answer.

W-16
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Vir)

Z,2,0%

Figure 4B-1 Potential barrier fot
decay.

The time taken for amn-particle to get out of the nucleus may be estimated as fol-
lows: the probability of getting through the barrier on a single encourgef.ighus the
number of encounters needed to get througih=ise®. The time between encounters is of
the order of R/v, whereR is again the nuclear radius, ands thea velocity inside the
nucleus. Thus the lifetime is

T=%<"¢ (4B-6)

The velocity of thex inside the nucleus is a rather fuzzy concept, and the whole picture is
very classical, so that the factor in front of #fecannot really be predicted without a
much more adequate theory. Our considerations do give us an order of magnitude for it.
For a 1-MeVa-patrticle,

— [2E_ . |2E _ [ 2
v= _|[Tm=c¢c o~ 3x 10 7% 940 7.0x 1¢f m/s

so that one predicts, for low energ\g, the straight-line plot

Z
Ioglo% =~ const— 1.73% (4B-7)

with the constant in front of the order of magnitude 27-28 whgmeasured in years in-
stead of seconds. A large collection of data shows that a good fit to the lifetime data is ob-
tained with the formula
z
logis = C, - G (4B-8)

HereC, = 1.61 andC, lying between 55 and 62. The exponential part of the fit differs
slightly from our derivation, but given the simplicity of our model, the agreement has to
be rated as good.

For largera energies, th& factor depends oR, and withR = r,A3 one finds that
ro is a constant—that is, that the notion of a Coulomb barrier taking over the role of the
potential beyond the nuclear radius has some validity. Again, simple qualitative consider-
ations explain the data.
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The fact that the probability of a reaction (e.g., capture) between nuclei is attenuated
by the factore 2@%/VE) z, = 2 for a’s) implies that at low energies and/or for higls
such reactions are rare. That is why all attempts to make thermonuclear reactors concen-
trate on the burning of hydrogen (actually heavy hydrogen—deuterium).

H?+ H*—> HE +n (3.27 MeV)

H2+ H2— H:+p (4.03 MeV)

H?+ H3— He' + n (17.6 MeV)
since reactions involving high&relements would require much higher energies, that is,
much higher temperatures, with correspondingly greater confinement problems. For the
same reason, neutrons are used in nuclear reactors to fission the heavy elements. Protons,

at the low energies available, would not be able to get near enough to the nuclei to react
with them.
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Periodic Potentials

Metals generally have a crystalline structure; that is, the ions are arranged in a way that
exhibits a spatial periodicity. In our one-dimensional discussion of this topic, we will see
that this periodicity has two effects on the motion of the free electrons in the metal. One is
that for a perfeclattice—that is, for ions spaced equally—tbkectron propagates with-
out reflection the other is that there are restrictions on the energies allowed for the elec-
trons; that isthere are allowed and forbidden energy “bands.”

We begin with a discussion of the consequences of perfect periodicity.

The periodicity will be built into the potential, for which we require that

V(x + a) = V(X) (4C-1)

Since the kinetic energy term(A%/2m)(d?/dx?) is unaltered by the change~> x + a, the
whole Hamiltonian is invariant under displacements byFar the case of zero potential,
when the solution corresponding to a given en&gy#%k*/2mis

P(x) = & (4C-2)
the displacement yields
P(x + a) = T = ghayy(x) (4C-3)

that is, the original solution multiplied by a phase factor, so that

lp(x + @) = [y [ (4C-4)

The observables will therefore be the sameat atx + a; that is, we cannot tell whether
we are ak or atx + a. In our example we shall also insist tkjéx) andy(x + a) differ
only by a phase factor, which need not, however, be of thedtm
We digress briefly to discuss this requirement more formally. The invariance of the
Hamiltonian under a displacement> x + a can be treated formally as follows. L&}
be an operator whose rule of operation is that

D, f(x) = f(x + a) (4C-5)
The invariance implies that
[H,DJ] =0 (4C-6)
We can find the eigenvalues of this operator by noting that
Daip(X) = Aah(x) (4C-7)
together with
D_.D.f(xX) = D.D_,f(x) = f(x) (4C-8)

W-19
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implies that\ ,A_, = 1. This then implies that, must be of the forng®®. Hereq must be

real, because if had an imaginary part, a succession of displacemerasnmuld make

the wave function larger and larger with each displacement in one or the other direction.
Consider now a simultaneous eigenfunctiomandD,, and define

u(x) = e "%y(x) (4C-9)
Then, using the fact thag, = €%, we get
Dau(X) = e %D y(x) = eIy (x) = e PY(x) = u(x) (4C-10)

This means thai(x) is a periodic function obeying(x + a) = u(x). The upshot is that a
function which is a simultaneous eigenfunctioHadindD, must be of the form

P(x) = €¥U(X) (4C-11)

with u(x) periodic. This result is known &och’s Theorem

For a free particlg = k, the wave number corresponds to the en&igvWore gener-
ally, the relation betweegandk is more complicated. In any case, it is clear that (4C-4)
holds, so that the net flux is unchanged as we go franx + a, and by extension to+
na. This means that an electron propagates without a change in flux.

Let us consider a series of ions in a line, with their centers locateg=ata. To
avoid having to deal witkend effectswe assume that there d¥dons placed on a very
large ring, so that = 1 andn = N + 1 are the same site. We will assume that the most
loosely bound electrons—the ones that are viewed as “free"—are still sufficiently
strongly bound to the ions that their wave functions do not overlap more than one or two
nearest neighbors. We may now ask: What is the effect of this overlap on the energies of
the electrons?

To answer this question, we consider first a classical analogy. We represent the elec-
trons at the different sites by simple harmonic oscillators, all oscillating with the same an-
gular frequencyw. In the absence of any coupling between the oscillators, we have the
equation of motion

d2
d—:;“ = —wX (=012 ..) (4C-12)
If the harmonic oscillators are coupled to their nearest neighbors, then the equation is
changed to
d?x, 5
P K% = Xo-1) + (6 = %10 (4C-13)
To solve this we write down a trial solution
X, = A, cos (Ot (4C-14)
When this is substituted into (4C-13), we get
(0® = QA = —K(2A, — A, 1 — Ayy) (4C-15)
This is known as difference equatianiWe solve it by a trial solution. Let us assume that
A, =L" (4C-16)
The identification of the sites at= 1 andN + 1 impliesA; = Ay, ; so thatLN = 1. This

means that
L =N r=0,1,2,... N—1) (4C-17)
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The equation for the frequen€ynow yields

2 _ 2:— — @ = — i lr
w’—Q 2K<1 cos N) 4K sir? N

The result
02 = w? + 4K sinz%r (4C-18)

shows that the frequencies, which, without coupling are-alhat is, areN-fold de-
generate(which corresponds to all the pendulums moving together)—are now spread
over a range fronw to Vw? + 4K. ForlargeN there are many such frequencies, and
they can be said to formkend If we think of electrons as undergoing harmonic oscil-
lations about their central locations, we can translate the above into a statement that in
the absence of neighbors, all electron energies are degenerate, and the interaction with
neighboring atoms spreads the energy values. We can, of course, have several funda-

mental frequenciesy;, w,, ..., and different couplings to their neighbors, with
strengthK;, K,, . . ., which will then give rise to several bands that may or may not
overlap.

The spreading of the frequencies is the same effect as the spreading of the energy lev-
els of the most loosely bound electrons. For atoms far apart, with spacing larger than the
exponential fall-off of the wave functions, all the energies are the same so that we have an
N-fold degenerate single energy. Because the atoms are not so far apart, there is some
coupling between nearest neighbors, and the energy levels spread. The classical analogy
is suggestive, but not exact, since for the quantum case levels are pushed up as well as
down, whereas all the frequencies above, lie aboveater we solve the Kronig-Penney
model in which the potential takes the form

V(X) = zﬁ—;% 2 8(x — na) (4C-19)

The solution can be shown to lead to a conditioq,amhich reads

_ 1, sin ka
cosga= coska+ 2/\ ka

(4C-20)

As can be seen from Figure (4C-1), this clearly shows the energy band structure.

THE KRONIG-PENNEY MODEL

To simplify the algebra, we will take a series of repulsive delta-function potentials,
Vo) = 25A S 56— ng) (4C-21)
2ma ~

Away from the pointx = na, the solution will be that of the free-particle equation—that
is, some linear combination of dit and coskx (we deal with real functions for simplic-
ity). Let us assume that in the regiRndefined by it — 1) a = x = na, we have

P(X) = A, sin k(x — na) + B, cos k(x — na) (4C-22)
and in the regiolR,, ; defined byna=< x < (n + 1) awe have
P(X) = Ap.q Sin k[x — (n+ 1)a] + B,,; coskix — (n+ 1)a]  (4C-23)
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h cos x +

Asin x
2

Figure 4C-1 Plot of cosx + (A/2)(sinx/x) as a function ok. The horizontal lines represent the

bounds*1. The regions of for which the curve lines outside the strip are forbidden.

Continuity of the wave function implies that € na)
—A,.; sin ka+ B,,,; coska= B,

and the discontinuity condition (4-68) here reads
kA,.1 cos ka+ kB, sin ka— kA, = ’\5 B,

A little manipulation yields

A..1 = A, coska+ (g cos ka— sin ka) B,
B..; = (g sin ka+ coska) B, + A, sin ka

whereg = Alka.
The requirement from Bloch’s theorem that

(X + a) = 1 AY(x + a) = AT Y(x) = 9%Y(x)

(4C-24)

(4C-25)

(4C-26)

(4C-27)
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implies that the wave functions in the adjacent regignard R,,; are related, since the
wave function in (4C-22) may be written as

P(X) = Asinlk((x+a)—(n+1)a] +B,cosklk((x+a)—(n+1)a]
which is identical to that in (4C-23), provided

Aney = €A, (4C-28)
Bni1 = €¥B,

When this is inserted into the (4C-26), that is, into the conditions that the wave equation
obeys the Schrodinger equation with the delta function potential, we get

A,(€9 — coska) = B,(g coska — sinka)

B,(€9% — (g sinka + coska)) = A,sinka (4C-29)

This leads to the condition
(€92 — coska)(é% — (g sinka + coska)) = sinka(g coska — sinka) (4C-30)

This may be rewritten in the form

% _ 2(coska + %sin ka)e® + 1=0 (4C-31)
This quadratic equation can be solved, and both real and imaginary parts lead to the

condition

A sinka

cos ga= coska + 2 ka (4C-32)
This is a very interesting result, because the left side is always bounded by 1; that is, there
are restrictions on the possible ranges of the eriergy:’k’/2mthat depend on the para-
meters of our “crystal.” Figure 4C-1 shows a plot of the functionxces\ sin x/2x as a
function ofx = ka. The horizontal line represents the bounds orgepand the regions of
X, for which the curve lies outside the strip, are forbidden regions. Thus thedéoared
energy bandseparated by regions that are forbidden. Note that the onset of a forbidden
band corresponds to the condition

ga= nw n==*1,+2+3,... (4C-33)

This, however, is just the condition for Bragg reflection with normal incidence. The exis-
tence of energy gaps can be understood qualitatively. In first approximation the electrons
are free, except that there will be Bragg reflection when the waves reflected from succes-
sive atoms differ in phase by an integral numbermf-2hat is, when (4C-33) is satisfied.
These reflections give rise to standing waves, with even and odd waves of the fettacos
and sinmx/a, respectively. The energy levels corresponding to these standing waves are
degenerate. Once the attractive interaction between the electrons and the positively
charged ions at = ma(m integer) is taken into account, the even states, peaked in be-
tween, will move up in energy. Thus the energy degeneracy is split atrr/a, and this
leads to energy gaps, as shown in Fig. 4C-1.

The Kronig-Penney model has some relevance to the theory of metals, insulators, and
semiconductors if we take into account the fact (to be studied later) that energy levels
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Conduction

band

Valence

band

occupied by electrons cannot accept more electrons. Thus a metal may have an energy
band partially filled. If an external field is applied, the electrons are accelerated, and if
there are momentum states available to them, the electrons will occupy the momentum
states under the influence of the electric field. Insulators have completely filled bands, and
an electric field cannot accelerate electrons, since there are no neighboring empty states.
If the electric field is strong enough, the electrons can “jump” across a forbidden energy
gap and go into an empty allowed energy band. This corresponds to the breakdown of an
insulator. The semiconductor is an insulator with a very narrow forbidden gap. There,
small changes of conditions, such as a rise in temperature, can produce the “jump” and the
insulator becomes a conductor.

The band structure is of great relevance in solid state physics. Fig. 4C-2 shows three
situations that can arise when energy levels are filled with electrons. We shall learn in
Chapter 13 that only two electrons are allowed per energy level. Ing)abe glectrons
fill all the energy levels below the edge of the energy gap. The application of a weak elec-
tric field will have no effect on the material. The electrons near the top of the filled band
cannot be accelerated. There are no levels with higher energy available to them. Materials
in which this occurs armsulators that is, they do not carry currents when electric fields
are applied. In casé)(the energy levels are only partly filled. In this case the application
of an electric field accelerates the electrons at the top of the stack of levels. These electrons
have empty energy levels to move into, and they would accelerate indefinitely in a perfect
lattice, as stated in the previous section. What keeps them from doing dissipstion
The lattice is not perfect for two reasons: one is the presence of impurities, which destroys
the perfect periodicity; the other is the effect of thermal agitation on the position of the ions
forming the lattice, which has the same effect of destroying perfect periodicity. Materials
in which the energy levels below the gaps are only partially filledarductors

The width of the gaps in the energy spectrum depends on the materials. For some in-
sulators the gaps are quite narrow. When this happens, then at finite temp@&rahees
is a calculable probability that some of the electrons are excited to the bottom of the set of
energy levels above the gap. (To good approximation the probability is proportional to the
Boltzmann factoe 7). These electrons can be accelerated as in a conductor, so that the
application of an electric field will give rise to a current. The current is augmented by an-
other effect: the energy levels that had been occupied by the electrons promoted to the
higher energy band (called thenduction banyiare now empty. They provide vacancies
into which electrons in the lower band (called Wiaéence ban)ican be accelerated into,

T

Gap Narrow
gap

T a Ry Ryt e a R R payiaty pipiyRyiyiytiaia e e e e e ey OHoles
(a) (b) (c)

Figure 4C-2 Occupation of levels in the lowest two energy bands, separated by a)dapulator

has a completely filled band. Electrons cannot be accelerated into a nearby energy level.

(b) Conductor has a half-filled band, allowing electrons to be accelerated into nearby energy levels.
(c) In a semiconductor, thermal effects promote some electrons into a second band. These electrons
can conduct electricity. The electrons leave behind thelesthat act as positively charged

particles and also conduct electricity.
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Figure 4C-3 Schematic picture of
ceccsee electrons and holes trapped in a well
Gap Gap Gap created by adjacent semiconductors with

a wider gap. An example of such a
heterostructure is provided by a layer of

Al Ga As Filled levels GaAs sandwiched between two layers of
AlGaAs.

when an electric field is applied. These vacancies, chtiex propagate in the direction
opposite to that of the electrons and thus add to the electric current. This is the situation
shown in Fig. 4C-2j).

The technology of making very thin layers of compounds of materials has improved
in recent decades to such an extent that it is possible to create the analog of the infinite
wells discussed in Chapter 3. Consider a “sandwich” created by two materials. The outer
one has a larger energy gap than the inner one, as shown in Fig. 4C-3. The midpoints of
the gaps must coincitéfor equilibrium reasons). The result is that both electrons and
holes in the interior semiconductor cannot move out of the region between the outer semi-
conductors, because there are no energy levels that they can move to. Such confined re-
gions may occur in one, two, or three dimensions. In the last case we degliavitam
dots The study of the behavior of electrons in such confined regions is a very active field
of research in the study of materials.

In summary, one-dimensional problems give us a very important glimpse into the
physics of quantum systems in the real world of three dimensions.
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IA brief, semiquantitative discussion of this material may be foubigiern Physicey J. Bernstein,

P. M. Fishbane, and S. Gasiorowicz (Prentice Hall, 2000). See also Chapt&¥4ios for Scientists and
Engineers(2nd Edition) by P. M. Fishbane, S. Gasiorowicz and S. T. Thornton (Prentice Hall, 1996). There
are, of course, many textbooks on semiconductors, which discuss the many devicetradgese
engineeringn great quantitative detail. See in particular L. Solymar and D. Wadsiires on the Electrical
Properties of MaterialsOxford University Press, New York (1998).



Chapter 5

The General Structure
of Wave Mechanics

In this chapter we recapitulate what we learned in Chapter 3, and generalize from our
specific examples. This involves learning more about operators, hermitian operators, the
expansion theorem, and degeneracy. We also go beyond our earlier discussion in treating
the time dependence of expectation values of operators.

5-1 EIGENFUNCTIONS AND EIGENVALUES

We assert that the state of a physical system is described by a wave function, and that this
wave function contains all the information that we can have about the system. This state-
ment needs elaboration. We begin by discussing the time evolution of a physical system.
For notational simplicity we shall deal with the wave function of a single particle moving in
one dimension, though some of the things that we will discuss don’t really appear till we
deal with three dimensional systems. For the present we deal with the wave function y«(x, ).

The Hamiltonian Operator

94

The time dependence of the wave function is given by

o(x, t
PRALCL NP (5-1)
ot
On the right side of the equation the wave function is acted upon by an operator H, the
Hamiltonian, which, because it governs the time development of the system, plays a cen-
tral role in quantum mechanics. For a single particle moving in a potential V(x), it is an
operator version of the total energy
2
§ 2
H==2 1 Wx) (5-2)
2m

where the momentum is represented by its operator version

Pop= —ih 2 (5-3)
If V(x) has no explicit time dependence, then (5-1) can be partially solved by writing
Plx, 1) = ug(x)e ™" (5-4)
The function ug(x) is a solution of the differential equation
Hug(x) = Eug(x) (5-5)
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The solution has the characteristic that H acting on it reproduces it with a multiplicative
constant E. Such solutions are called eigensolutions, and the constants E that satisfy the
equation together with the necessary boundary conditions are called eigenvalues.

Some properties of eigenvalues and eigenfunctions are familiar from our examples in
Chapter 3.

1. Eigenfunctions that correspond to differemt eigenvalues are orthogonal; that is,
f dx uf (ug(x) =0 (5-6)

when E, # E,.

2. The eigenfunctions of H form a complete set. By this we mean the following: Any
arbitrary square integrable function of x, one that satisfies

f dxp(x)|* < o0

may be expanded in terms of eigenfunctions of H, so that

P(x) = ; Crug(x) (5-7)

where the sum is over all the eigenfunctions. The eigenvalues of H, the spectrum
of H, may be a discrete set as in the infinite box, or it may involve discrete values
(labeled by n as for the well) and also as a continuous energy variable, as appears
in the example of a plane wave traversing a potential well seen in Chapter 4. In
that latter case we have the schematic expression

P(x) = X Ca,(x) + f dEC(E)u(x) (5-8)

The expression is schematic because we have not specified exactly which form of
the continuum eigenfunctions we are supposed to use. Recall that for a square
well, our positive energy solutions were chosen such that they involved an incom-
ing plane wave from x = —co. We could equally well have taken a solution that
involves an incoming plane wave from x = + o, or any linear combination of the
two. We will not dwell on this at this point.

3. The eigenfunctions can be multiplied by constants so that they become normal-
ized. For the discrete set this reads

f dx ur*n(x)un(x) = 6mn (5'9)

4. Consider any solution of (5-1), Y«(x, ). At = 0, the wave function ¢ (x, 0), which
we write as (x), may be expanded as in (5-7), for example. Because each eigen-
function has a simple time dependence given by e ¥, the time-dependent solu-
tion has the form

PYx, £) = D, Coug(x)e " (5-10)
E

We already saw the more general form, corresponding to the expansion (5-8), in
(3-12).
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5-2 OTHER OBSERVABLES

The energy is just one observable attribute of a system. We discussed other observables
such as momentum, and we will discuss angular momentum in a later chapter. We recall
that for the momentum, the eigenfunctions are solutions of the equation

L du (%)
Popt(X) = —if praie Puy(x) (5-11)

The eigenvalues form a continuum (— < p < —), and the eigenfunctions are

1 ipx)
u(x) = ok Pt (5-12)

with the factor in front chosen such that the orthonormality relation reads
T dx uy (X)u,(x) = 8(py — P2) (5-13)
The expansion theorem in this case is usually written in the form
Plx) = T dpd(p)u,(x) (5-14)

Note that what we called “the wave function in momentum space” is really just an expan-
sion coefficient, and with our interpretation, its absolute square |¢(p)f* dp gives us the
probability that a momentum measurement on the system described by y(x) yields a value
lying in the range (p, p + dp).

The momentum operator, like the Hamiltonian, has real eigenvalues, which is what
we expect of all operators that represent physical quantities. Operators that have all their
eigenvalues real are called hermitian operators. We can make a general statement:

Since all physical observables must have real eigenvalues, they must be represented by
hermitian operators.

The completeness property of eigenfunctions is characteristic of hermitian operators, and
we may therefore generalize our statements as follows:

For an arbitrary observable, which we denote by A, there will be eigenfunctions cor-
responding to the real eigenvalues a,

Au(x) = au(x) (5-15)

The eigenfunctions form an orthogonal set, and they can be normalized so that
f dx u::(x)uaz(x) = 611,(11 (5_16)

Here 8, ,, is a Kronecker delta for discrete eigenvalues and a Dirac delta function for con-
tinuous eigenvalues.

The eigenfunctions u,(x) also form a complete set, which is equivalent to the state-
ment that an arbitrary (square integrable) function ¢(x) may be expanded in terms of the
1,0,

P(x) = D, Coutg(%) (5-17)
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It follows from the orthonormality condition that

C = f dx u (xpp(x) (3-18)

The Interpretation of the Expansion Coefficients

The interpretation of the expansion coefficients C, is the following: If the observable A is
measured for a collection of systems each of which is described by the wave function
Y¥(x), which is normalized to unity, so that

| aryroaper =1

then

1. The result of any given measurement can only be one of the eigenvalues a.

2. The probability that the eigenvalue a will be found, or, equivalently, the fraction
of systems in the collection that will be found to have the eigenvalue q, is |C,[*

3. After a measurement on a member of the collection yields a given eigenvalue
a,, for example, then that particular system in the collection must be projected
by the measurement into the state u, (x). Only in this way can we be sure that an
immediate repetition of the measurement of the observable A gives the same
result.

A consequence of this interpretation is that the probability that the value of the ob-
servable A for a system has any one of the eigenvalues is unity. This means that

lclF=1 (5-19)

which follows from

1= f dx YO (x) = f dX(E Cruy (x))tll(x)
=2 CiC,

This formula implies the following:

E@q=2fwmmmf@%mww=

= f f dx dy Y*(yW(x) Y, uMukx) =1
which, in turn, implies
> uME(x) = 8(x — y) (5-20)

a

This property of the eigenfunctions is described as the completeness relation, and it is
equivalent to the statement of the expansion theorem.
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We may use the completeness statement to obtain some useful relations. As a simple
example, consider the normalized eigenfunctions for the infinite well

u,(x) = \/% sin igﬁ

E%smm sin @zﬁ(x—y)

n=1
as(x — y) = (— - %)

and changing notation so that x/a = X and y/a = Y, we end up with

Equation (5-20) implies that

Using

™

>, sin naX sin nw¥ = 8(X — Y) (5-21)

n=—co

Another example uses the momentum eigenfunctions

u (x) — eipx/h
F V2xh
In (5-20) we now replace the sum by an integral, since the variable p is continuous. We

thus get
— = * = L f -0 — L f ik(y—2x) _
8x —y) f dpuy ()= 5= | dpe 5 | ke (5-22)
We found this result in Supplement 2-A [www.wiley.com/college/gasiorowiczl.

5-3 VECTOR SPACES AND OPERATORS

In Chapter 3 we drew attention to the fact that the complete set of eigenfunctions was
similar to a set of unit vectors in a vector space, and the expansion theorem was similar to
the expansion of an arbitrary vector in terms of unit vectors that span the vector space (see
p. 52). There is more to this similarity. In Chapter 6 we shall develop the idea that the set
of square integrable functions y«(x) are just realizations of states that are represented by
vectors in some abstract linear space. The vectors in this space obey familiar rules. For
example, the sum of two vectors is a vector—which translates into the statement that the
sum of two wave functions is a wave function. There is a scalar product (generalization of
the dot product) in the vector space, and the realization of this is an integral of the form

f dx ¢*((x) (5-23)

The vector space is generally complex, and continuously infinite-dimensional since x, the
“label” on Y(x), is continuous. This leads to mathematical complication in that questions
of convergence of integrals need to be dealt with. The mathematical theory in which such
matters are studied is the theory of Hilbert spaces. This level of mathematical sophistica-
tion is not needed for our purposes, and we shall for the most part ignore the fact that the
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states are vectors in a Hilbert space, and pretend that aside from the fact that the vectors
are complex, we can lean on analogies with finite vector spaces.

In vector spaces an operator transforms one vector into another. Linear operators (the
only ones of interest to us) have the property that

Ao (x) + oy (x) = oA (x) + aAY,(x) (5-24)

where A is the operator and «; and &, are arbitrary complex numbers. For any linear oper-
ator Q, we may define a hermitian conjugate operator, denoted by Q*, by the relation

f dx y*()Q" P(x) = f dx(QY(x))*Y(x) (5-25)

for any permissible (that is, square integrable) wave function. Linear operators that repre-
sent observables have the special property that their expectation value for all of the states
that form the linear space must be real. Such operators are called hermitian or sometimes
self-adjoint. The reality of the expectation values

(A)* = (4) (5-26)

translates into the statement that for any wave function i(x).

© © E ©
f dx YF()AP(x) = [ f dx lI/"‘(x)fhl/(X)] = f dX(AY(x)) P (x) (5-27)

Comparison with (5-25) shows that a hermitian operator is one that is equal to its conju-
gate; that is,

A=A" (5-28)

1. A consequence of (5-27) is that for hermitian operators,
f dx ¢F()AY(x) = f dx(Ap(x))*Y(x)

for any admissible pair of wave functions ¢(x) and ¢(x). We leave the proof of
this statement to the reader (see Problem 5-1).

2. Eigenfunctions of a hermitian operator corresponding to different eigenvalues are
orthogonal. This means that if

Auy(x) = au(x) (5-29a)
and
Aty(x) = auy(x) (5-29b)
with g, # a,, then!
f dx uF(u(x) = 0 (5-30)

'We will prove this result in the next chapter as an exercise in the use of the powerful Dirac notation
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3. For any two operators A and B,
f dx(ABd(x))*(x) = f dx ¢*(x)(AB) “Y(x) = f dx ¢*(x)B* A" P (x)

We derive this as follows. Let us write B¢p(x) = x(x). Then

| axtasgen=yeo = [ axtaxeorue
= [ axxrcony = [ axgenatyeo

o

= [ axpremarye

Since this is true for all ¥(x) and ¢(x), it follows that
(AB)" = B*A" (5-31)
which is easily generalized to the rule
ABC...Z)yt=Z"...C'B*A" (5-32)
4. For any operator Q, the combinations Q + Q*, i(Q — Q*), and QQ" are hermitian.
5. The product of two hermitian operators is not necessarily hermitian, since
(AB)* = B*A* = BA = AB— (AB — BA)
The condition that it be hermitian is that the commutator of A and B, defined by
[A, Bl = AB — BA

vanishes.

5-4 DEGENERACY AND SIMULTANEOUS OBSERVABLES

In both the problems discussed in Chapter 3, the particle in the box, and the free particle,
we found that the eigenfunctions were simultaneous eigenfunctions of H and another
operator—parity in the first case, momentum in the second—and we saw that in both
cases the additional operators commuted with H. Let us now examine the general condi-
tions under which this happens.

The eigenfunctions u,, corresponding to the eigenvalue a of the operator A,

Au(x) = au(x) (5-33)
will be simultaneous eigenfunctions of another operator B, when

Bu,(x) = bu,(x) (5-34)
This, however, implies that

ABu (x) = Abu(x) = bAu,(x) = abu(x)
and
BAu,(x) = Bau,(x) = aBu,(x) = abu,(x)
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that is, that
(AB — BA)u,(x) =0 (5-35)

If this were to hold for just one u,, it would not be very interesting, but if it holds for the
complete set 1, then it means that for all square-integrable functions (x) = X, C,u,(x),

> CAB — BA) u,(x) = (AB — BA) >, C,u,(x)
z (5-36)

=(AB - BA)Y(x) =0
that is, the operators commute
[A,B]1=0 (5-37)

Does the converse apply? Suppose we have two hermitian operators that commute, so that
(5-37) holds. Under these circumstances,

ABu (x) = BAu,(x) = aBu,(x)

Thus the function Bu(x) is also an eigenfunction of A with eigenvalue a. If there is only
one eigenfunction of A that corresponds to the eigenvalue a, then we must conclude that
Bu,(x) is proportional to u,(x). We write this proportionality in the form

Bu (x) = bu,(x) (5-38)

and conclude that u,(x) is simultaneously an eigenfunction of both A and B. It should
therefore more appropriately be labeled u,,(x), with

Auub(x) = auub(x)

But(x) = bu(x) (5-39)

We saw just this situation in the case of the infinite well, in which A was the Hamiltonian
and B the parity operator, and in the case of the free particle, in which A was the Hamil-
tonian and B the momentum operator.

The above was obtained under the assumption that there was only one eigenfunction
of A, with eigenvalue a. What happens when there is degeneracy; that is, there are several
eigenfunctions of A with the same eigenvalue a? In that case we can no longer conclude
that (5-38) holds. Suppose that we have

AP = aulP(x)

AuP() = aud(x) ©-40)

Under these circumstances we can only say that B acting on either of the functions #{’(x),
uP(x) will yield a linear combination of these. This reads as follows
Bul’ = by’ + bpu

5-41
Bu® = byt + byl® (5-41)

This presents no problem. Any linear combination of #{"(x) and 1{*(x), which we will call
vP(), vP(x) will satisfy (5-40). We choose a linear combination such that
BuP(x) = bv’(x)

5-42
Bu@(x) = bv@(x) ©-42)
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(See Problem 14.) We again take into account that these are common eigenfunctions of A
and B, and write this out in the form
Av,, = avg, (5-43)
Bu,, = bu,
where b can take on two different values. Note that the eigenfunctions for these two val-
ues of b are orthogonal to each other, since they correspond to different eigenvalues b. In
practice, for two-fold degeneracy such as we found in the two examples cited above, just
choosing the two degenerate eigenfunctions of A that are orthogonal to each other (e.g.,
€* and e~ for the free particle case) will automatically be eigenfunctions of B.

It sometimes happens that even after this is done, there may still be several eigen-
functions that obey (5-40). This is a signal that there is yet a third operator C, which com-
mutes with both A and B, and which may distinguish between these eigenfunctions. Under
those circumstances we end up with equations like

Awabc = OWgpe
Bwabc =b Wabc (5 '44)
Cwabc = Wgpe

We have no example of such a situation in one-dimensional wave mechanics, but such a
situation arises in three-dimensional problems—for example, in the case of the hydro-
gen atom discussed in Chapter 8. There one finds that there are three operators that
commute with each other. These are H, the Hamiltonian, L7, the square of the angular
momentum, and L, the component of the angular momentum along the z-axis, and the
eigenfunctions of the hydrogen atom carry three labels, indicating the eigenvalues of
the three operators.

The process outlined above goes on until there is no more degeneracy. The set of
mutually commuting operators is called the complete set of commuting observables. The
eigenvalues of this set, a, b, c, . . . , is the largest amount of information that one can have
about a system all at once. The reason is that if we consider a new observable Q, say, that
is not a function of the commuting operators (A, B, C, . . .) then a measurement of Q will
not give a sharp value. For example, in the case of the free particle in one dimension, we
have H, p,,,, and parity P. The last two don’t commute, since

Ppopﬂx) = —ihP %(x—) = +ih df(d;X)
df(—_x)

popr(x) = popf(_x) = —ih dx

Thus if we choose simultaneous eigenfunctions of H and P—namely, cos kx and sin kx—
then p,;, acting on these will only give a linear combination of eigenfunctions of p,,,.

This lack of sharpness is related to the uncertainty relations. In Supplement 5-A
[www.wiley.com/college/gasiorowicz] we show the following: If we define the uncertainty AA
in the measurement of A by its dispersion,

(AA)? = ((A — (A))") = (A®) — (A)* (5-45)

and similarly for AB, then it follows that

(MYABY = £ (1A, B’ (5-46)
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For the operators p,, and x, this yields
(Bp Ax = 1 (iR
or

Ap Ax = %ﬁ (5-47)

5-5 TIME DEPENDENCE AND THE CLASSICAL LIMIT

Let us now turn to the important question of the classical limit of quantum theory. To
do this we must first study the time development of expectation values of operators. In
general, the expectation value of an operator changes with time. It may change with
time because the operator has an explicit time dependence—for example, the operator
x + ptfm—and it also changes with time because the expectation value is taken with re-
spect to a wave function that itself changes with time. If we write

<A)t= f dj*(x9 t)All/(x, t)d'x (5'48)
then
D= [ v 0Ly v
M*(x,
+ f —'l’—a(f—t)Aw(x, 1) dx

oP(x,
+ f P, 1) A ‘I’f; D i

*
- <%>, + f (%ﬁ Hy(x, t)) AYlx, 1)

+ f W+ (x, 1) A(ilﬁ Hi(x, t))

(s + 1) vecomm

- é f W+ (x, 1) AH(x, 1) dx

that is,

d ay < (94 4 i i
A= < at>' + 5 ((H, A]), (5-49)

In the derivation we made use of the fact that H is a hermitian operator. We observe that if
A has no explicit time dependence, then the change of the expectation value for any state
is

d gy i
(AN = £ (H, A1), (5-50)
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If the operator commutes with H, then its expectation value is always constant; that is,
we may say that the observable is a constant of the motion. If the Hamiltonian is one
of the complete set of commuting observables, then all the others are constants of the
motion.

Let us consider successively A = x and A = p. We first have

&y = £ )

Now x commutes with any function of x,
[V(x),x] =0 (5-51)
so that we only have to calculate

% 21 = plp, 11 + [p, xlp
_2

; (5-52)
Thus we obtain
d 14
&= <m> (5-53)
Next we have
d,\_illP
E(P) =z <|:% + V(x), P]>
= —H(Ip. VOO (5-54)
since p* and p evidently commute. To evaluate the last commutator, we note that
PV ¥ ~ Vo) o) = 24 v gl — E vy £y
(5-55)
dvi
=B 4
so that
_ hdV)
[P, VOOI = 5 — (5-56)
and thus
d,,__[(dVXx)
E (p)t - < dx >t (5-57)
We may combine (5-53) and (5-57) to obtain
d? avix)
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which looks very much like the equation of motion of a classical point particle in a
potential V(x)

d’xy _ dV(xy)

1

= 5-59
dt 2 d‘xcl ( )

The only thing that keeps us from making the identification
xq = (x) (5-60)

is that
dav d

=) ¥V -61
< dx> 25 V@ (5-61)

Under the circumstances where the preceding inequality becomes an approximate equal-
ity, the motion is essentially classical, as was first noted by Ehrenfest. This requires that
the potential be a slowly varying function of its argument. If we write

Fx) = —% (5-62)
then
_ 2
PO = F) + 6 — ) P + S8 gy 4

If the uncertainty (Ax)? = {(x — {x))?) is small, and the higher terms in the expansion can
be neglected, then we have

(FO) = F((x)) + (x = (x)) F'((x)
= F({x))

It is indeed true that even for electrons and other subatomic particles, (5-63) can be
valid. For macroscopic fields (5-63) is a good approximation, and this allows us to de-
scribe electron or proton orbits in an accelerator by means of classical equations of
motion.

(5-63)

PROBLEMS

1. Use (5-27) to prove that for a hermitian operator A,

[ axgroompe = [ axcapeaeo

(Hint: Let ¥ = ¢ + Ay in (5-27) and use the fact that A is an arbitrary complex number.)
2. Prove that if A and B are hermitian, so is (A + B)".
3. Show that if A is hermitian, then (A2) is a positive number.

i ©3 i . i .
(iH) is a hermitian conjugate to e~

4. Prove that if H is a hermitian operator, then & = Y,
n=0

5. An operator U is said to be unitary, if UU" = U'U = 1. Prove that if H is hermitian, then €™ is unitary.
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6.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Prove the Schwartz inequality

2

( f dxt!)*(X)d)(X))( f dx ¢/*(x)¢/(x)) = ‘ f dx $*()(x)

(Hint: Use the fact that [©., dd¥(x)]? = 0 with ¥(x) = ¢(x) + A(x) and find the minimum value.
Note that the Schwartz inequality is the counterpart of the statement that 1 = cos? 6 for the angle 6
between any two three-dimensional vectors.)

Show that if two operators U and V are unitary, so is the operator UV.

Show that the eigenvalue A of a unitary operator U must be of the form €“. (Hint: Write

f dx(U(x))* Ui(x) in two different ways.)

Show that if (x) is a normalized wave function, and U is a unitary operator, then the function
&(x) = Uth(x)
is also normalized to unity.

Consider a complete set of orthogonal, normalized eigenfunctions of some operator A denoted by
u,(x). Given a unitary operator U we may construct the set v,(x) defined by v, (x) = Un,(x). Show
that the new set of eigenfunctions is also orthonormal; that is,

[ arvrom = o,

Operators that do not commute obey a number of relationships. Prove the following:
(a) If A and B are hermitian, then i[A, B] is also hermitian.

(b) [AB, C] = A[B, (] + [A, CIB

(© [A, [B, C11 + [B, [C, A]l + [C, [A, B]] = O (This is known as the Jacobi identity.)

Prove by expanding the exponentials that
&Be* = B + [A.B] + % [A.[A, B]] + % [A, [A [A, B]I] + -

Consider the hermitian operator H that has the property

H=1
What are the eigenvalues of the operator H? What are the eigenvalues of H if it is not restricted to
being hermitian?

Consider eq. (5-41). Find the linear combinations of #{", 42 that lead to the form (5-42), and find
the eigenvalues b, and b,.

Use the commutation relations between the operators x and p to obtain the equations describing the
time dependence of (x) and (p} for the Hamiltonian given by
r

2
1
- + Em(wfxz +wx + C)

Solve the equations of motion you obtained in Problem 15. Write your solutions in terms of {(x), and
{P)o, the expectation values at time ¢ = 0.

H=

An electron in an oscillating electric field is described by the Hamiltonian operator

P
H= T (eE coswi)x
Calculate expressions for the time dependence of (x), {p), and (H).
Solve the equations of motion you obtained in Problem 17. Write your solutions in terms of {x), and
{P)o, the expectation values at time ¢ = 0.
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W-26

Uncertainty Relations

In our discussion of wave packets in Chapter 2, we noted that there is a relationship be-
tween thespreadof a function and its Fourier transform. When the de Broglie correspon-
dence between wave number and momentum is made, the relationship takes the form

ApAx=+

What we called thespreador, in the above context, the uncertainty can be sharpened
mathematically to a definition: The uncertainty in any physical varishlis equal to the
dispersion given by

(AA)? = (A = (A))?) = (A%) — (A)? (5A-1)

With this definition we can show that the uncertainty relation follows directly from quan-
tum mechanics. Let us consider two hermitian opertasdB, and shift them by a con-
stant, their expectation values in an arbitrary physical ¢{ajeso that we have

U=A—-(A) (5A-2)
and

V=B-(B) (5A-3)
where

= [ dxuam

and so on. Given an arbitrary wave functigr), let us define

¢ = (U +iAV)g(x) (5A-4)

with A real. Whatever this function is, it will be true that
I(A) = f dx p*(X)p(X) = 0 (5A-5)

This means, because of the hermiticityJodndV, that

I(A) J dx((U + iAV)yY(X))*(U + iaV)g(x)

0

j dxy*(X)(UT — IAVH(U + iAV)(x)

0

j dx y*(X)(U — IAV)(U + IAV)i(X)
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It follows that

I\) = f dxy*(X)(U? + iA[U, V] + AV D)(X)

(5A-6)
= (U? + iA{[U, V]) + AXV?)
This will have its minimum value when
dir) _
“a =0 (5A-7)
that is, when
i[U,V]) + 22(V?) =0
When
i{[U, VI)
min — SA-8
2(V?) ( )
is substituted into equation (5A-6) in the form
|(Amin) = 0 (5A-9)
we get
UV = 21U, VD)2 (5A-10)
or equivalently,
(AA)Y(AB)? = % ([A, B]Y? (5A-11)
For the operatorg andx for which
[p,x] = =ik (5A-12)
this leads to
Ap Ax = % (5A-13)

Note that if fors(X) we take an eigenstate of the operatoior example, then

7 F 2
o= [ aciioonue - | dxu;(x)Aua<x>)

=a? f dx i (X)u,(x) — <a f dx Lg(x)ua(x)>2 =0

There is no problem, since the right side of the equation also vanishes:

(AB]) = | dxE(MAB- BAWLM = | deAw()*B — BAU

=a f dx i (X)Buy(x) — f dx i (¥)Bauy,(x) = 0

We stress again that in this derivation no use was made of wave propesfi@se or
p-space wave functions, or particle-wave duality. Our result depends entirely on the oper-
ator properties of the observableandB.



Chapter 6

Operator Methods in
Quantum Mechanics’

In Chapter 5, in our discussion of the general principles of wave mechanics, we drew
attention to the strong resemblance between the properties of wave functions and vectors
in some sort of linear space, real or complex, finite- or infinite-dimensional. In this
chapter we will restate this correspondence and make more abstract statements about
quanturmn mechanics that go beyond wave mechanics and the Schrodinger equation. We
shall work with a concrete example, the simple harmonic oscillator, and we shall also
introduce a powerful notation, the Dirac notation, which provides a compact way of
writing things and simplifies manipulations. Needless to say, when a number such as the
wavelength of a photon emitted in a transition between states needs to be calculated, we
must go back from the abstract notions to concrete manipulations. The advantage of the
more abstract approach is that it allows us to deal with microscopic properties that do not
have a large scale counterpart, and for which there is no correspondence limit to sharper.
our intuition.

6-1 REPHRASING WAVE MECHANICS—AN ABSTRACT
VIEW OF QUANTUM MECHANICS

We begin with the notion of a state in quantum mechanics. This may correspond to the n™
eigenstate of a particle in an infinite well, or it may describe a free particle traveling with
momentum p from x = — o toward a square barrier. All such states are described as vec-
tors in some linear space. We shall describe the vectors by something called a ket and de-
scribed by |n), or |p), or, for simultaneous eigenstates of two commuting operators, |a, b).
In each case the label gives the value of the “observables” for the system in question. If
the vector represents some other state that may be a superposition of eigenstates, then we
denote this by |i%). These kets have the properties of vectors. For example, the sum of two
kets, with arbitrary complex numerical coefficients is again a ket. We will find a link be-
tween the abstract vector ) and the wave function i(x). Associated with the space of
kets is a space of conjugate states. described by bras, and denoted by {a|. For each ket we
have a bra. The correspondence between kets and wave functions will be matched by a
similar correspondence between bras and complex conjugates of the wave functions. This
will be explained in what follows.

"This chapter deals with a generalization of the concepts introduced in Chapter 5. It can be read after Chapters 7
and 8, in which we still deal with the Schrodinger equation reduced, by the separation of variables, to a one-
dimensional equation.
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Consider next the scalar product of two eigenfunctions of some operator. We found
that the eigenstates of the particle in the infinite well were orthogonal for different values
of the energy; that is, we found

f dx u,’:,‘(x)u,,(x) = 8mn (6'1)

How would we write the corresponding quantity in terms of bras and kets? We shall de-
fine the scalar product of a bra and a ket by the bracket (bra-ket) symbol {m|n). More gen-
erally, we define the scalar product of a bra {¢| and a ket |1f)) by the symbol {¢|¢). We will
soon see that numerically it is identical to the familiar wave-mechanics expression

(Plw) = f dx *()(x) (6-2)
We will also require that
(Ply* = (ylo) (6-3)
and
(Play, + B,) = ald|gh) + Bl |y,) (6-4)

When an operator acts on a state it gives another state. In the Dirac language, this says
that when an operator acts on a ket it gives another ket. We write this in two ways:

Aly) = |Ag) (6-5)

The left-hand side states this in the form of an operator acting on a ket, while the right-
hand side is just our notation of the resulting ket. Thus

(dlay) = (o lAly) (6-6)

Once we establish the equivalence (6-2) we will immediately get

@lAly) = f dx $*()AY() ©7)
In wave mechanics we defined the hermitian conjugate A* of the operator A by
f dx(AP(x))*P(x) = f dx Gx)*A*Y(x) (6-8)
This will have to emerge from the definition
(Adly) = (¢|A™ |y (6-9)
It follows that
(dla™|p)* = (Ad|y)y* = (ylAl¢) (6-10)

Let us now consider the expansion theorem in the vector-space framework. In wave me-
chanics we saw that an arbitrary wave function could be expanded in terms of a complete
set of eigenfunctions of a hermitian operator. An example of this was the expansion in
terms of the eigenstates of the Hamiltonian for an infinite box. We mentioned an analogy
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to the expansion of an arbitrary vector in terms of all the orthogonal unit vectors in the
vector space. Here we start from the other end. We expand an arbitrary ket |t} in terms of
some complete set of orthonormal eigenstates, which we label by |r):

) = 2 Giln) (6-11)
Tt follows from the orthonormality condition {m|n) = §,,,, that
C, = {n|y) (6-12)
If we now substitute this into (6-11) we get
) = 2 InXnly) (6-13)

where the sum is over the complete set of eigenstates of some hermitian operator. Since
this must be true for every ket |1, it follows that

> lnXnl =1 (6-14)

where 1 is the unit operator, which has the property that when it acts on any state, it does
not change it. The relation (6-14) is called the completeness relation.
Before proceeding, we do an example in the manipulation of bras and kets.

L]
EXAMPLE 6-1

Show that the eigenkets of any hermitian operator are orthogonal to each other if the eigenvalues
are different.

SOLUTION The eigenvalue equations read
Hla) = a|a)
and
HIb) = b|b)

The hermiticity of H implies that the values of a and b are real. Let us now multiply the first equa-
tion by {b|. This gives us

(bHla) = a(b|a)
The second of the eigenvalue equations, multiplied by {d], yields

(alH|b) = b{alb)
The complex conjugate of this reads

(alH|bY* = (Hbla) = (b|H"|a) = b*(a|by* = b*(b|a)

However, because H = H" and b is real, this implies that

(b|Hla) = b(bla)
It follows that

(a — bXbla) =0

A consequence of this is that if a # b then (bla) = 0, which is what we set out to prove.
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Let us return to the expansion theorem. In the expansion in (6-11) the interpretation
of C, is still that |C,J* is the probability that a measurement of the observable A, whose
eigenkets are the |n), yields the eigenvalue labeled by n. We wrote things out as if the set
of |n) were discrete, but it need not be. The variables labeled by » could be continuous.
Suppose we ask: What is the probability that if we make a measurement of the position of
the state represented by |i), we find the value x?

Since the position is an observable, we have every reason to expect that it is repre-
sented by a hermitian operator, which we denote by X. This operator will have a com-
plete set of eigenkets, whose eigenvalues are the numbers x. We write this in the usual
way:

X|x) = x|x) (6-15)
We don’t need to know how to construct the operator X. The expansion theorem now tells
us that we can write
|y = f dx C(x)|x) (6-16)
with the sum replaced by an integral, since x is a continuously varying quantity. Using the
orthonormality of the |x) eigenstates, in the form
(xx") = 8(x — x") 6-17)
we calculate C(x") by multiplying (6-16) from the left by (x'|,
Cx"y = (x'|) (6-18)

Now |C(x)[ is the probability that a measurement of the position of the state |1} yields the
value x. This, however is just the property attributed to |ys(x)[*! All we have to do is
change notation and write

P(x) = {x|9) 6-19)
A similar argument would show that the momentum space wave function for the state
[} is

) = (p|¥) (6-20)

We have symbolized this amplitude by the letter ¢, because that is the notation we used
earlier for the momentum space wave function.
We can now make several points:

(a) The completeness relation in terms of the position eigenkets reads
f dx|x)x| =1 (6-21)
The unit operator can now be inserted at will. For example,

Wili) = il = [ dxtnboelun) = [ devremae 622
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which is what we asserted in (6-2). In the same way, (6-9) takes the form (6-8)
because

(Aply) = f dx(AG))*P(x)
(¢la™ ) = f PHRA ()
(b) Consider

v = o) = [ doleloXold = [ dptelpdbry  ©29)

Comparison with

¥ = —— | dp p(p)e” (6-24)
V2mh J_
yields
(#p)= —\/ﬁ e (6-25)

Projection Operators

Let us return to our interpretation of the expansion coefficients. For simplicity we shall
deal with a system in which all the eigenvalues are discrete, as for the infinite box. We

then have
) = E |nXn|y) (6-26)
The operator P, defined by
P, = |nXn| (6-27)
has the properties that
PP, = |mXm|nXn| = 8,,|mXn| = 8,,P, (6-28)
and
P, =1 (6-29)

In particular, it follows from (6-28) that
P.=P, (6-30)

We call P, a projection operator, since it has the property that when acting on an arbitrary
state |i) it projects it into the state |n), with a probability amplitude (n|y). Equation (6-28)
states that once a state is projected into a particular eigenstate |n), then a further projection
into that state does not change anything. This property of P, fits in with our description of
what a measurement is. We measure the energy of a state |¢), for example. What this
means is that of a collection of systems all of which are described by the same vector
[, we pick one and measure its energy. On finding a particular value E, (with some prob-
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ability), the measurement must change the system so that it ends up in the state |r). This is
so because subsequent measurements in that state can only give the same result over and
over again. A measurement of the energy of another member of this collection may yield a
totally different eigenvalue—E,, say—and in this way, the average energy becomes

(WlHIY)Y =2 Kn|W)PE, = 3, (Yn)ELn|p) (6-31)

This allows us to write the operator H in terms of its eigenvalues and the corresponding
projectors
H= )Y E,P, (6-32)

We will have further occasion to use the general description of states in our discussion of
the harmonic oscillator below.

6-2 THE ENERGY SPECTRUM OF THE HARMONIC OSCILLATOR

The Hamiltonian for the harmonic oscillator has the form

p’ 1
= — —_— 2 -
H 2 + 2 mwx? (6-33)

where x and p are operators. The only properties of these operators that we shall use are
that they are hermitian and that they obey the commutation relations

[p,x] = —if (6-34)

Classically the Hamiltonian could be factored into

H=w< [mw ;P )( mo, ;P )
2 V2mw 2 2mw

but because x and p do not commute, we have

mw 14 mw 14 Pz mw’ iw
7 — 7 kit + y = + fulhtunali - 9 —
w( / S X > )( 7 X l\/z__) 2 2 x 2 (px — xp)

—H- % o (6-35)

We now introduce a special notation for the operators in terms of which H — 5 #w is fac-
tored. We write

mw
2

At= (MO, i £ (6-36)
2k 2mowh

with the additional factor V 1/% introduced to make A and A* dimensionless. Since x and
p are hermitian, A" is indeed the hermitian conjugate of A. We compute

[A,A'] = [ /%%x, —iﬁ] n [iﬁ, %%x] =1 (6-37)
N ¥4410)



6-2 The Energy Spectrum of the Harmonic Oscillators 113

The Hamiltonian now takes the form
H= ﬁw<A+A + %) (6-38)

The simplicity of the Hamiltonian is reflected in the simplicity of the commutation rela-
tions of A and A* with H. We have

[H, Al = fiw[AA, A] = —howA

[H, A*] = hw[A*A, A*] = hwA* (6-39)
Let us now write down the eigenvalue equation, which reads
H|E) = E|E) (6-40)
The first of the commutation relations in (6-39), acting on the state |E) yields
HA|E) = AH|E) — hoA|E) (6-41)

= (E — hw) A|E)

Thus A|E) is also an eigenstate of H, but with energy lowered by fiw. If we apply A again
to the state A|E), we again lower the energy by #w, so that we get the picture of a ladder
going downward in energy. (See Fig. 6-1.) This lowering cannot go on forever, because
the expectation value of H in any state is positive. To see this we observe that {y|p?|) =
{plpy) = 0 and similarly (Y1) = (abjxp) = 0, so that both terms in the Hamiltonian
are larger than or equal to zero. This means that there is a state of lowest energy, the
ground state. We denote it by |0). There is no implication that such a state has zero en-
ergy. We just use that label for the ground state, which must satisfy

Aloy=0 (6-42)

so that the energy cannot be lowered any more. It follows from this and (6-38) that in fact
the energy of the ground state is actually given by

H|0) = ﬁw<A+A + %) oy = %ﬁwlo) (6-43)

The existence of a zero-point energy is forced upon us by the uncertainty relation. For any
state for which (p) = 0 and (x) = 0, the expectation value of the Hamiltonian may be
written in terms of (Ap)? = (p?) and (Ax)? = (x?) as

(ApY

(H) ="

+ % mw*(Ax)?

and the uncertainty relation forbids Ap = Ax = 0.

|E+€)
A+

|E)
A

|E-€)

Ground state  Figure 6-1 Raising and lowering operators, & = fiw.
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Consider now the state A*|0). What is its energy? It follows from (6-39) that

HA™|0) = (A*H + hiwA™)|0) = ﬁw(% + 1)A+|0> (6-44)

This means that the state A*|0) has one unit of energy % more than the ground state. In
the same way we show that a second application of A* to the state A*|0) leads to a state of
two units of energy above the ground state, and so on. From these conditions we conclude
that the energy eigenvalues of the harmonic oscillator are

E= (n + %)hw (6-45)
The corresponding eigenket properly normalized is
1 +\n
n) =——=(A""0) (6-46)

To establish this we consider the product AA*A*A* ... A*|0) and use the commutation
relation (6-37). We have

AATY|0) = (ATA + [A, ATIXATY'|0)
— (A+)n71|0> +A+A(A+)n71|0>
= ATY0) + AT(ATA + [A, ATDAN)2(0)
= 2AM"10) + (ANH((ATA + [A, ATHATY3|0)

= 3(A+)"—1|0> + (A+)3A(A+)n—3lo> (6-47)

= n(A*)"'0) + (A)"A|0)
— n(A+)n—l|0>

We see that A acting on any polynomial f(A*)|0) is equivalent to d/dA* acting on that
state. Let us now consider (0JA"(A*)"|0). If m > n, then n of the A’s differentiate all the
factors on the right. and we end up with (0]A™"|0) = 0. If m < n, then we end up with
(O|(A*Y*""|0) and this too vanishes. Finally, when m = n we end up with

(0|<dz+)"(A+)"|0) =nn— 1)n—2)...{0[0)=n! (6-48)

which leads to (6-46) as well as
(m|ln) =6, (6-49)

6-3 FROM OPERATORS BACK TO THE SCHRODINGER EQUATION

How do we get to the Schrodinger equation from our abstract framework? Consider the
harmonic oscillator problem. Starting from (6-42), we get

(x|aloy =0 (6-50)

The original definition of A then implies that

x| P2y +i Lp
2h °F 2mwh

O> =0 (6-51)
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We now use
(x|xopl0) = x{x|0) (6-52)

and

(lppl0) = [ dkolpglXpl0) = | dp pixloXpl0)

o

pp\/_ P[0y = ldx f dp—1— wx/ﬁ(p|o) (6-53)
:ﬁdifdp<x|p>@|o>=ﬁdi< 0y

We now denote (x|0) by u(x), the ground-state wave function. Equation (6-50) now be-
comes a differential equation in x-space, which reads (after a little algebra)

(mwx +h ; )uo(x) (6-54)

This is a simple differential equation, whose solution is
Uy(x) = Ce™ w72 (6-55)

The constant C is determined by the normalization requirement that

1=c? f dx e~ = c2 [Fm (6-56)

so that
174
C= @) (6-57)
har
We may also obtain the higher energy states by working out in detail
1, (x) = —= (A" Viti(x)

\/—

(6-58)
= — —mw.11/2fr
( ) (\/ Zfi \/ 2mw dx)

. s
In a general Schrédinger equation in which H = 2—’; + V(x,,), we have

(x| V(xop) |E) = V(x)x| E) (6-59)

To get {x|p,|E) we calculate

ol By = [ dkaloalpXelE) = [ dp piolpXp|E) o

_nd
- dx (x|E>
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by following the same steps that led to (6-53). From this we see that

_B &

(x|H|E) = —— 12 (KIE) + VO)GIE) = Ex|E) (6-61)

which is just the Schrédinger energy eigenvalue equation!

6-4 THE TIME DEPENDENCE OF OPERATORS

We conclude this chapter by discussing the time development of a system in our
representation-independent way. The equation that describes the evolution of a system is
the time-dependent Schrédinger equation

i |y) = Hlyo) (662

This is now an operator equation in an abstract space. |¢/(£)) is a vector in that space and it
points in a direction that depends on time. The solution of this equation is

(@) = e |y(0)) (6-63)
where |¢,b(0)) is the vector at time t = 0. The operator in front is defined by

TR N P n
g it = -~ (—iHtlh) (6-64)

n=0

The solution (6-63) allows us to describe the change with time of the expectation value of
any operator B that does not have any explicit time dependence:

(B), = (Y| Blg(t))
= (e ""™M(0)| Ble™ " (0))

= (¢(0)| giHith go—iHih |(,b(0)) (6-65)
= (W(0)| B(2) [y0))
where we have defined
B(1) = &' Be~ " (6-66)

What (6-65) states is that the expectation value of a time-independent operator B in a state
that varies with time as given by (6-63) may be written as the expectation value of a time-
varying operator B(t) (given by (6-65)) in the time-independent state |¢%(0)). This is very
useful in the formal discussion of quantum mechanics, since it is convenient to set up a
basis of orthonormal eigenvectors in the abstract space once and for all, and not worry
about how the basis vectors change with time. When we do this, we are working in the
Heisenberg picture, whereas keeping B without time dependence means that we are work-
ing in the Schrodinger picture. The result is the same, whatever picture we use: This is
analogous to the option of describing a rotating body relative to a fixed set of axes, or of
describing the body at rest in a rotating coordinate system. The choice is one of conve-
nience. If we do work in the Heisenberg picture, the state vectors are fixed, and we need
not refer to them. How an observable varies with time is determined by (6-66), which
yields

— i iHtlh —iHth iHih —iHt/h
7d = _ — B H
] B(® 7 He"""Be e e

i
i)
. . (6-67)
= %(HB(:) — Bu)H) = é[H, B



For the harmonic oscillator
H=HhoAYA +3)
and since H is a constant of the motion, we have
H = ha(AT(DAQ) + 3)
We can also show, using (6-66), that
[A®, AT 0] =1
Eq. (6-67) implies that

%A(t) = —iwA®D)

%AJ'(t) = iwA*(f)

whose solutions are

A(®) = e A(0)
AY() = €“AT(0)
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(6-68)

(6-69)

(6-70)

(6-71)

(6-72)

We may use these to express the operators p(f) and x(#) in terms of p(0) and x(0):

p(®) = p(0) cos wt — mwx(0) sin wt

x(&) = x(0) cos wt + ILO) sin wt

mw

(6-73)

Note that in the Heisenberg picture we only deal with operators. We have therefore omit-

ted the subscript op to avoid cluttering up the equations.

PROBLEMS

1.

(a) Show that the eigenvalues of a hermitian operator A (for which A = A*) are real.

(b) Prove that (AB)* = B*A™.

(Hint: Use eqgs. (6-5)—6-10) to prove that (J|(AB)*|¢) = (W|B"A*|¢).)

We may define the trace of an operator as follows:

TrA = {nA|n)

Where the sum is over a complete set of states. Prove that Tr AB = Tr BA. (Hint: Use the represen-

tation of 1 in terms of P,.)

Consider the harmonic oscillator. Prove that
Aln) = \/;In - 1)

Prove that if f(A") is any polynomial in A*, then
dfia*)

AFAD|0) = e

[0)
[Hint: See Eq. (6-47).]
Calculate {m|x|n) and show that it vanishes unless n = m = 1.

Calculate (m|p|n).
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7.

10.
11.

12.

13.

14.

15.

16.

Use the results of Problems 6 and 7 to calculate {m|px|n) and {m|xp|n). (Hint: Insert the unit operator
1 between the two operators, and use the form

1 =;|k><k|

In Problems 57 it is useful to express x and p in terms of A and A*

Use the results of Problem 7 to calculate {m|[p, x]|n).

Prove that (n|x)n} and (n|p|n) both vanish.

Calculate {n|x*|n) and {r|p?|n).

Use the definition of (Ax)? = (n?|n) — (n|x}n)” and similarly for (Ap)” to calculate Ax Ap for the
state ln) of a harmonic oscillator.

A state |cr) that obeys the equation Ala) = «|e), where A is the harmonic oscillator annihilation op-
erator, is called a coherent state.

(a) Show that the state |a) may be written in the form
|a)y = C e’ |0)

(b) Use the result of Problem 4 to obtain C.

(¢) Expand the state |o) in a series of eigenstates of the operator A*A, |n), and use this to find the prob-
ability that the coherent state contains n quanta. The distribution is called a Poisson distribution.

(d) Calculate {e|N|a), the average number of quanta in the coherent state, where N = A*A.

Use the general operator equation of motion (6-67) to solve for the time dependence of the operator
x(f) given that

P

2m

H= + mgx(t)

Consider the Hamiltonian describing a one-dimensional oscillator in an external electric field

2
H= % + Lma2(f) — €€x(0)

Calculate the equation of motion for the operators p(#) and x(f) using (6-67) and the commutation
relation

(), x(n] = 2

i
Show that the equation of motion is just the classical equation of motion. Solve for p(r) and x(¢) in
terms of p(0) and x(0). Show that

[x(t)), x(2)] # O fort, # t,
This shows that operators that commute at the same time need not commute at different times.

Use (6-58) to calculate the eigenfunctions for n = 1, 2, 3. (Note: Be sure to keep track of the order-
ing of x and d/dx in the expansion of the binomial series.)

Use the results of Problem 4 to show that
AN 0) = fldT + A)|0)

(Hint: Expand the exponential in a series, and use the fact that

fox+ay = 240

d"
d.x" ﬂx)

FO0) =

to work out this problem.)



17.

18.

19.

20.

21.
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Use the results of Problem 16 to establish the operator relation
MAA Y e ™M = fIAT + 0)

Note that an operator relation must hold when it acts on an arbitrary state. Let an arbitrary state be
of the form g(A™*)|0). Thus what must be proved is that

M AANEMg(AN)|0) = IAT + A) g(AM)|0)

This can also be proved from the general relation
2
PhATe™M = AT A AT A A, (A, AT

Use the preceding relation to prove that
SATBA” = ah A" = (112ab
The procedure is the following. Let
e)\(aA+bA*) = e)\aA F()\)
Differentiation with respect to A yields
(@A + PANY @A) = g4 A FEY + £ Z—f
that is,

(@A + A" ) F() = aA & (F)) + & %\:

Use Problem 17 to show that

ar _ ot —
gx = (A" — Aab) FQ)

so that
F()\) — eAbA’ e—(llz))\lab
Use the procedure of Problem 17 to show that
M A e M =fA - D)
Show from this that
QUATbAT o bA" jah J(112)ab

using the method outlined in Problem 18.
Use the preceding result to show that

ikx KNVR2me A* eik\/fm A e—(ﬁk’mmw)

e =¢
= [-@a+an
2mw

{0]e™|0)

Note that

Use this expressioin to calculate

Show that the result just obtained is the same as the one obtained from

f dx s (x) € ug(x)
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Angular Momentum

In our discussion of the Schrodinger equation in three dimensions we will need to deal
with the kinetic energy in three dimensions, which has the form

K=— (7-1)

for problems in which the effective mass of the particle is p. Just as in classical
mechanics, there is a close connection between p’ and the square of the angular
momentum L = r X p. We shall take over this expression for the angular momentum
into quantum mechanics, with the recognition that r and p are to be treated as operators.
We will also see (Supplement 7-A [www.wiley.com/college/gasiorowicz]) that when the
potential in a three-dimensional Schrédinger equation

2
Hy(r) = (;—” + V(r))w(r) ) (7-2)
is central, so that
V() = V() (7-3)

then angular momentum is conserved.
The conservation of angular momentum implies the operator equation

dL

7 =0 (7-4)
This, as seen in Chapter 6, is equivalent to
[H.L]=0 (7-5)

Our discussion of the details of the eigenvalues and eigenfunctions of the angular
momentum operators is presented in two ways. We may proceed from p” and obtain
the angular momentum eigenvalue equation directly as a differential equation, which
can be solved in a standard way. The other way proceeds from the definition of the
angular momentum operator, and deals with the angular momentum commutation
relations. This approach is patterned after the way we dealt with the harmonic
oscillator in Chapter 6, and is more directly “quantum mechanical.” We therefore
relegate the direct approach to Supplement 7-B [www.wiley.com/college/gasiorowicz], and
turn directly to the algebraic, operator approach.
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7-1 THE ANGULAR MOMENTUM COMMUTATION RELATIONS

We might be tempted to look for simultaneous eigenfunctions of H and all three compo-
nents of L. This, as we have seen in Chapter 3, is only possible if all four operators com-
mute with each other. To proceed we must check whether all of the operators L,, L,, and
L, commute with each other, as well as with H. In fact, different components of the angu-
lar momentum do not commute with each other. For example, paying particular attention
to the ordering of the operators, we get, using L = r X p,

L. L] = Dyp, — zpy» 205 — xp,]
= ylp,, 2lpx + xlz, P lpy (7-6a)

=2 op, —p) = ihL,

Similarly we can show that

[L,, L] =ihL, (7-6b)
and

[L,L]=ihkL, (7-6¢)
It is true that each of the components of angular momentum commutes with L2 For ex-
ample,

[L,L;+ L+ L]=LJL,L)+[L,L)L, + L[L,L] + [L, LIL, (7-7)

= —ihL L, — il L, + ihL L, + ihL L, =0

We can see that as a consequence of these commutation relations, only one component of
L may be chosen with H and L? to form a simultaneously commuting set. To show this let
us assume that we have a set of eigenfunctions that are simultaneous eigenfunctions of all
three components of L. Let us assume that

Lx|u> = ll |u>
and
Ly|u> = lZI”)

which implies that L,L,|u) = I,L|u) and L,L,|u) = LI,|u). As a consequence of (7-6a) this
means that L|u) = 0. This, however implies that

bluy = L|uy = % L, L]|u) = —l% Ly =0

Similarly, we can show that /,|u) = 0. This means that only for L = 0 can we have simul-
taneous eigenfunction for all three components of the angular momentum.

There is nothing to keep us from picking just one component of L as part of the com-
muting set. Conventionally the choice is L,, but there is nothing special about this choice.
We thus will deal with simultaneous eigenfunctions of L? and L,. We will denote the
eigenkets by |1, m). Our starting point is thus the set of equations

12|, m) = #2000 + DI, m)
L)1, m) = timl|l, m)

(7-8)

At this point we make no statements about what the values of / and m are. They must be
real since the operators L are hermitian. The factors of # are there purely for dimensional
reasons, since the product r X p has the dimensions of #.
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7-2 RAISING AND LOWERING OPERATORS
FOR ANGULAR MOMENTUM

Our starting point is (7-8), together with the angular momentum commutation relations
(7-6) and the orthonormality relation

(', m'|l, m) = 88, 79
It will prove convenient to introduce the operators
L.=L *iL (7-10)
These obey the commutation relations
[L.,L]1=I[L,+iL,L,—iL]) = (=2)[L, L]
= 2hL, (7-11)
and
[L,L.)=I[L,L, *iL)=ihkL, + i(GhL) = *H(L, * iL,)
= *hL. (7-12)
It is also obvious that
[L3L.)=0 (7-13)
Furthermore, we have

L,L_=(L, +iL)L,—iL) =L+ 12— i[L,L]

=L?>—I2+4#L, (7-14)
and similarly,
LL, =L>—12—-#L, (7-15)
Thus
L.L +I12—#L, =L L, +L}+HhL,=L? (7-16)

We now note that (I, m|L2|l, m) = (LI, m)|L,(l, m)) = 0 and by extension (I, m|L?|l, m)
= 0. This implies that I(/ + 1) = 0. From this it follows that / = 0. (The alternative that
1 = —1 we reject, since we would then call I + 1 = —!" and get I’ = 0.) First, we note
that

L2L.|l, m) = L.L?

1, my = #2( + VL. |I, m) (7-17)

This means that L. |/, m) is an eigenstate of L’ with the eigenvalue characterized by /. On
the other hand,

LL,JI,my=(L.L,+KL)L m)="Hm + 1)L,

I, m) (7-18)
and similarly

LL_|l,m)y=f#i(m — 1)L_

1, m) (7-19)

These equations imply that L |/, m) is an eigenstate of L, with the m value raised by unity,
and L_|l, m) is an eigenstate of L, with m value lowered by unity. We therefore call L.
raising and lowering operators, respectively. We may write

L,|l.m)=C.d,m)
L_|l,m)=C_(,m)

Lm+1)
Lm—1) (7-20)
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The conjugate relation of the first of the above is
(L, mlL_ ={l, m + 1|C¥(1, m) (7-21)
Multiplying this with the first of (7-20) yields

|IC., m)| X, m+ 1{,m+ 1) =(,mL_L,|l,m)={l, m|L* - L2 — kLI, m)
=8I+ 1) — m* — m] (7-22)
=8I0 — m){d + m + 1)]

Thus

C.l.my=VI—-mld+m+1) (7-23)
and, similarly

CUm=tVIl+D)—mm—D=tVI+md—m+1) (7-24)

It follows from

(L.(I, m)|L.(l, m)) =0

that
(Lo, m)|L.(, m)) = (I, m|LL.|l, m)
= (I, m|L? — L2 = KL,|l, m) (7-25)
=R+ D) —mm* 1)]=0
This implies that both

K+ DHz=mm+1)
I+ D=mm—1) (7-26)

are true. Since I = (, it follows from the above that
—l=m=l 7-27)

Let us assume that the minimum value of m is m, . This means that we cannot lower the
m-value any further, and thus

L |l my) =0 (7-28)
We can see, in a number of ways (by looking at C_(l, m) for example), that
My = —1 (7-29)
Similarly, the maximum value of m, denoted by m,,, is such that
L. |Lmy,)=0 (7-30)
and
Moy = 1 (7-31)

Since the maximum value is to be reached from the minimum value by unit steps (re-
peated application of L), we find, as seen in Fig. 7-1, that there are (2] + 1) steps. This
implies that (2] + 1) is an integer, and m can take on the values

m=—-L-l+1,-1+2...,1—-1,1 (7-32)

The possibility that [ is half-integral, | = 1/2, 3/2, 5/2, . . ., will be discussed in Chapter
10, when we discuss spin. Until then, we restrict ourselves to integer values of I.
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In

(-1)n

(I-2)n

—{1-2)n

—{l-1*h
Figure 7-1 Spectrum of the operator L, for a given value
~1h of I.

7-3 REPRESENTATION OF [l, m) STATES
IN SPHERICAL COORDINATES

Our next task is to work out the general form of Y,,(0, ¢), defined by
Y,,(0, ¢) = (0, o1, m) (7-33)

The angles (0, ¢) are the coordinates on the surface of a unit sphere (Fig. 7-2). The analog
of

j dx|xXx| =1

is
aT

241
6, pX0. ¢l = ftkof sin 6 d6
0 0

6, X0, 9| =1 (7-34)

[ an

It follows that the application of (§’, ¢'| to (7-34) leads to

’ ’ — ] —_ r — 7 -
(O, ¢'16, @) = 5 86 = 0" 8(p — &) (7-35)
To find an explicit form of the spherical harmonics as defined in (7-33) we make use of

the polar coordinate representations

t dide
(7-36)
+j d . d

. = het®| =2 4 =
L, =te ( 0 cot HaSD)

which are easily obtained from the material in Supplement 7-B.
Consider now (0, ¢|L,|l, m). This can be written in two ways. In one of them we have

(6, ¢|L|l, m) = im0, ¢|1, m) (7-37)
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z

>
7 cos 8

I's.
Y/
& 26

rsin 0 sin @

X

Figure 7-2 The definition of the spherical coordinates used in the text and the relation between the
cartesian coordinates (x, y, z) and the spherical coordinates (r, 6, ¢).

In the other we use (7-36) to write

L0, o|L 1, m) = Lm[6. ¢ + Spll, m) — (6, |1, m)fSe
h 8¢—0

(7-38)
_9
=0 (6, @I, m)
Combining (7-37) and (7-38) we get the differential equation
305 (0. L. m) = im(©, |1, m) (7-39)
whose solution is
(6, ¢|1, m) = F(0)e™ (7-40)

We next consider the maximum m-state |1, I) for which L, |, I) = 0. This implies that

—_ i i_ ; _19_
LI)=te (&0 +i cot Haso)(ﬂ, ol 1)

A — it O _
he (&0 1 cot 0)(0, o|L, 1) = te (&0 1 cot 6 |F(6)

0=1(6, ¢|L,

(7-41)

125
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or
9 _lcot 6)F(6)=0
90

The solution of this equation is easily seen to be
F(6) = (sin 6) (7-42)

States with values of 7 lower than / can be obtained by repeated application of the lower-
ing operator L_ 1o the state |1, [)." This amounts to

Yil0, @) = C(L_)'"(sin 6)'e™

—cl -2 4+ 02 S ) (7-43)
= a—0+tcot EP [(sin 6)e"?]
The coefficient C is there so that the eigenstates are normalized according to
f dQY,,6, ¢)|” = 1 (7-44)

The details of working out the Y,,, can be found in Supplement 7-B. [www.wiley.com/college/
gasiorowicz] Here we restrict ourselves to writing down the appropriately normalized Y,
with the phases that are conventionally used. We have

20+ 1 (0~ m)!]m

Y,,(0, 90)=(—1)"’[ P pr— Pp’(cos )™ (7-45)

for m = 0, with
Yiom = (—1)"Y}, (7-46)

The associated Legendre polynomials are given by

l | 1_ 2x—ml2 I-m
P = (-1 G (d%) (1 = 12 (7-47)

for m = 0. The values for negative m are obtained from

I —m)!
PI7) = (=1 G PG (7-48)

We list some of the spherical harmonics in the following table.

"We may relate our results here 1o our discussion of degeneracy in Chapter 5. There are (2 + 1)
eigenfunctions of L. In other words, the eigenfunctions are (2/ + 1)-fold degenerate We found another
operator L, that commutes with L?, and we were able to arrange things so that the eigenfunctions are
simultaneous eigenfunctions of the mutually commuting operators L? and L,. They are not eigenfunctions of L,
orL,.
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Table of Spherical Harmonics

yo_ 1
" Var

Yl,l = — %ew Sin0

Y o= % cos 6

YZ,Z = ‘3'12' iT_- 2ie Sln 0

15

YZ,l - g
5

Yoo = AY 167 @

e = 35 e
105

o
8]
|
N
#1
3

o

I

|

[@ 2}
ﬁ

‘
~J
3

“¢in 6 cos 6

cos’6— 1)

€% sin® 6 cos 0

e"" sin 6(5 cos? 6 — 1)

(5 cos® 6 — 3 cos 6)

EXAMPLE 7-1

127

Use the raising/lowering operators to obtain the (unnormalized) eigenfunctions Y,,(6, ¢) for I = 2

form=2,1,0.

SOLUTION We start with

Y,,(0, ¢) = A sin® 0&¥¢

To get Y,,(0, ¢) we apply the L_ operator once. From (7-36) we find that

Y5(0, ¢) < L_Y,(0, ¢) = ﬁe"“’(—i +i cot 05%

A little algebra yields

Y21(0, QD) =

Repeating the application of L_, we get

Y0, @) < L_Y5(6, ¢) = ﬁei“’(

so that

= Bhi(—cos? 6 + sin’ 6 — cos? ) =

Y. 20(0, Q)=

a0

Be'® sin 6 cos 6

a6

—9 4 cot 0 —é)Be"“’
de

CB cos?6—1)

)(sin2 0e%%)

sin 6 cos 6

C(3cos’6 — 1)
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We conclude with a comment on the connection with classical angular momentum. We
expect that for large / the correspondence principle will lead us to the classical limit—that
is, we will find something that we can associate with an angular momentum vector. We
note that when m = [ (or m = —I) then

|Y,,/0, @)|? o (sin 6)* (7-49)

This implies that for large / the probability distribution is strongly confined to the equator-
ial region around 6 = 7/2. This is as expected: For m = [, L, has its largest value so that
L?is as close as it can get to L2. In the limit of large /, the classical limit,

L—L2 ! 1
12 l(l+1) T+ 1

—0 (7-50)

This means that it is possible to line up the angular momentum in a particular direction,
here the z-axis. Such an alignment would require

(L) =(L)=0

which is not possible when quantum mechanical effects become important, and commuta-
tion relations cannot be ignored.

COMMENTS ON THE EXPANSION THEOREM

The general statement of the expansion theorem allows us to expand a state vector in
terms of a complete set of states. Consider

o 1
)y = Z _E Cyll, m) (7-51)
With the help of the orthonormality relation
m'|l, m) = &,8,, (7-52)
we get Cy,, = (I, m|yp), so that
ly) = E 2 |1, mX1, m|y) (7-53)
Since this is true for every |i), we get the expected completeness relation
o 1
> 2 mXim =1 (7-54)
1=0 m=—1

where 1 is the unit operator.
If we multiply this on the left by (8’, ¢'| and on the right by |6, ¢), we get

PR

={0', ¢

uMg

which can be written as

(7-55)

] 1
I:EO ; Yil8', ¢)Y,,46, ¢) =

We can use the expansion theorem to answer the question often raised by students. What
is so special about the z-direction? Cannot we align the angular momentum (as far as pos-
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sible) with the x-axis? The answer is that this is indeed possible. Such a state, which
would be confined near the equatorial plane about the x-axis (in the vicinity of ¢ = 77/2)
will be a particular linear combination of the Y;,(6, ¢). Its physical properties will be ex-
actly the same as the Y}, state.

PROBLEMS

1.

10.

11.

12.

Consider the molecule CN, which may be described by a dumbbell consisting of two masses M, and
M, attached by a rigid rod of length a. The dumbbell rotates ir a plane about an axis going through
the center of mass and perpendicular to it.

(a) Write down a Hamiltonian that describes the motion.

(b) What is the energy spectrum?

(c) Write down an expression for the difference in energy between the ground state and the first ex-
cited state in terms of the masses and a.

Express the spherical harmonics for / = 0, 1, 2 in terms of x, y, z.

Calculate (I, m|L,|I, m,) and (I, m)|L,|I, m,).

Calculate (I, m)| 2|l my) and (I, m,| L2|I, m,). (Hinz: Things will be easier with the use of L., I3, and
SO on.)
The Hamiltonian for an axially symmetric rotator is
L2+12 12
= + —
21, 2I

(a) What are the eigenvalues of H?
(b) Sketch the spectrum, assuming that I, > I,.
(©) What is the spectrum in the limit that 7, is much larger than 1,?

Use lowering operators to calculate the angular dependence (without worrying about normalization)
of Y,,(6. ¢) form = 3,2, 1, 0. You are given ¥,,(6, ¢) = Ae**sin’ 6.

A system is described by the Hamiltonian

i
H—21-i-ozLz

‘What is the energy spectrum of the system?

Calculate the commutators [x. L. [y, L1, [z, L], [x, L], [y, L], [z, L,]. Do you detect a pattern that
will allow you to state the commutators of x, y, z with L,?

Repeat the calculation with x, . . . replaced by p,, . . . . in problem 8.

Consider a state of total angular momentum / = 2. What are the eigenvalues of the operators (a) L,
21, - 31, and ©2L,— 6L, + 312

A particle in a spherically symmetric potential is in a state described by the wave packet

Y(x,y,2) = Coy + yz + )™

What is the probability that a measurement of the square of the angular momentum yields 0? What
is the probability that it yields 642 If the value of  is found to be 2, what are the relative probabili-
ties form=2,1,0, —1, —2?

Consider the following model of a perfectly smooth cylinder. It is a ring of equally spaced, identical
particles, with mass M/N so that the mass of the ring is M and its moment of inertia is MR?, with R
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the radius of the ring. Calculate the possible values of the angular momentum. Calculate the energy
eigenvalues. What is the energy difference between the ground state of zero angular momentum,
and the first rotational state? Show that this approaches infinity as N — . Contrast this with the
comparable energy for a “nicked” cylinder, which lacks the symmetry under the rotation through
27/N radians. This example implies that it is impossible to set a perfectly smooth cylinder in rota-
tion, which is consistent with the fact that for a perfectly smooth cylinder such a rotation would be
unobservable.
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Rotational Invariance

In this supplement we show that the assumption of a central potential implies the conser-
vation of angular momentum. We make use of invariance under rotations. The kinetic en-
ergy, which involveg?, is independent of the direction in whiphpoints. The central
potentialV(r) is also invariant under rotations. We show that this invariance implies the
conservation of angular momentum.

INVARIANCE UNDER ROTATIONS ABOUT THE zAXIS
Consider the special case of a rotation through an @rafleut thez-axis: With

X =X cosf —y sin 6
y =xsinf+ycosé (7A-1)

it is easy to see that
r' = (X/Z + y/2 + Z/2)1/2 — (X2 + y2 + Z2)1/2 =r (7A'2)

d V(o V_ I snogd Vi snagld LAY
(5)(,) + <¢9y’) = (cos@ax sin 0&y> + 1 sin Bax+ cosﬁ'ay

)-(3)

Since the Hamiltonian has an invariance property, we expect a conservation law,
as we saw in the case of parity. To identify the operators that commutél wih us
consider an infinitesimal rotation about th@xis. Keeping terms of ordéronly so

and

that
X =X-— 0y
y =y -+ 6x (7A-4)
we require that
Hug(x — 0y, y + 6%, 2) = Eug(X — 0y, y + 6X%, 2) (7A-5)
If we expand this to first order thand subtract from it
Huz(X, v, 2 = Eu(X, Y, 2 (7A-6)
we obtain from the term linear &
H<x;y - ij)uE(x, Y, 2 = E<x;y - yj)()uE(x, Y, 2) (7TA-7)

W-28
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The right side of this equation may be written as
Jd _y9d Y VA -
If we define
_h(d 9y -
L. =3 <x ay Y &X) Xp, — YP (7A-9)
then (7A-7) and (7A-8) together read

(HLZ - LZH)UE(X1 Ys Z): 0

Since thaug(r) form a complete set, this implies the operator relation

[H,L]=0 (7TA-10)
holds.L, is thez-component of the operator
L=rXp (TA-11)

which is the angular momentum. Had we taken rotations about-thed y-axis, we
would have found, in addition, that

[H,L]=0
[HL]=0 (7TA-12)
Thus the three components of the angular momentum operators commute with the Hamil-

tonian; that is, the angular momentum is a constant of the motion. This parallels the clas-
sical result that central forces imply conservation of the angular momentum.
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Angular Momentum
In Spherical Coordinates

We start with spherical coordinates, as defined in Fig. 7-2. We have

X =r sinf cose
y=rsind sing (7B-1)
Z=r cosf
From this it follows that

dx = sinf cose dr + r cosf cose df — r siné sine de

dy = sinf sine dr + r cosf sing df + r sind cose do (7B-2)
dz= cosf dr — r sind do

These may be solved to give

dr = sinf cose dx + sind sing dy + cos6 dz

do = % (cosh cose dx + cosh sing dy — sinf d2) (7B-3)
1
do = Csing (—sing dx + cose dy)

With the help of these we obtain

d_drd 909 9%
dX IXar  IX90  IX de

. sin
= sing COS(pi-i-%COS@ COSgDi— ¢ 9

ar 30 rsinf do
J _ 91 . J Cosy g )
ay = sing sing - + 7 coso smgo(w + rsing 9¢ (7B-4)
I _ cospl — Laing 2.
(9—2—0050&r rsm@(ﬂ9

We may use these to calculate the angular momentum operators in terms of the spherical
angles. We have

L=r><p0p=?(r><V)

_hf,9 _, 9
Lz_i<xc9y yc?x>

(7B-5)

W-30
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f . . . J 1 . Jd Cose 4
== —+ = =+ ——=
: [r sing cos<p<sm0 sing -+ 7 cosé sine o+ aing &(P>
o . 9 1 g _ Sing g
rsing SIﬂ(p(SIhO CoSgp a T C0Ss6 cose 56 Tsing 0#’)]
_hd )
=T 90 (7B-6)
Similarly, we construct
_h(y9 _,0
Le=3 <y&z Zay)
= ? [r sing sin go<cosejr - Wﬁ;)
(7B-7)
_ . 91 9, Cosg 5
rcose<sm0 sing - + 7 cost sing -, + Tsing ﬁgo)]
| _gined — a9
= ( sing -, cot9cos<pa(p)
and
_h(,0 9
Ly=15 (Z&x X&z)
_h | J .1 9 _Sine g
=3 [r cos@(sm@ cose -+ ¢ cosf cose 90 Tsing &QD)
(7B-8)
e J _sinf d
r sin® cose (cose oo M)]
_h 9 _ ino-9-
=3 <c05¢ 20 COtOSIHgoan)
It is fairly straightforward to calculate
L2=LZ+ L7+ L2
_ 22| [ —ainm 0 I\ —sine 2 — J
h [( S|n<p&(9 cot 0 cose 5@)( smgoow cot 6 cose agp)
J L4 J 9 9
+ = — = = — — |+ =
<c05go 50 cot 0 smcp(w)<cow 20 cot 0 S|ngo(9¢> 0<P2]
We leave it to the reader to do the algebra. The final result is
L2= —h2<f92 +cotg L+ L 32) (7B-9)
962 0 sirt 6 d¢?

Which is just the expression in eq. (7-13).
The equation

L2Y(8, ¢) = h2AY(0, ¢)
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when written out in spherical coordinates, is

(‘9+cot0 1 (7

Let us separate variables again. If we write the solution in the form

Y(0, ¢) = P(6)P(¢) (7B-11)
We multiply everything by sfp, and divide byP(8)®(¢). This leads to
1 d _ 1 dXp(e)
Z0] (sm2 6 P + sin6 cosé TR sir? 0>P(9) = B df

The two sides of the equation depend on different variables. They must therefore each be
constant. We call the constant, without specifying whether this quantity is real or com-
plex. The solution of

7 0(¢) = —r(e) (7B-12)
@

P(¢) = Ce ™ (7B-13)

The requirement that the solution is single valued—that is, it does not change when
¢ — ¢ + 2m—requires thaim be an integer. When this is substituted into our differential
equation, we end up with

d d 113
<d2 + coto g + A)P(G) S0 P(6) (7B-14)
We now define
Z = cos# (7B-15)
Using
d_dzd _ _ d
- dodz. Mg,
2 2
% d( sing ) —cos&‘!dQJrsw?ed—z2

and using the fact that ia = 1 — Z, can rewrite the equation as follows:

_oad® o d n? _ B}
[(1 zz)OI 22 - 1_22+)\]P(z) 0 (7B-16)

Consider first then = 0 case. Let us write the solution as

P@ =2 az' (7B-17)
n=0
Some simple manipulations show that the coefficigntbey the recurrence relation

+n—A

A2 = M+ D+ 2) a, (7B-18)
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The series will not terminate ifis not an integer. In that case, for large

a”azz 1 (7B-19)

This means that for some large valuenct N the series approaches a polynomiakin
plus

1

1+z+Z2+2+ =
1-z

(7B-20)

This, however, is singular at= 1. The only way to evade this singularity is to choose the
numerator in (7B-18) to become zero whereaches some integral value—says |.
This means that the eigenvalue is

A=10+1) (7B-21)

and thatP(2) is apolynomial of order in the variablez. We will label the polynomial as
P,(2). These polynomials are known lasgendrepolynomials. A short list follows:

P2 =1
P,(2 =2
Py(2) =337 — 1) (7B-22)

Ps(2) = 3(52 — 32)
P,(2) = (357 — 3072 + 3)
We next observe that the # 0 solutions are related to the= 0 solutions. Let us first

write the solution of (7B-16) aB"(2). The equation for Bfli2) may be written in the
form

dPn
éjz[(l - 7) cljz(Z)] + [I(l t)-1T 2 ri‘ZZZ]P{“(z) =0 (7B-23)
If one writes
P2 = (1 - 2)™F(2) (7B-24)
then
de(Z) ——ma1 - A" F + (1-AF
and then
dPp 2
g [(1 ) ('jz(z)] - - zz)mﬂ‘:j—z'; — 22m+ 11— A™

+ [m(m+ )2 — 1]J(1 — D" IF
This is to be set equal to

. _ 2w
[1_22 |(|+1)](1 2)"2F

After this is done, some rearrangements are made, and the resulting equation is multiplied
by (1 — 22~™2, one finally obtains the equation

(1—22)%—22(m+ 1)%+(I—m)(l+m+ 1F =0 (7B-25)
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One can now show that this equation is satisfied by

F@2) = ((i)mp,(z) (7B-26)

We have therefore shown that

P = (1 - A™ <§'Z>mpl(z) (7B-27)

These functions are known associated Legendre functions

Note that onlyn? appears in the equation, so that fioin the last equation we can
equally well write|m|. It is also clear from the form th < I, since the highest power
in P,(2) isZ. Formnegative we take<{1)"P|"(2).



Chapter 8

The Schrodinger Equation
in Three Dimensions
and the Hydrogen Atom

The energy operator H in three dimensions is a simple generalization of the one-
dimensional energy. The Schrédinger equation takes the form

2

Hy(@) = (;’—# + V(r))w(r) — Ey(0) (8-1)

Since the letter m (usually reserved for the mass) will be used to denote the z-component
of the angular momentum, we use g for the mass.!

Since
2.2 2 2
P =p tp°tp; (8-2)
the generalization of the one-dimensional momentum operator leads to

P=PulrP) = \G5x i oy i oz

These then show that the three-dimensional Schrodinger equation is a partial differential
equation, which reads

(8-3)

A2 [ > 52]
|3t 3t SYwy.d+ Vi Dy, 2) = B, y, 2 8-4
2Max2,9y2,922"’y)(y)"’(y)¢(y) (8-4)
We shall primarily deal with the case of a central potential in which the potential energy
only depends on the distance from the origin; that is, V = V(r). Before doing that we shall
consider a particularly simple case, in which the potential energy is a sum of three terms

of the form
Vx,y,2) = Vi(x) + Vo(y) + Va(d) (8-5)

An example of such a situation arises if we have an electron in an infinite box of
dimensions L,, L,, L;, or if we have a particle subject to harmonic forces in three
dimensions, in which case the potential energy has the form 3mw’(x* + y* + z%). In

!The reader might think that we have things backward, since the mass appears so much more often than the new
parameter. However, when two-body problems are studied, what frequently enters into the kinetic energy
formula is the reduced mass, and this is usually denoted by the letter z.
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these cases, the motion in the x-direction, for example, is unaffected by the motion
in the y- or z-directions. As a consequence we expect that the wave function factorizes
into functions of x, y, and z, as follows:

P(x, y, 2) = (W (YIws(2) (8-6)
When this is substituted into the energy eigenvalue equation we find that
52 d*u,(x)
"o ge T Vime) = Enx)
_# d,0)
Tapap t VAOM0) = EmO) (8-7)
A2 d*wi(2)
25 ap T VO = B
with
E +E,+E=E (8-8)

We shall have occasion to discuss this problem in detail in Chapter 11. At this point we
turn to the important case of

Vi(x, y, 2) = V(r) (8-9)

8-1 THE CENTRAL POTENTIAL

For a central potential V(r) the natural coordinates are spherical coordinates. The details
of the transition from (x, y, 2) to (r, 6, ¢) are worked out in Supplement 7-B
[www.wiley.com/college/gasiorowicz]. Equation (7B-4) allows us to calculate

2 2 2
V2= "—+ g ‘5’ (8-10)
y2

and we leave it to the dedicated reader to show that in spherical coordinates

2 2
2 — + £ 2 d .1 07_+ L 1 o -
\Y% a =t ra + i\ 52 coteae Sin? 6 9¢? (8-11)

Comparison with Eq. (7B-9) shows that this may be written in the form

2_ & 29 _ L2

Thus the Schrodinger equation has the form

ﬁz
2# z?r r ‘9"

We now take advantage of the fact that Y,,(6, ¢) are eigenfunctions of L?, with eigenvalue
#2l( + 1). Consequently, if we write

P(r) = R,(nY,,(0, ¢) (8-14)

we get an equation for the radial part of the wave function R(r):

ﬁz(dz L2d 1(1+1)

= Ey(r) (8-13)

dr? T dr

2% - ) R.(r) + V(NR,(r) = ER,(r) (8-15)
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Note that the z-component of the angular momentum does not appear in the equation, so
that the quantum number m is absent. This is why we used the labeling (n, I) with n refer-
ring to the energy. There are three problems that we will consider in this chapter. The
most important application is the hydrogen atom, which will be discussed in great detail.
We will conclude the chapter with a discussion of the free particle in spherical coordi-
nates, and with an application to the spherical infinite well.

8-2 THE HYDROGEN ATOM

The hydrogen atom is the simplest atom, because it contains only one electron. On the
atomic scale, the nucleus is a point particle, and the Schridinger equation becomes a one-
particle equation after the center of mass motion is separated out. It will be useful to treat
the nucleus as having charge Ze. The attractive Coulomb potential then is

__ Zz
Vi = —7 o (8-16)
and the radial Schrédinger equation (omitting subscripts), is
42 2d 2 z& R+ 1) N
[dr2 MG dr * h? (E * daregr 2ur? Ry =0 @17

We will concentrate on the bound states—that is, solutions with E < 0. It is convenient to
introduce dimensionless variables. We define p by

[8ulE
p= ‘;le |r (8-18)

In terms of this variable, the equation reads

d’R(p) 2dR(p) Il+ 1) A1 _
P dp g T \pTg)Re=0 ®-19)

The dimensionless parameter is

__ze |
Azegh 2|E|

e [ )
A=Za 2E| (8-21)

The second form is easier for computation, since « is known to have the value 1/137, and
the energy is expressed in units of the reduced rest mass energy. On the other hand, (8-20)
shows clearly that the velocity of light ¢ does not really appear in the equation, which
must be so since the equation is truly nonrelativistic.

(8-20)

It can also be written in the form

8-3 THE ENERGY SPECTRUM

We approach the problem of solving (8-19) in a familiar way. First, we extract the large p
behavior. For large p the potential energy and all the other terms involving inverses of p
go to zero. What remains is the equation

d’R _1

R R=0 (8-22)
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The solution, which behaves properly at infinity, is

R= ¢ P2 (8-23)
We now introduce a new function G(p) by
R(p) = ¢ "*G(p) (8-29)
We substitute this into (8-19) and do a little algebra to get the equation for G(p). This
equation 18

We can take one more step. Consider the equation for very small p. In that case

dp*  Pdp pe

2 +
d’G , 246G W+ . _

and this is easily seen to lead to G(p) e p'. If we therefore write
G(p) = p'H(p) (8-26)

we obtain an equation for H(p). This equation is easily worked out and has the form

&PH (2a+2  NdH A-1-1, _ ]
dp2+( > 1)dp+ o H=0 (8-27)

Let us now write
H(p) = D ap* (8-28)
k=0

‘When this is substituted in (8-27) we get

> ak[k(k —pt2 + k(ZI; 2 _ 1)pk‘1 +A-1- 1)pk—'] =0
k=0
This can be rearranged to give

Dok + Dk+2+Da +A—1—1—Ka]=0
k=0

Since this must vanish term by term, we must set the coefficient of p*~! to zero. This leads
to a recursion relation, which reads

Qv k+I1+1-—A R
G (k+2+2)k+ 1D (8-29)
For large k we get
Gyq 1
ay —>% (8-30)

If the series in (8-28) does not terminate, then for values of k larger than some very large
number N, the above relation implies that

1
gy =~ I (8-31)
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This means that the series in (8-28) has the form
H(p) = (polynomial in p) + €°

This behavior is not acceptable, because it implies that R(p) grows like ¢”2. To get a square-
integrable function we rmust require the series to terminate. This means that for a given [,
there will be some integer k, which we denote by r,, for which the series terminates; that is,

A=n+1+1 (8-32)
Let us introduce the principal quantum number n defined by
n=n+Il+1 (8-33)
Then it follows from the fact that n, = 0 that
ILL.n=1+1

2. nis an integer.
3. the relation A = n implies that

(Zay*

n2

E= —% ué (8-34)
This is just the answer that came out of the Bohr model, but there is a difference. We have
the wave functions, and we can therefore map out the probability distribution for the elec-
tron, and not rely on classical orbits.

The appearance of the reduced mass p, which is known to be related to the masses of
the electron m, and that of the nucleus M by

_ mM
M_me+M

(8-35)

means that the frequencies of the light emitted in transitions differs slightly for different
hydrogenlike atoms:

_EE @2 md (1 1
YT T 2 T+mM\p? 2

(8-36)

The difference between the spectra of hydrogen (a proton) and deuterium (a bound state
of a proton and a neutron) led to the discovery of deuterium by Urey and collaborators in
1932. The nuclear mass for deuterium is effectively twice that of the proton.

The Degeneracy of the Spectrum

The energy levels are characterized by n, but our derivation shows that there are really
two quantum numbers that appear in the formula, since

n=n+1+1 (8-37)

Consider the ground state, characterized by n = 1, which implies that n, = [ = 0. The
ground state is unique. Let us next look at the first excited state with n = 2. We have two
possibilities here: n, = 1,1 = 0 and n, = 0, [ = 1. It would appear that there are two possi-
ble ways of getting the same energy—that is, two different wave functions that lead to the
same energy. In fact, for a given eigenvalue / associated with the square of the angular mo-
mentum L?, there are actually (2 + 1) different eigenfunctjons. These are characterized by
a quantum number m, appearing in the angular part of the wave function, Y,(6, ¢). We
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thus see that for I = 0, there is only one state, m = 0. For [ = 1, there are three states with
m= —1,0, 1. For Il = 2, there are five states with m = —2, —1, 0, 1, 2. In general there
are 21 + 1 states for a given value of I. The Hamiltonian for any central potential only de-
pends on /, and thus all the energy eigenvalues will have the degeneracy (27 + 1).

If we now return to n = 2, there is one state with n, = 1, I = 0, but there are three
states with n, = 0, I = 1. Thus altogether there are four states with energy corresponding
to n = 2. The wave functions are different. For n, = 1, I = 0, the angular wave function is
a constant Y,y,. For the radial wave function we have the recurrence relation

vy _ k—n, 1

@G T k+DE+2+2) 2 (8-38)
so that, with g, = 1,
Hp)=1- g (8-39)

For the other case we have n, = 0, so that the radial wave function has H(p) = 1 and there
are three angular wave functions Y,,(0, ¢) with m = —1, 0, 1. The shapes of the absolute
squares of these functions will be shown in Fig. 8-4.

For n = 3, we have the following possibilities: n, = 2, [ = 0 (one state), n, = 1,1 =1
(three states), and n, = 0, I = 2 (five states). Thus the total number of states is 1 + 3 +
5 = 9. The wave functions for these states are easily obtained using the recursion relation.
Forn, = 2,1 = 0, we have a,Ja; = —1/6 and a,/a, = —1 so that

2
Hp) =1-p+ % (8-40)

while the angular wave function is constant. For n, = 1, I = 1 the radial function will be
Hp)=1- g (8-41)

associated with three angular wave functions Y;,,, and so on. Quite generally the degener-
acy for a general n is

[ n—1
dYQA+D=D QI+ 1)=r (8-42)
=0 =0

Figure 8-1 shows the spectrum.

As mentioned before, we expect a (21 + 1) degeneracy for a radial potential, because
the radial Hamiltonian only depends on L. Here there is a larger degeneracy, which is pe-
culiar to a 1/r potential. We can easily check that a modification of the potential removes
the degeneracy. Suppose we modify the Coulomb potential by a term that changes the po-
tential for small ». We choose a convenient modification:

_zd  #E
daegr 2 y2

V(r) = (8-43)

With this potential the radial equation is unchanged, except that where we had I(I + 1)/r?
we now have I*(I* + 1)/r2 where I¥(I* + 1) = Il + 1) + g7, thatis I¥* = —1/2 +
V(I + 1/2)* + g% This gives the same energy spectrum as (8-34) with (8-33) in which [ is
replaced by I*, so that

(Za)?

1
E=—=uc? (8-44)
27 412+ VI+ 127+ gP
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Z SIS,
/ /Continuum/
n=4 [=3 1=2 I=1 I=0
n=3 I=2 I=1 I=0
n=2 1I=1 =0
n=1 =0 ———— Figure 8-1 The hydrogen
n,=0 n=1 n=2 spectrum (not to scale).

Here we see, for example, that the energies for (n, = 1, I = 2) and (n, = 2, I = 1) are no
longer degenerate. Degeneracy usually arises from the existence of an additional constant
of the motion. There exists, indeed, an additional operator that commutes with H, L2 and
L,, for the special case of a 1/r potential.”

In classical mechanics the 1/r potential is distinguished by the fact that the ellipti-
cal orbits maintain their orientation in space, instead of precessing (Fig. 8-2). The pre-
cession of the planetary orbits around the sun are well understood as resulting from the
gravitational effects of other planets. After all of these are taken into account, the re-
maining precession effects can be explained by Einstein’s theory of gravitation, which
modifies Newton’s 1/r potential. The largest of these effects is the precession of the
perihelion of Mercury by 42 seconds of arc per century, and its explanation by Einstein
in 1915 played an enormous role in the rapid acceptance of the general theory of
relativity.

It can be shown that there is one more operator that commutes with H, L?, and L,. It is the so-called Lenz
vector, whose form is

1 r
=—J[LXp—pX + =
A 2n [LXp—pXL] 7
or, equivalently,

_ L .2 _ 2 . As X;
A= 2'“a[ xp’ — p'x, + 2(r « p) p; — difip] + T
W. Pauli used this to calculate the hydrogen spectrum using the same operator methods that we used in our
discussion of the harmonic oscillator. This was done shortly before the discovery of the Schrodinger equation,
and showed that the Heisenberg, Born, and Jordan formulation of quantum mechanics was correct.
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Figure 8-2 Orbits for a potential that
does not have the exact 1/r form do not
close upon themselves and precess as
shown here. The orbits remain planar as
long as the potential is radial.

The function H(p) is a known function, the so-called associated Laguerre polyno-
mial. It is

H(p) = L(2l+1 )(p) (8-45)

and its general form can be found in any book dealing with special functions. The series
expansion is given by

o & n+a)=p)"
L) = 2 (n _ m) - (8-46)
When all of this is put together, we can find the radial functions expressed in terms of r. In
what follows, a, = #i/pca. This is the Bohr radius of the ground state. The following
qualitative features emerge from the sampling of eigensolutions:

Table of Radial Functions

Ry(r) = (ZZ> ( 2a0> —Zri2a,
Ry (r) = #( ) Zr ¢ 22
Ry(r) = 4\{ (3a )"2 z (1 _ 6Z_ar0 ) o2

32 2
= 22 (2 ) (2] o
27V5 \3a9 0

(a) The behavior of ¢ for small r, which forces the wave function to stay small for a
range of radii that increases with /, is a consequence of the centrifugal repulsive
barrier that keeps the electrons from coming close to the nucleus.
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(b) The relation (8-46) shows that H(p) is a polynomial of degree n, = n — [ — 1,
and thus it has n, radial nodes (zeros). There will be n — [ “bumps” in the proba-
bility density distribution

P(r) = r’[R,] (8-47)

When, for a given n, [ has its largest value [ = n — 1, then there is only one
bump. As the table suggests, and as can be seen from the solution to the differen-
tial equation,

R, 1(r) oc p"7! g Zan (8-48)
Hence P(r) o< r*" e~ 227" will peak at a value of r determined by
dP(r) — 2n—1 __ 27 2n —2Zrlagn —
i (an an’ )€ =0 (8-49)
that is, at
n2a0
r=— (8-50)

which is the Bohr atom value for circular orbits. Smaller values of I give proba-
bility distributions with more bumps. One can show that they correspond to el-
liptical orbits in the large quantum number limit.

(c) Plots of the radial probability density P(r) for finding the electron in a shell at a
distance r from the origin can be constructed with the help of the radial eigenfunc-
tions. Figure 8-3 shows the general pattern of * R,,(r). We must remember that the
wave function also has an angular part. Plots of the probability distribution
sin 6(P}" (cos 0))” as a function of 6 are given in Fig. 8-4. As m increases, the prob-
ability density is seen to shift from the z-axis toward the equatorial plane. As noted
before, as |m| — I, (P (cos 6))> — sin”@, and this function peaks about
6 = /2. As | increases, the width of the peak can be shown to decrease like V'1/I,
and thus for large quantum numbers we get the classical picture of planar orbits.

(d) Given the wave functions, we can calculate
= [ arr R, P (8-51)
0
Some useful expectation values are given below:

(r) = e 307 = (1 + )]

2 2
(r?) = ‘;% [572 + 1 — 310 + D]
1\ =z

<L> __
r’l ad+ D

()=aea
&l + A + 1)

Some of these calculations can be bypassed by using a theorem of W. Pauli dis-
cussed in Supplement 8-A [www.wiley.com/college/gasiorowicz].
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n=2
// ~~ ~ N - ne3
/ )/_\
T ~— ——
1=2
n=3 Figure 8-3 Plot of radial probability
m | distributions r’(R,(r))? forI = 0, 1, 2. The
0 5 10 15 20 horizontal axis is r in units of aj.

8-4 THE FREE PARTICLE"

In this case V(r) = 0, but there is still a centrifugal barrier present. The radial equation
(8-15) takes the form

d> 24 _l+1

If we introduce the variable p = kr, we get

2 I+
4R 2dR I+ D Dr+r=0 (8-54)
dp* Pdp 0

or with u(p) = pR(p),
du W+
d p2 p2
For [ = 0 the equation for u(p) is just d*u/dp* + u = 0, so that the solutions are sin p and
cos p; that is, the regular solution is

ut+tu=0

sin p
Ryp) = — (8-55)
and the irregular solution is
cos p
Rip) = —5 (8-56)

*For particles in a potential, see Supplement 8-B [www.wiley.com/coll iorowicz).
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Figure 8-4 Distributions of |¥;,(f, ¢)[>. The sketches represent sections of the distributions made
in the z-x plane. It should be understood that the three-dimensional distributions are obtained by
rotating the figures about the z-axis.

For general [ the solutions can be expressed in terms of simple functions. These are known
as spherical Bessel functions. The regular solution is j(p), which may be written in the form

o
i) = (=p) (% d%) (SH; d ) (8-57)

and the irregular one, called the spherical Neumann function n/p), has the form

1
n(p) = —(—p) (% d%) (59;—’)) (8-58)




142 Chapter8 The Schridinger Equation in Three Dimensions and the Hydrogen Atom

The first few functions are listed below.

) __sinp _ _cosp

Jjol@) = — no(p) = ——p—

) sinp cosp cosp sinp

R R (8-59)

, 3 1Y . 3 3 1 3 .
J(P)=(———)smp——cosp n(p)=——(———)cosp——smp
’ PP o ’ PP I

The combinations that will be of interest for large p are the spherical Hankel functions

K (p) = jkp) + in(p) (8-60)
and

H2(p) = [H" (p)I* (8-61)

Again the first few spherical Hankel functions are

(1), = e_tp
1) ei" i ~
HXp) =% (1 + p—) (8-62)

. ip .
e =L (1 + 2—%)

b
b

Of special interest are

(a) The behavior near the origin: For p << [, it turns out that

P

i R I Y T E ) (8-63)
and
1-3-5----Q21—-1)
n(p) = = (8-64)
p
(b) For p>> I, we have the asymptotic expressions
jip) = L sin ( - %T) (8-65)
and
nip) =~ — Leos|p -1 (8-66)
! p 2
so that
hgl)(p) —_~ ’L) £e~mD (8-67)
The solution that is regular at the origin is
R(r) = jkr) (8-68)
Its asymptotic form is, using (8-65),
R,(r) ~ _L_ [e—i(kr—lﬂ'/Z) _ ei(kr*lfr/Z)] (8—69)

2ikr
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8-5 PARTICLE IN AN INFINITE SPHERICAL WELL

We conclude this chapter with a discussion of a particle in an infinite spherical well in
three dimensions. Here

Virn)=20 r<sa

— r>a (8-70)
With
2uE
= =k (8-71)
the solution regular at r = 0 is
R(r) = Aj(kr) (8-72)
The eigenvalues are determined by the condition that the solution vanishes at r = g—that
is, by
Jjika) =0 (8-73)
The roots of the spherical Bessel function for a few values of [ are given in the following
table.
1=0 1 2 3 4 5 6

3.14 4.49 5.76 6.99 8.18 9.36 10.51
6.28 773 9.10 10.42 11.70 12.97
9.42 10.90 12.32

12.57

It follows from (8-63) that for ka large (actually ka >3 [) the roots are given by

ka = (n + %1) w (8-73")
The eigensolutions are thus
unl(r) = Ajl(knlr)Ylm(o’ QD) (8'74)

The k,, are given by the condition in (8-73). A is a numerical constant required for normal-
ization purposes. Note that

f &rugt (Ou,(r) = 0 (8-75)

when any of the n # n’, [ # I'. The Y,,(0, ¢) have the property that they are orthogonal
for differing values of the quantum numbers that label them, in particular when I # [I'. Or-
thogonality with respect to the label n, which distinguishes different energy eigenvalues
for fixed I, must surely be there; in fact, one finds in discussions of Bessel functions that

1
J- P’ dtjfe,Djfent) = 0 (8-76)
0

for m # n, where the «,, are defined by j{a,) = 0. The relation is equivalent to the orthog-
onality of the radial functions corresponding to different values of the radial quantum
number .
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The spectrum of the infinite square well can be described as follows: If the first root
for a given / is labeled n = 1, the second root n = 2, and so on, and if we use the accepted
spectroscopic notation for the I-values

) 0 1 2 3 4 5
Label S P D F G H I

then the order in which the levels occur is
1S, 1P, 1D, 28, 1F, 2P, 1G, 2D, 1H, 3S, 2F, 11, 3P, 2G, 3D, 4S, 2H, . ..

The ordering of levels in a given potential has some relevance to the shell structure that is
observed in atoms and in nuclei. This follows from the fact that the degeneracy of states for
a particular value of I is (21 + 1), and, as will be discussed in Chapter 11, only two parti-
cles of a certain kind (electrons, protons, neutrons) can be assigned to a given energy level.

PROBLEMS

1.

Consider a special case of eq. (8-5) in which each of the potentials V,, V, and V; are identical, in
each case of the form
Vix) =0 x<a
= o0 x>a

and similarly for y and z. Use what you learned about the one-dimensional potential in Chapter 3 to
find the eigenvalues and eigenfunctions for a particle in such a box.

What is the ground state energy for the potential in Problem 17? List the values of the lowest 10 en-
ergy levels and label them by their appropriate quantum numbers. What is the degeneracy of the
levels on your list?

Consider a potential of the form
V(x,y,2) = 5 oA + 3 + D)

Using what you know about the one-dimensional simple harmonic oscillator, write down an expres-
sion for the energy. What is the energy of the ground state for this potential?

List the values of the lowest 10 energy levels in units of fw, and give the degeneracy corresponding
to each of the energy eigenvalues on your list.

Work out the Schrodinger equation in polar coordinates p, ¢, with x = p cos ¢, y = p sin ¢, for a
potential that depends only on p. If the solution of the equation ¥(p, ¢) is written as R(p)P(¢),
what is the equation obeyed by ®(¢)? What is the equation for R(p)?

Compare the wavelengths of the 2P — 1S transitions in (1) hydrogen, (1) deuterium (nuclear
mass = 2 X proton mass), (3) positronium (a bound state of an electron and a positron, whose mass
is the same as that of an electron).

An electron is in the ground state of tritium, for which the nucleus consists of a proton and two neu-
trons. A nuclear reaction instantaneously changes the nucleus to He®*—that is, two protons and one
neutron. Calculate the probability that the electron remains in the ground state of He®.

The relativistic analog of the Schrédinger equation for a spin 0 electron (thus not applicable to the
real electron) is the operator version of

(E _ V)Z :p2C2 + m2C4
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that is,

E Z¢ 1V 2 me \
= = = — + | £
(ﬁC+47T80ﬁCr)¢I vy (ﬁ)lp
(a) Find the radial equation.

(b) Find the eigenvalue spectrum by noting the close relationship of the radial equation obtained
in (a) with the radial equation for the hydrogen atom problem.

Using the expression for (1/r),, calculate the expression for

2
(T = <§’—m>

for an arbitrary hydrogen atom eigenstate (with Z arbitrary). Show that generally for this potential
()= —XV)
This is a special example of the Virial theorem.

An electron in the Coulomb field of a proton is in a state described by the wave function

L4goor) + 3¢, (1) — Paro(r) + V10 g, ()]

(a) What is the expectation value of the energy?
(b) What is the expectation value of L2
(¢) What is the expectation value of L,?

An electron in the Coulomb field of a proton is in a state described by the wave function

Pr) = (L)m e
Var

Write out an expression for the probability that it will be found in the ground state of the hydrogen
atorn.

The expectation value of f(r. p) in any stationary state is a constant. Calculate
0=2(r-py=L(H,r-pD)
dt R

for a Hamiltonian

2

-
H—2m+V(r)

and show that
2
Py _
<m> = <l' -V V(r))

Use this to establish the result of Problem 9. Also use this result to calculate {1/r).

Use the techniques developed in this chapter to discuss the three-dimensional harmonic oscillator
problem, with
H= zp—m + %mwzr2

Note that the associated Laguerre polynomials also appear in this problem.



Supplement8-A

A Useful Theorem

The following useful result appears in Pauli's 1930 “Handbuch Article on Quantum Theory”:

Consider eigenvalues and eigenfunctions of a Hamiltonian that depends on some pa-
rameter—for example, the mass of the electron, or the charge of the electron, or any other
parameter that may appear in more complicated problems. The Schrodinger eigenvalue
equation may then be written with the parametekplicitly indicated as,

H(a)u,(r, a) = E(a)uy(r, @) (8A-1)
It follows that with the eigenfunctions normalized to unity,
f d3ruk(r, a)u,(r,a) = 1 (8A-2)
that
E(a) = f d3ru (r, a)H(a)u(r, a) (8A-3)

Let us now differentiate both sides with respect toNe get

(9E(a) fd?’ Uy (r a) @)U, )

fdf‘ru (r, ®)H(a )‘m"(r fd3ru ", ( ) u(r. )

Consider now the first two terms on the right-hand side. Using the eigenvalue equation
and its complex conjugate (with hermiticity l9f, we see that they add up to

E()fol3

aur (r a) Au(r, a)

uy(r, @) + E(a)j d3ruk(r, ) "aa’
_ d 3k =
= E(a) o f d>ru; (r, a)uy(r, @)
We are therefore left with

Lifxa) = f d’rup(r, @) aggx) Un(r, o) = <(9H(a)> (8A-4)

The utility of this result is somewhat limited, because it requires knowing the exact eigen-
values and, for the calculation on the right-hand side, the exact eigenfundlievesthe-
less, the theorem does allow us certain shortcuts in calculations.

The extension of this to certain approximate solutions is due to R. P. Feynman and H. Hellmann. See Problem
10 in Chapter 14.

W-35
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Consider, for example, the one-dimensional simple harmonic oscillator, for which the
Hamiltonian is

2

p 1 5>

H:%Jrimwx (8A-5)
The eigenvalues are known to be
E, = fio(n + 3) (8A-6)
If we differentiatek,, with respect taw, and if we note that
we can immediately make the identification
Ai(n + 3) = mw(x*),
or
G (n + %) - ni’;z (8A-7)
Examples of relevance to the hydrogen atom are of particular interest. In the Hamiltonian,
the factor
~& _ fica
dareyr r

appears. The eigenvalue has the form

_1mca?
2

EnI =

If we take as our parameter todegthen we get

—fic <}>| -ZLE,- —m:j“ (8A-8)
so that
In theradial Hamiltonian, there is a term
#210+1)
2m  r?

If we treatl as the parameter and recall that n, + | + 1, we get

72 <2' + 1> = lme22 (8A-10)

2m r2 2 n3

which is equivalent to

1) _ 1 i
<I’2>nl S a@n¥l + ) (BALD)
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Using an observation of J. Schwinger that the average force in a stationary state must van-
ish, we can proceed from

dv(r) d e A2 + 1)
F:_dr T Tdr\ dmeg 2mr?
0 mr (8A-12)
@ #Al+ 1)
= +
Areyr? mr3

to (F(r)) = 0 and thus obtain

1y .. m & [1) _ 1 _
<I’3>nl a R2A( + 1) 4meg <I’2>n| ani( + 5 + 1) (8A-13)
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W-38

The Square Well,
Continuum Solutions

We saw in eq. (8-69) that asymptotically the free-particle solution has the form

Rl(r) 2lkr [e i(kr=1m/2) __ e|(kr I7-r/2)]

We now assert that the first term is an incoming spherical wave, and the second is an out-
going spherical wave. The description is arrived at in the following way.
Consider the three-dimensional probability flux

_fiow oyt
—ﬁ(lﬂ (NV(r) — Vip *(r)ye(r))

We shall see that it is only the radial flux that is of interest for larghe radial flux, in-
tegrated over all angles, is thus

L % W Y *
J dQi, - j(r) = 2 <¢* ar ar lﬂ) (8B-1)
For a solution of the form

u(r) = CE Y0, ¢) (88-2)

with [ dQ|Y,(8, ¥)]> = 1 the right-hand side of (8B-1) can easily be evaluated, and we
find that

2
f dQj, hk' C| (8B-3)

The = sign describes outgoing/incoming flux. The factaf fifat emerges from our cal-
culation is actually necessary for flux conservation, since the flux going through a spheri-
cal surface of radiusis

. hk|CJ? .
f r2dQj, = = L | : independent of
We therefore see that for the free-particle solution the incoming flux is equal in magnitude
to the outgoing flux, which is what it should be, because there are no sources of flux.

We now note that in the presence of a potential flux is still conserved. Any solution
will asymptotically consist of an incoming spherical wave and an outgoing spherical
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wave, with the constraint that the magnitude of the incoming flux and the outgoing flux be
equal. Thus if the asymptotic solution has the form

R(kr) — _T}(r (e kr—1m2) _ g(jq)ellkr—1m2) (8B-4)

then it is required that

ISP =1 (8B-5)
We write (k) in the standard form

Sk = e® (8B-6)

The real functiord,(k) is called thephase shiftbecause the asymptotic form of the radial
function (8B-4) may be rewritten in the form

sinkr — 1712 + §,(K))
kr

Aside from the irrelevant phase factor in front, this differs from the asymptotic form of
the free-particle solution only by a shift in phase of the argument.

We note parenthetically that with a solution that has adHiavior, the flux in any di-
rection other than radial goes to zero ag, Hnd we were therefore justified in only con-
sidering the radial flux at large valuesrof

Let us now consider the special case of a square well. The above argument shows us
that we only need to consider the phase shift, since at large distances from the well the
only deviation from free particle behavior is the phase shift.

We again consider the well

R(r) — ¥

(8B-7)

V() = -V, forr=a

B-
=0 forr >a (8B-8)
We again use the notation
2u(E + V)
K% = TO (8B-9)
Now the solution for = a must be regular at the origin, so that it has the form
R(r) = Aji(xr) r<=a (8B-10)
The solution for > a will contain an irregular part, so that we have
R(r) = Bji(kr) + Cny(kr) r=a (8B-11)
. 1 dR(r) o .
The matching ofw ar at = ayields an expression
dh(p)/dp] |:ij|/dp + Cdr]/dp]
s = - 8B-12
“[ i) e L BI) + CNG) (88-12)

from which the raticC/B can be calculated. The ratio can be related to the phase shift. We
do this by looking at the asymptotic form of the langsolution, which has the form

sinkr — Iw/2)  _ coskr — In/2)
RN —8 kr C kr
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Figure 8B-1 Continuum solutionu(r) = rR(r) for| = 0 (a) attractive potential; (b) repulsive
potential.

Comparison with the form in (8B-7), which has the form
R sinkr — 1/2) coskr — 17/2)

R(r) — == c0s§(K) + ——— ——sin§(K)
shows that once we kno@/B we can find the phase shift from
% = —tand(k) (8B-13)

The actual calculation of/B is very tedious, except whdn= 0. In that case, using
u(r) = rR(r), we just have to match sin xr to B sinkr + C coskr (and the derivatives)
atr = a. Figure (8B-1) shows the shape of the wave functions for attractive and repulsive
potentials fol = 0.
We conclude with the proof of a useful relation

©

gy = 3 (21 + 1)ilj(kr)P (cos6) (8B-14)
=0

which is of great importance in scattering theory.



The Square Well, Continuum SolutionsW-41

The Plane Wave in Terms of Spherical Harmonics

The solution of the free-particle equation

Vay(r) + Kap(r) = 0 (8B-15)
can be written in two ways. One is simply the plane wave solution
W(r) =k (8B-16)
The other way is to write it as a linear superposition of the partial wave solutions—that is,
22 Anii(K) Yin(6, $) (8B-17)

We may therefore findy,, such thaiy(r) = €" in (8B-17). Note that the spherical angles
(6, ¢) are the coordinates of the vectorelative to some arbitrarily choseraxis. If we
define thez-axis by the direction d€ (until now an arbitrary direction), then

ék-r — eikrcosﬂ (88-18)

Thus the left side of (8B-18) has no azimuthal angglelependence, and thus on the right
side only terms witlm = O can appear; hence, making use of the fact that

1/2
Yiol6, ) = (2' - 1) P (cos6) (8B-19)
Vil
where theP,(cos6) are the Legendre polynomials, we get the relation
o0 1/2
ghreos = 3 (2' = 1) Aji(kr) P,(cos6) (8B-20)
i=0 T
We may use the relation
i 5
1 _ I _
> fl d(cosh) P,(cosh) P, (cosh) = o+ 1 (8B-21)

which is a direct consequence of the orthonormality relation fox, tfad (8B-19) to obtain

Aji(kr) = % [4m(2 + 1)]¥2 f dzR(z) € (8B-22)
-1

Compare the two sides of the equatiokras> 0. The first term on the left-hand side is

(kr)'
A13s,..., @D

and the corresponding power &f) on the right-hand side has
1
%[477(2I + M2 (ikr)' J dz R(22/I!
-1

The integral can be evaluated by noting #&) is anlth-degree polynomial in The coef-
ficient of the leading powez, can be easily obtained from eq. (7-47) as the pow2irof

(—1y L <éjz>'(1_zz)|:2|(2|—1)(2|—1)---(|+1)Z,+0(21)

21 2
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We can rewrite this in the form
A= 21!
220 -1)A -2)---(1+ 1)
With the help of (8B-21) we finally get

(kr)' _1 N 2! 2
ATas.  @rD 24 @ ) e hE -2 (r DA+ 1

(8B-23)

P.(2) + terms involvingP,, 1(z) and higher

What results is the expansion
gheod = N (2 + 1)i'j(kr) P,(cosb)
1=0

which we will find exceedingly useful in discussions of collision theory.



Chapter 9

Matrix Representation
of Operators

The original discovery of quantum mechanics is due to W. Heisenberg. He associated
physical quantities like x and p with square arrays of numbers for which he proposed
multiplication rules, so as to be able to talk about quantities like x* and the like. Max
Born immediately recognized these arrays as matrices, and the formulation of the
fundamentals of quantum mechanics was carried by M. Born and P. Jordan with
Heisenberg. The discovery of the Schrédinger equation came soon after, followed by the
more abstract formulation in terms of operators and states by Paul Dirac. The formulation
in terms of matrices is very useful in that it allows us to deal with quantities that have no
classical counterpart. This applies particularly to a nonclassical property of particles, their
intrinsic spin, which will be discussed in the next chapter.

9-1 MATRICES IN QUANTUM MECHANICS

146

In Chapter 8 we solved the eigenvalue problem posed by the equations

L2, m) = B2 + DI, m)

9-1
LI, m) = fim|l, m) e-b

by operator methods. We also found that for the harmonic oscillator we could do the
same, and even found the complete set of eigenstates in the form

= JLario ©2)

H|n) = fon + 3)n) (9-3)

for which

We could also calculate the action of the raising and lowering operators on |n),
Al =Vn+1l|n+1) 00
Alny=Vn|n — 1)
We also showed that
(mln) =&, 9-5)

a statement that can be made about the eigenstates of any hermitian operator.
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The expansion theorem was seen to be equivalent to what we called the completeness
relation

%In)(nl =1 (9-6)

where 1 is the unit operator.

We start on the form of matrix representations of operators by practicing on the
harmonic oscillator problem. If we take the scalar products of (9-3) and (9-4) with {m],
we get

- 1
(m|H|n) = ﬁw(n + 2)8"’" 9-7)
<m|A+|n> =Vn+l1 6m,n+l

(mlAlm) = Vi

These quantities may be arranged in arrays called matrices. The conventional notation for
a matrix Mj; has the first index labeling the row and the second labeling the column of the
array. Thus if we write the scalar produce {m|Hn) as H,,,, we find that

H=fw| 0 0 572 0 (9-8)

0 0 0 0
Vi 0 0 0

A*=l 0 V2 0 o0 (9-9)
0 0 V30

and

0Vl 0 o0
0o 0 V2 o -

A=|lo o o V3 -- 9-10)

Without restricting ourselves to the harmonic oscillator problem, we shall call the
array {m|F|n), where F is any operator and the |n) any complete set of states, a matrix rep-
resentation of F in the basis provided by the complete set of states |n). The appellation
needs some justification. The product of two matrices, for example, is given by

(FG); = g (F) (G = (Fy (G)y (9-11)

[In the last step we have introduced the convention that if a subscript appears twice, it is
to be summed over].
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We need to verify that this relation holds for the matrix representations of the opera-
tors F and G. To do this, let us consider some complete set |n). The state G|j) may, with
the help of the completeness relation, be written in the form

Glj) = 3, GJln)
with
C, = (n|Glj)
s0 that
Glj) = X |nXnlGlj) (9-12)
Hence
(i|FGlj) = 3, (i|Fin)n|Glj) (9-13)

This is the same as (9-11), provided we write
(ilFln) = F,, (9-14)

This identification gives rise to the name given to the left-hand side of the above equation.
It is called the matrix element of the operator F. Further justification for the matrix con-
nection comes from the relation

(m|F|n)* = (F(n)|m) = (n|F" |m) (9-15)

which shows that if the operator F is represented by a matrix, then the hermitian conju-
gate operator F* will be represented by the hermitian conjugate matrix, since the latter is
defined by

(F)p = Fpry (9-16)

If the complete set of kets are the eigenkets of some operator A, then the matrix represen-
tation of that operator is

(anlAlam> = am<an|am> = amsmn (9_17)

as is the case in (9-8). Finding the eigenvalues of a hermitian operator is tantamount to di-
agonalizing it.

How do we diagonalize a matrix? Let us consider the operator A, whose eigenkets are
|a,). Suppose we know the matrix elements of A in a basis |u,); that is, we know each
entry in the square matrix

Amn = (umlAlun> (9_18)

We know from the completeness of the basis |u,,) that an arbitrary eigenket |a,) may be ex-
panded in terms of the |u,). We write

lan) = 20 |1l ©-19)
and similarly

(a] = g (RN (9-20)
It follows that

(am |A|an> = amsmn = ; (am'ul><uI|A |uk><uk|an> (9'21)
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Let us now define the matrix U by the matrix elements
Ui, = (wya,) 9-22)
Then
(a,lu) = (ula,y* = Uy, = U (9-23)

Thus, in matrix form the equation reads
iy Bn = 2 (U)iAaUp (9-24)
The matrix U has the property that
2 (ap|wXmlay) = (U Uy = (9-25)
that is,

U'u=1 (9-26)

Such a matrix is called a unitary matrix. Finding the matrix U for finite-dimensional ma-
trices A is an exercise in solving algebraic equations. Finding it for infinite-dimensional
A’s is equivalent to solving the Schrodinger equation.

We shall find it useful to introduce the frace of a matrix. This is defined by

TrM =D, My, (9-27)
k
The trace of a product of two matrices has the interesting property that

Tr MN = ; MN)y, = % MyNy = % NyMy

=Tr NM

(9-28)

Note that we were allowed to order the matrix elements differently because each one of
the M,, and Ny, are plain (complex) numbers. It is easy to show that

Tr ABC = Tr BCA = Tr CAB (9-29)
and similarly for products of larger number of matrices. A consequence of this is that
Tr[A,B] =0 (9-30)

unless the series in (9-27) diverges, in which case no useful statement can be made.
Thus, for finite-dimensional matrices, such as the matrix representation of angular
momentum,

[L, L] =ihL, (and cycl.),

implies that the traces of the matrices for L must vanish. We can turn such an argument
around and argue that for operators such as x,,, and p,,;, the relation

oy 3eg) = 21

implies that these operators must be represented by infinite-dimensional matrices. For
example in the harmonic oscillator basis, we have seen that A and A" are represented by
infinite-dimensional matrices, and therefore so are the x and p operators.
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9-2 MATRIX REPRESENTATIONS
OF ANGULAR MOMENTUM OPERATORS

It is often convenient and, as we shall see in the next chapter, sometimes essential, to rep-
resent operators as matrices. Let us do this for the angular momentum operators. Consider
the matrix elements of L. As a consequence of

[L:ZL]=0
we have
0 =(l', m’'|[L2 LI, m)
= (L', m")| L Jl, m) — (', m'|LL2|l, m) (9-31)
=R + 1) — I+ DK, m'| LI, m)

From this we conclude that if I’ # I then {I' m'|L,|l, m) vanishes. Thus L, (and all other op-
erators that commute with L?) only have matrix elements between states that have the
same total angular momentum quantum numbers. If we stay with fixed /, then we use the
second of the relations in (9-1) to get

(I, m'|L|l, m) = hm §,,,, (9-32)
Furthermore, (9-16) and (9-18) imply that
(m'|La |, m) = BVII + 1) — m(m £ 1), s (9-33)

For the angular momentum / = 1 operators, this leads to the matrix representations

10 O
L=#[0 0 o0 (9-34)
0 0 —1
We also get
0 V2 o0
L.=%|0 0 V2 (9-35)
0 0 O
and
0 0 O
L=#[V2 0 0 (9-36)
0 V2 0

From these we get

(9-37)

o = O
=
o = O

and

. 7 0 - 0
L= —i(L+—L_)=% i 0 —i (9-38)
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The rows and columns are labeled with m = 1, 0, —1 in order from left to right and top to
bottom. The matrices satisfy the commutation relations: for example,

ﬁ2—0100—10 0 -1 0\/0 10
L.ri=i%|{1 o 1t o -1}t o -1}[1 01
o10/\o 1 o0 o 1 o/\o 10
ﬁ2—10—1 -1 0 -1 22 00
=i%|[o 0 o }-|0o o o}f=i% o0 o
10 —1 1 0 1 00 -2
= it

GENERAL RELATIONS IN MATRIX MECHANICS

Consider, for example, a relation between state vectors that reads as follows:

l¥) = Al) (9-39)
If we take the scalar product of this with any member of a complete set |i), we have
(ilygy = (ilAl ) (9-40)
Furthermore, the insertion of the unit operator in the form (6-16) between A and |} yields
(il = X (il Aln)Xnl ) (9-41)
If we write {r|¢) as a column vector ,, so that
(1 ||¢) a,
(2|¢) a;
n|p)— - 9-42
and similarly
(1||llf) B
(2[¢) B2
nlyf) — - 9-43
(nly) 3l 8, (9-43)
then the matrix representation of (9-39) is
Bi= 2 Anct, (9-44)

Thus matrices represent operators, and column vectors represent kets. The scalar product
{¢ln) = (n|p)* is conventionally written in the form of a row,

(¢|n) = (of, af, 0F,.. ) (9-45)

so that the scalar product {¢|¢), for example, can be written as

(Bl =D (dInXnly) = > B, (9-46)
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Let us now calculate an expectation value of some operator Q in a state |). The expecta-
tion value is ($|Q|y), and this may be translated into a relation involving matrices and col-
umn vectors:

Wloly) = X WlnXr| Qlm)Xmly) = 3 B0, (9-47)
More generally, for the calculation of a more general matrix element, we have,

(d10lY) = X (@ |nXn|Qlm¥m|g) = D) 0,8,

Ou Qu Qi \[H (9-48)
:(a;k’aik’a;k_”) Oy On On || B

Q_31 Q_32 Q_33 o B_3

An eigenvalue equation is a special case of (9-39). It reads
Alg) = d|$) (9-49)

so that in matrix form it represents a set of algebraic equations

2 Ainan = ao; (9_50)
This is equivalent to
Ay—a Ap Az a;
Ay Ap—a Ay Q| _ 0 (9-51)

We use a theorem from the theory of matrices to assert that there will be a nontrivial solu-
tion of this equation only if the determinant of the matrix vanishes:

det|A,, —ad,| =0 (9-52)

This is a good way of finding eigenvalues (and eigenvectors) for operators represented by
finite matrices. For infinite matrices, however, this is not so simple: It is equivalent to
solving the Schrédinger equation.

All of the properties of operators and their associated kets and bras hold for matrices,
column vectors, and the complex conjugate row-vectors. Thus, for example,

1. Hermitian matrices have real eigenvalues, and

2. The vectors corresponding to different eigenvalues are orthogonal, so that if the
set ¢ corresponds to the eigenvalue a,, then

2 @)™y =38, (9-53)

In writing this we have chosen the eigenvectors for each eigenvalue to be normalized.

We can find the form of the unitary matrix U that diagonalizes the matrix A. We did
this before in terms of the bras and kets, and we now do this in terms of the eigenvectors
of the matrices. We write the eigenvalue equation explicitly:

DA = a,0" (9-54)
j
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Consider now a matrix U, whose matrix elements are defined as follows:
U, = a? (9-55)

It follows that

(Ui = WUi* = () (9-56)
We may therefore write

(U AU, = 3, (U)AgUy, = 2 (@)% Aye?
ij i
=2 (@")* a0f” = a, 3 (@™* o (9-57)
~ 0,8, |

This is just a statement that the unitary matrix U", defined above, diagonalizes A. (Note
that we could have multiplied each of the columns in the matrix U by a different phase
factor of the form €, since this would just multiply the result above by &®~%~, which
does not affect the final result. We therefore ignore this possibility).

Note that the eigenvectors of a diagonal matrix are particularly simple. If we write

aq 0 0 0\/u U,
0 a 0 O}uw]_ N
0 0 a 0 lus Uz
0 0 0 a4 \us Uy

(taking a 4 X 4 matrix for simplicity), we see immediately that the eigenvalues A are a;,
a,, a3, 4y, and the corresponding (normalized) eigenvectors are

1\ /o\ /o 0
ol [1)]o0 0
olloll1]®dlo
o/ \o/ \o 1

respectively. Note that these are manifestly orthogonal.
We illustrate the manipulation of matrices by the following example:

EXAMPLE 9-1

Consider the matrix

0
0
(a) Find the eigenvalues and the normalized eigenvectors of the matrix Mj; that is, find the values
of a; for which (M;),;e; = Aay;.

(b) Find the unitary matrix U that diagonalizes M,.

SOLUTION We begin by writing out the equation (M3); o; = Aa;:

0 —i 0\[/q a;
i 0 O)fla)=Ala
0 0 0/\a; s
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We get —iay = Ay, i} = Ay, and Aa; = 0. From the third of these, we see that if A # 0, then
a; = 0. Since the product of the first two relations implies (A2 — 1)a,a, = 0, we see that unless
A = +1, —1, or 0, all the &’s must vanish. So, for A = 0, we get ¢, = a, = 0, and a; = 1 since
the normalization condition implies that |a,[> + |a,/> + Jas)* = 1. For A = 1, we get o, = u,
o, = i, and a3 = 0. Normalization implies that |u#f* + |iu[> = 2jul* = 1 so we may choose u =
1/V2. For A = —1, we do the same thing, or we recognize that eigenvectors corresponding to dif-
ferent eigenvalues are orthogonal. We thus write &, = 1/V2, @, = —ifV2, a; = 0. So for the
eigenstates corresponding to the three eigenvalues we get

V2 0 2
a=1, |irv2 ), ar=0 (0} A=—1, | —irnv2};
0 1 0

We may use this to find U according to the rule given in (9-55):
1
~i

1 0
i 0
V2\o v2 o

We check:

S OO
Sl-
O e
o
<oe
o o

Equivalently, M, may be seen to be a unitary transform of L,.

If we can solve the eigenvalue problem for some hermitian operator H, which is easy (and
useful) for 2 X 2 and 3 X 3 matrices, then it is straightforward to find an expression for
any function of H. In general, if

U*HU =D (9-58)
where D is a diagonal matrix, then

Y a,H =Y, aUDUYY =Y a (UDU"YUDU"UDU") ..

Mak 0 0
0 ak;, 0
= US DU = U 2 ol Ut (9-59)
P 0 D ahH

Here the A, are the eigenvalues of H and therefore the diagonal elements of the matrix D.
A simple diagonalization of H yields the eigenvalues and the eigenvectors, which are used
to construct the U matrix. We illustrate this in the next example.
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EXAMPLE 9-2
Use the procedure of the previous example to calculate the matrix representation of
(la)

=3 5 oy

£=0
SOLUTION We have

. (iha)*
elﬁﬂM; — M. k
;;) (315)
We know that
UTM3U = L,/h

It follows that
(LAY = (UTMU) = U'MUUMU ... UTMU

= UN(MYU
Equivalently,
M) = UL BYU
Now for k even,
1 00
@AY ={0 0 0
0 0 1
While for k odd,
1 0 0
LH=10 0 0 |=@sH
0 0 -1

We use this to evaluate the sum
= (jaM-)* > (iaL JR)F
2 (l 3) — UE( L'z U+
& K & K
The calculation of the sum is straightforward:
2 4
. (lClLZ/ﬁ)k 1 0 0 i 44 0] 0] i a 0] 0]
27—010—5000+5000—
k=0 : 00 N0 0 o 0 0 o
a 0 | o 0 O | o’ 0
0 0 ~ 3 o 0 0 |+ 31 0 O
00 0 0 —-a 00
cosa 0O 0 sinaa O 0
= 0 1 0 +i 0 0 0
0 0 cosa 0 0 -sina
& 0 0
=10 1 O
0 0 ™
What remains is the calculation of
&0 0
vio 1 o |U'
0 0 e*“

an exercise left to the reader.

155
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PROBLEMS

1.

10.

Given the matrix representation for A* in (9-9), what are the matrix forms for (A*)" forn = 2, 3,47
(Keep only the left-hand 4 X 4 corner of the infinite array.)

Obtain a matrix representation for the operators x and x?, using (9-9) and (9-10). [See eq. (6-36).]
Obtain a matrix representation for the operators p and p?, using (9-9) and (9-10). [See eq. (6-36).]

Suppose the ground state |0) that is acted on by the matrices (A*)" is represented by the column vector

Use (9-2) and (9-9) to obtain the column vector u, first excited state, |1).

Use the results of Problem 1 to obtain the column vectors for |2), |3), and |4). Do you see a pattern
there?

Given the state vector represented by the column

=3
Il
=R S

Calculate the following quantities, as defined by the harmonic oscillator:
(a) (H), in that state

(b) (D), (x), {p?), {p), in that state.
{¢) Use your results in (b) to calculate (A x)? and (A p)*.

You are given the hermitian matrix

— Q iml3
3 4 e

A=
’1798_””3 6

(c) Find the matrix U that diagonalizes A.

(a) Find the eigenvalues.
(b) Find the eigenvectors.

Use the results of Problem 7 to calculate e ™.

Consider the matrix

o
- s s

1
1
1
1

=

Calculate the eigenvalues and the eigenvectors of this matrix.

Consider an arbitrary hermitian matrix A. Show that
N
TrA = A;
i=1

is just the sum of the eigenvalues of A. [Hint: Use eq. (9-29).]



11.

12.

13.

14.
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Consider an N X N matrix, which has a 1 in every entry (a generalization of the matrix in Problem
9). Find its eigenvalues by calculating the square of the matrix and by using the result of Problem
10.

In Example 9-1 we found the matrix U, which has the property that U'M,U = L/f so that
ULU" = hM;.

(a) Calculate M, and M, by applying U and U™ to L, and L, respectively.

{(b) Show by explicit calculation that the M’s satisfy the angular momentum commutation relations.

Consider two hermitian matrices A and B that commute, so that [A, B] = 0. Let U be a unitary ma-
trix that diagonalizes A. Show that if the eigenvalues of A are all different then the same matrix U
also diagonalizes B. (Hint: A simple way to see this is to work with a finite—say, 4 X 4—matrix
and work things out explicitly).

Consider an arbitrary matrix M. Show that if [M, M"] = 0 then M can be diagonalized by a unitary
matrix. (Hint: Consider the matrices M + M*, (M — M*) and use your result in Problem 13.)



Chapter 10

Spin

A proper discussion of atomic and subatomic physics is not possible without taking into
account a new degree of freedom for the electron—the spin of the electron. In spite of its
suggestive name, this property of the electron does not have a classical analog. The
picture of an electron rotating about its own axis is wrong. Thus there is no counterpart
to the orbital angular momentum operator r X p, and the treatment must necessarily be
more abstract. It turns out that the operator treatment of angular momentum, which
depends only on the commutation relations, also applies to spin. It is only the step of
representing the states by wave functions whose variables are real coordinates (such as
0, ¢) that cannot be carried out here. Rather, the operators are represented by matrices.

The discovery of spin was rooted in experiment. There were many mysterious
patterns that appeared in the pre-quantum analysis of spectral lines. Among them was the
appearance of doublets of lines when radiating alkali atoms were placed in a magnetic
field. The semiclassical understanding of what was called the Zeeman effecr after its
discoverer did not allow for such splittings, and it took a while before W. Pauli in 1924
(i-e., before quantum mechanics) saw through the fog and proposed that an electron in an
atom, besides being described by a set of quantum numbers such as (r, I, m), had another
nonclassical two-valued “index” associated with it. Within a year Samuel Goudsmit and
George Uhlenbeck, at the time graduate students in Holland, proposed that the electron
had an intrinsic angular momentum that had the value s = 1/2. The electron is pointlike,
and there is nothing that rotates. The spin of the electron is just an intrinsic property like
its mass, and the spin operators in analogy with the orbital angular momentum discussed
in Chapter 7 are defined by the commutation relations

[S,. S,] = ihS. (and cycl.) (10-1)

z

10-1 EIGENSTATES OF SPIN 1/2
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We recall that egs. (9-32) and (9-33) were derived solely from the commutation relations
like those of (10-1). Applying them to the spin case, where s = 1/2, we can write

_L,{12 0
S,=h ( 0 _1/2) (10-2)
and (9-33) gives
_,{0 1 _54{0 0
S, —ﬁ(o O) S_ —ﬁ(l O) (10-3)
We may write this representation as
S =lho (10-4)
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{0 1 (o —i (1 o0
"*_(1 0) Uy—(i 0) "Z_(o —1) (10-5)

are the Pauli matrices. They satisfy the commutation relations

where

[o,, 0,] = 2io, (10-6)
and so on, as they must, to satisfy (10-1), and they also satisfy
1 0\ _
ocl=cl=0}= (O l) =1 (10-7)

The Pauli matrices also anticommute:

0,0,= —0,0,
0,0, = —0,0, (10-8)
0,0, = —0,0,

These relations are peculiar to the spin 1/2 representations and do not hold for the / = 1
matrices, for example.

The eigenstates of S, will be represented by a two-component column vector, which
we call spinor. To find these eigenspinors, we solve

Uy _ .1 u
S, (U) = +1p (U) (10-9)

that is, using (10-4),

or

Xi = (é) X.= (?) (10-10)

for the eigenspinors corresponding to spin up [S, = +(1/2)%] and spin down [S, =
—(1/2)1], respectively.
An arbitrary spinor can be expanded in this complete set

(Zi) T ((1)) e ((1)) (10-11)

and the expansion postulate yields the interpretation that |a.[* and |a_[*, when properly
normalized, so that

loy P + e P =1 (10-12)

yield the probabilities that a measurement of S, on the state (Z*) yields +(1/2)h and
—(1/2)#, respectively. -
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It is not necessary to keep S, diagonal. If we look for eigenstates of the operator
S, cos ¢ + S, sin ¢, we must solve

(S, cos ¢ + S, sin ¢)(;‘) =15 (;‘) (10-13)
that is,
0 cos¢ —isin¢h\fu [
cos¢ + isin ¢ 0 v v
This implies that
ve®=Au
_ 10-14
ue = ¢ )

Taking the products of the left- and right-hand sides in the two equations we find that

w@A?—1)=0 (10-15)
Hence
= =1 (10-16)
The eigenvector corresponding to A = 1 satisfies
v=¢%uy

so that the normalized form is

_1_(1.)
Va2 \é

We take advantage of the fact that we can multiply a state vector by an arbitrary phase
factor, which we choose to be e~*#'2, This yields

1 (e 92
u, = VA (10-17)
and similarly, the eigenstate corresponding to A = —1 can be written in the form
—idl2
u = % (iei‘blz) (10-18)
which is easily seen to be orthogonal to u,:
w0 _ 1 i g € e
uyu_ = ) (€, e ) — 2 (10-19)
=0

Given an arbitrary state «, the expectation value of S can be calculated. We have
(@Sle) = 3 3 (aliXi[Sl)jla)
i

or, equivalently,

o,
(a* a®) S (a_)
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Thus

(8 = (@} a1 (‘1’ (1))(2)
= i(a*, a’_")(z_) = ata_ + a*ay)
(8,) = shiat, aﬁ)((i) B')(Zf) (10-20)

—ia_

= fi(at, a*)( im) = —% (aFa_ — a*a,)

<Sz) = %ﬁ(at, a>—k)(_3+) = %ﬁ(|a+ |2 - |(17 |2)

Note that all of these are real, as expected for hermitian operators.

EXAMPLE 10-11

A measurement of S, for a spin 1/2 system leads to the eigenvalue +#/2. Subsequently, a measure-
ment of S, cos ¢ + S, sin ¢ is carried out. What is the probability that the result is +#/2?

SOLUTION After the initial measurement, the system must be in the eigenstate of S, with eigenvalue +#/2.

This means that
f u\ _  h{u
Eax(v) -*3 (v)

0 1\fu\ [u
1 0/\v v
Since |u)* + |vJ* = 1 results from normalization, it is convenient to choose the numbers  and v to

be real. Thus
w)_ 1 (1
v \/5 1

This state may be expanded in eigenstates of the operator S, cos ¢ + S, sin ¢, which were obtained
before. They are given in (10-17) and (10-18). Writing

(1N e g (e
VAUV ALY ARV A S

that is,

we get
1 en a1 @
o, 2 (e e )(1 cos 5

The resultis that P, = |a,[> = cos? ¢/2.
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10-2 THE INTRINSIC MAGNETIC MOMENT
OF SPIN 172 PARTICLES

The existence of spin has immediate consequences for physical systems. We shall see
later that the spin of the electron alters the Hamiltonian for the hydrogen atom (and by ex-
tension, for other atoms). The reason is that the electron has an intrinsic magnetic dipole
moment by virtue of its spin. Under certain circumstances it is possible to treat the elec-
tron spin as the only degree of freedom that an electron possesses: This happens when an
electron is localized inside a crystal lattice. When this is the case, the coupling of the
magnetic moment to an externally imposed magnetic field has consequences that will be
explored in this and the next section.
The magnetic moment is'

M= -5 (10-21)
2m,
Where g, the gyromagnetic ratio, is very close to 2.2 For such a localized electron, the
Hamiltonian in the presence of a magnetic field B is just the potential energy

egh

H=_M.B=4m

o°B (10-22)

(4

The Schrodinger equation for the state g(f) = (Z*Eg) is

7D = B o
lﬁatp(t) = am, o *By(r) (10-23)

If B is taken to define the z-axis, and if we write y«f) = e i (Z*), then the equation

becomes B
a, ) _ eghB(1 0 \{a,
hio (a) 4m, (0 =1/ \a_

One eigenvalue is w, = egB/4m, and the corresponding solution is ((1)) The other eigen-

value is @, = —egB/4m, and the eigenvector is ((1)) If the initial state is
W) = (Z) (10-24)
then the state at a later time will be
o = (a; ;:) (10-25)

'A classical charge —e moving in a circle with angular momentum L will form a current loop whose magnetic
moment is M = —el/2m. Since spin has no “classical limit,” the justification for (10-21) has to be found
elsewhere. The relativistic Dirac equation yields this result. as well as the value g = 2.

’The value of g = 2(1.0011596 ...) is one of the most accurately measured (and calculated) numbers in all of
physics. The theoretical and experimental values agree to the last decimal place, with the only theoretical
uncertainties coming from the still poorly understood short-distance properties of the fundamental particles.
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Suppose that at time ¢ = 0 the spin is in an eigenstate of S, with eigenvalue /2, so that it
“points in the x-direction.” This means that

20 o) -4 ()
HESAY

that is,

At a later time,

1 e—iwut
(o) = VAT (10-27)
At the time ¢,
—iwg!
(S = %% (@ e""%’)((l) (1)) % ("’e,-,,,u, ) =2 cos 2wt (10-28)
Similarly,
. —iwot
(sy=" \/_ A (gew e—iwot)(? Ol) % (eemt ) = gsin 204t (10-29)
Thus the spin precesses about the direction of B with a frequency
egB
20 = o (10-30)

w, = eB2m, is called the cyclotron frequency. The same frequency of precession occurs
if the spin makes an angle 6 with the z-axis, rather than lying in the x-plane. For a mag-
netic field of 1T, the magnitude of w. = 0.9 X 10" radians/s.

It is worth commenting that the “motion” of the spin can easily be interpreted when
written in the Heisenberg picture. There we have

as _ i
g [H S (10-31)
With
- eg L4 = - _
H_Zm,_,s B=+9S+B (10-32)
we can calculate
s i
10 17[ B\[S,, $] + BalS;, 1 + Bs[Ss, S}
dt h
= % (—ifiB,S, + ihBySy) = ¥(B X S),
Similar calculation for the other components yields
as(:
dg) ¥(S X B) (10-33)

This, however, is exactly the equation for the precession of a classical angular momentum
vector (associated with a magnetic dipole) subject to a torque due to a magnetic field. In this
form we easily see that the precession is not restricted to the case of spin 1/2. Given that the
magnetic moment of a system with angular momentum J is yJ, the same equation holds.
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10-3 PARAMAGNETIC RESONANCE

In a solid the gyromagnetic factor g of an electron is affected by the nature of the forces act-
ing in the solid. A knowledge of g provides very useful constraints on what these forces could
be, and it is therefore important to be able to measure g. This can be done by the paramag-
netic resonance method. The principle of the method is the following: We have a magnetic
field pointing in the z-direction, and the electron spin precesses about that direction. How fast
does it do so? If we could introduce a magnetic field that is perpendicular to the z-axis and ro-
tates with the spin, then the field would “see” an electron spin at rest. The component of the
electron spin that points in the x-y plane would preferentially align in a direction opposite to
the magnetic field to reach the minimum energy state. For those electrons not already aligned
in the minimum energy direction, a transition to the lowest energy will take place, and in the
process, energy—in the form of radiation—is given up. This can be detected and measured.

It is not practical to have a magnetic field rotating with a frequency of the order
of 10" radians per second. If, however, we have a magnetic field that points in the
x-direction, say, and oscillates with a frequency w, it may be viewed as a superposition of a
field rotating in the x-y plane clockwise with frequency o, and a field rotating counter-
clockwise with the same frequency, with the phase arranged so that the net effect is in the
x-direction. (This is analogous to obtaining a linear polarization out of the sum of two cir-
cular polarizations.) Only one of the components will travel in the same direction as the
precessing spin. The other component will move in a direction opposite to the spin pre-
cession, and its effect on the electron spin averages out to zero.

Consider an electron whose only degrees of freedom are the spin states, under the influ-
ence of a large magnetic field B, pointing in the z-direction and constant in time, and a small
oscillating field B, cos wt pointing in the x-direction. The Schrédinger equation now reads

5 d (a®) _ egh B, B, cos wt\{ a(f)
o (b(t)) am, (Bl coswr  —B )(b(t)) (10-34)
If B, = 0,
d B
0 — B 1) = watt)
db

so that a(f) = a(0)e ™ and b(t) = b(0)e™. This suggests that if B, # 0 then we introduce
A(r) and B(r) as follows:

A = a(De’™”

) 10-35
B(t) = b(He ™ ( )
where a(f) and b(r) obey (10-34).
If we also introduce the notation
egB
o, = 4m: (10-36)
then the equations for A(f) and B(¢) read as follows
. dA(t) _ - da(t) iwol
i a woA(D) + 1 P €
= —wyA(t) + (wga(t) + ,b(t) cos w)e™” (10-37)

= w,B(t) cos wte* ™
- %wlB(t)eino—w)l
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In exactly the same way we obtain

dB(H) _1
dt 2

To obtain these equations in their final form we made use of the rotating wave approximation

w,A(f)e” 1wt (10-38)

cos wte2iw(,t — %(EZiwut+iwt —+ e2iwot~iwt) ~ % ei(Zwo—w)l (10_39)

The resonance condition @ = 2w, implies that the first term above will oscillate very
rapidly, and it contributes nothing on the average. We only used the second term in the ro-
tating wave approximation.
The two first-order differential equations can be combined into a single second-order
equation. We differentiate (10-37) and get
d’A@p) o d

dtz > E (ei(Zwo—w)tB(t))

-9 - i(20,—w)t 0y ou -y 4B(D) .
2 QCwy — w)e 'B(f) 5 € 7 (10-40)
_ LdA(D w; \?
= 2w, — w)i a ( > A(D)
To solve this differential equation, let us try the solution A(f) = A(0)¢™". We get
2
— O = (20, ~ ) — (w?)
This quadratic equation has two roots:
0] o\ | o
Qt = wo — E i wO - E + T (10'41)
We now write
A = A, ™ + A (10-42)
After a couple of lines of algebra this leads to
B() = — wll QA + QA ¢ (10-43)
We can now finally write the solutions for a(¢) and b(#). They are
a(t) = A(He
( ( (10-44)

b() = Bty

Suppose that at time ¢ = O the spin is in the “up” spin state . This means that a(0) = 1,
b(0) = 0, which translates into

Ar+A-=1 10-45
QA +QA =0 (10-45)
The solution is
Q_
A, =
QO -Q
Q + (10-46)
A =-— -
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We may now calculate the probability that at a time ¢, the system is in the “down”
spin state y_. That probability is

P = b = —45 QA6 + QA&
1

4 i), 1!
— (Q_Q ) Qt_eﬂ,tl2 (10_47)
_ 8
= ( )(l—cos(ﬂ - Q.
At resonance, when
o = 2w, (10-48)
(10-41) yields
—]
Q, ==+ >
This means that
P.() = 3(1 — cos @) (10-49)
Off-resonance we have
1 o} Vo — oF + o2
P_(H= E(—T— (1 —cos VQuwy — @) + wi?) (10-50)

which is small, since w >> w,. At resonance the probability becomes of the order of unity.
Since the energy of the “up” state is different from that of the “down” state, this energy
difference, absorbed from the external field, is enhanced at resonance, when it matches
2wy, This allows us to determine g.

10-4 ADDITION OF TWO SPINS

In classical mechanics, angular momenta add vectorially. For example, if the angular mo-
mentum of the moon about the earth’s axis is S and the orbital angular momentum of the
earth about the sun is L, then there is meaning to the statement that the total angular mo-
mentum of the moon about the sun is

J=L+8S (10-51)

Does this carry over to quantum mechanics? We will show that we can “add” two angular
momenta, but that the addition is not vectorial in the usual sense. We begin by consider-
ing the addition of two spins. An example of a two-spin system might be the ground state
of helium, which has two electrons, both with zero orbital angular momentum in the low-
est state. Thus the only contribution to the total angular momentum comes from the spins.
We ignore all other aspects of the problem and deal only with the spins.

Suppose we have two electrons, whose spins are described by the operators S, and S,.
Each of these sets of operators satisfies the standard angular momentum commutation
relations

[Six Si,] = ihS), (and cycl.) (10-52)
and

[Sp0 Sp,] = ihS,,  (and cycl) (10-53)
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but the two sets of operators commute with each other, since the degrees of freedom asso-
ciated with different particles are independent; that is,
[S),S,1=0
Let us now define the total spin S by
S=§,+8, (10-54)
The commutation relations obeyed by the components of S are
[Sx’ Sy] = [Slx + S2x7 Sly + S2y]
= [S1 S),] + [S2 53] (10-55)
= lﬁ(S]Z + SZZ) - lﬁSZ
and so on. We are therefore justified in calling S the total spin. We may now determine
the eigenvalues and eigenfunctions of 8% and S,

The two-spin system actually has four states. If we denote the spinor of the first elec-
tron by x*, so that

SIKD = 3G + DAY

10-5
Sl = i) (1020

and similarly for the spinor x2 of the second electron, then the four states are

XD 0D, XKD, AONP (10-57)

The eigenvalues of S, for the four states are

SHEND = (S1; + S IXPA?
= (Slz 11)) X(12') + X(il)(S2zX(1%))

SxOXND = hxPx?
SXPX? =S XOxP =0 (10-58)
Sy = —hiyy®

There are two states with m-value 0. One might expect that one linear combination of
them will form an S = 1 state, to form a triplet with the m = 1 and m = —1 states, and the
orthogonal combination will form a singlet S = O state. To check this expectation, let us
construct the lowering operator

that is,

S =8_+85, (10-59)

and apply this to the m = 1 state. This should give us the m = O state that belongs to the
S =1 triplet, aside from a coefficient in front. Indeed, using the fact that

SOND = fix® (10-60)
which can be established by noting that

(R R R

S HOXP = (51 X2+ XS X
= Fix Dy D + iy Dy
Jshwﬁﬁw> (o6
=\pAtAZ ~A-Ar
V2

we get
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The linear combination has been normalized, and the compensating factor in front, \/Eﬁ,
agrees with what one would expect from (7-20) and (7-24) with I = m = 1. If we now
apply S_ to this linear combination, and note that

S%Y =0 (10-63)
we get

X(-:)X(E)‘\/"'EX(_I) +2) — %(X(—l)x(—n +X(J)X(—2))
2

= V2hyOy? (10-64)

S_

as we should, for an angular momentum state § = 1. The remaining state, constructed to
be orthogonal to (10-62) and properly normalized, is

A oo oo 10-65
\/E(X+X(— X(—X(+) ( )

and because it has no partners, we conjecture that it is an § = 0 state. In order to check
this, we compute S” for the two states

X. = % XN + x0xP) (10-6)
We have
$2=(8,+8,)7°=8+82+28, -8
( 21 2) 1 2 1 2 (1 0_ 67)
=81 + 8+ 25,5, + 51,8, + 5.8,
First,
S = = OSID £ xS )
V2 (10-68)
= %ﬁ2xt
and similarly,
S2X., = 2h%X. (10-69)
Next, we calculate
28,8, X. = 2Gh)(—3h) X. = —2h2X, (10-70)
Finally,
(S1sSom + 5180 X =~ (8, 08, X2 + 8, xXUS,. X
V2
* S XS, XP £ 81 XPS XP)
which, with the help of (10-60) and (10-63), yields
(518 + 8,.8,,) X = +hX, (10-71)
Thus
2
X, =RC+2-1xDX, = X,
* (4 4 2 ) + O + (10_72)

=h25(S + 1) X.

with § = 1 and O corresponding to the * states.
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What we have shown is that the totality of the four states of two spin 1/2 particles
may be recombined into a triplet and into a singlet total spin state. It is important to note
that the two descriptions are entirely equivalent. In one case we have as our complete set
of commuting observables Sf, S5, 8 1> and S,,. In the other case we have as our complete
set of commuting observables S%, S,, S1, S3. By the expansion theorem, any function can
be expanded in terms of a complete set of eigenstates. What we have demonstrated here is
the expansion of the eigenstates of the second set of observables in terms of the complete
set of states of the first set of observables. This is quite analogous to the expression of the
eigenstates of the hydrogen atom in terms of the eigenstates of the momentum operator, in
which the coefficients (the analogs of the 1/V2’s here) are the momentum-space wave
functions. It is a simple exercise to invert the process and to find the products of the
X“x? in terms of triplet and singlet combinations.

In physical problems it frequently happens that to first approximation two sets of
completely commuting observables are equally useful in the construction of eigenstates.
In the next approximation, when additional terms in the Hamiltonian are taken into ac-
count, only one of these sets remains useful. A simple example occurs in low-energy nu-
clear physics.

In early studies of the potential V(r) that describes the interaction between neutrons
and protons at low energies, it became clear that the strength of the interaction depended
on whether the two interacting particles were in a total spin S = | state or a spin § = 0
state. For example, a deuteron had S = 1, while the corresponding S = O state of a neu-
tron and a proton did not bind. This can be described in terms of a spin-dependent poten-
tial. Suppose we have

V() = V() + # S, * S,Vy(r) (10-73)

we can easily see that S;, and S,. do not commute with the second term, so that the eigen-
states of H containing this potential cannot just be simple products of eigenstates of S,,
and S,,. If we observe, however, that

S,*S, =38*— S —8) (10-74)

so that this term can be replaced by the eigenvalue, when acting on an eigenfunction of S?,
S?, and S2, then

V() = V() + % Vv, [S(S +1)— %]

1 =1
-V +1 (_3) Va(r) {g .

Such a spin-dependent potential is actually observed in the neutron—proton system. The
bound state is an S = 1 state—this is the deuteron—but there is also an unbound S = 0
state. This implies that V; — (3/4)V, is a less attractive potential than V; + (1/4)V,. This is
only possible if V,(r) # 0.

The spin singlet wave function (10-65) implies that if in a measurement electron
(1) is found in a spin “up” state, then electron (2) rust be in a spin “down” state. Consider
a singlet state in which the electrons are moving to the right and left, respectively, with
equal and opposite momenta, so that the two-electron system is still at rest in the center of
mass. We may define the right-moving electron as labeled with (1) and the left-moving
electron as labeled with (2). Suppose we now make a measurement of the S, component
of the right-moving electron. From what we have learned so far, the eigenvalues *#/2

(10-75)
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will turn up with equal probabilities. Suppose that a particular measurement yields the

(+) eigenvalue. This projects the eigenstate of electron (1) into the state 1 (}) One

V2

might expect that a simultaneous measurement of S, carried out on electron (2) is unpre-
dictable, leading to the eigenvalues *#/2 with equal probability, on the ground that the
information about the state of electron (1) cannot propagate to the apparatus measuring
electron (2) with infinite speed. This is false! In quantum mechanics, the two-electron sys-
tem is described by a single state vector in which the spins are entangled. The system is
still a singlet system, and the measurement of S, must yield the (—) eigenvalue. We can
see this directly. The singlet state has the wave function

Y ——

We now project the state of electron (1) onto the S, eigenstate with eigenvalue +#/2. The
projection operator for the positive eigenvalue of S, for electron (1) is given by

P(+) = g0 = (}) 750 D=3 (} }) (10-77)

When this acts on the (1) component of the state (10-76) we get

)R- ()0
P(+ — - Pi(+ —
1()(0)1{\/512 1()11_\/502
_ 1 (1/2) (0) _ 1 (1/2) (1) __1 [ (1) 9 L( 1)
V2 \12/\1/> 2 \12]\0/, V2 (V2 \1/i Va2 \—1);
This, aside from the numerical factor —1/V2 in front, is just the product that describes
electron (1) in an eigenstate of S, with eigenvalue A/2 and electron (2) in an eigenstate of
S, with eigenvalue —#/2, as expected as a result of the entanglement of the two spins.
Another way of seeing this is to expand the spinor eigenstates x. of S, in terms of the
spinor eigenstates &.. of S,. We have [cf. (10-17) and (10-18) with ¢ = 0]
1

& =%Q+ *x)

(10-78)

or, equivalently

-1 s &
X+ \/i(f+—f—)

If we substitute these into

b= 5 0D = XD

[\&)

we get, after a little algebra,
1

which clearly shows the correlation of spins in the x-direction.
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THE ADDITION OF SPIN 1/2 AND
ORBITAL ANGULAR MOMENTUM

The addition of a spin angular momentum with an orbital angular orbital momentum is of

great importance in atomic and nuclear physics. The procedure for doing this is exactly the

same as the one we used to add two spins. The algebraic details are worked out in Supple-

ment 10-A [www.wiley.com/college/gasiorowiczl, where we also give a superficial discussion of

the addition of two arbitrary angular momenta. Here, we will just write down the results.
For

J=S+L (10-79)

we can find linear combinations of the spin eigenstates y.. and the orbital angular momen-
tum eigenstates Y7,,(6, ¢) that are eigenstates of the total angular momenturn. We find

Py, = 855G + Dy,
Jtbjm, = g, (10-80)

where j can take on the valuesj = [ + % In both cases,

m=4j—Lj=2...,~j (10-81)

The suitably normalized linear combinations are

I+m+1 l—m
Uirinmein = Yiuxe + Yimex-
21+ 1 V2+1 (10-82)

[1— [l+m+1
Y-inmein = 71 +ni YimX+ — _21m+_1 Y meX-

These eigenfunctions are orthogonal to each other.

General Rules for Addition of Angular Momenta

For J = L; + L, we can find linear combinations of the eigenstates Y, and the eigen-
states Y, ,, that are eigenstates of the total angular momentum. We find, as expected, that

Fy, = 135G + D,

Tl = fima, " (10-83)
where j can take on the values
j=h+L,L+L—-1,0L+0L-2,...,|, - (10-84)
and
m=jj—1Lj=2...,—j (10-85)

We associated angular momentum with integer values with orbital angular momen-
tum. This is not always so. There are particles that have an intrinsic spin 1, just as elec-
trons have an intrinsic spin 1/2. The states of these particles in isolation will be
described by matrices, except that these are now 3 X 3 matrices. We saw these in equa-
tions (9-34), (9-37), and (9-38). For an interesting digression on this subject, see
Supplement 10-B [www.wiley.com/college/gasiorowicz}.
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PROBLEMS
1. Find the normalized eigenspinors for S,.
2. Find the normalized eigenspinors of the 2 X 2 matrix
cose sinae
sinae? —cosa

3. Use the method outlined in Chapter 9 to find the unitary matrix that diagonalizes the above matrix.

4. Use material from Chapter 9 to construct the matrix representations of spin 3/2. Find the eigenstates
in the representation in which S, is diagonal.

5. Consider the spinor 1 (2 . What is the probability that a measurement of (35, + 4S5,)/5 yields the

Vsl
value —#/2?

6. Consider a spin 1/2 system represented by the normalized spinor \/lf <§) What is the probability
that a measurement of S, yields the value —#/2? 65

7. Provethat (G*A)og*B)=A*B+ic*(A XB)

8. A spin 1/2 particle is in an eigenstate of S, with eigenvalue #/2 at time # = 0. At that time it is
placed in a magnetic field of magnitude B pointing in the z-direction, in which it is allowed to pre-
cess for a time 7. At that instant, the magnetic field is rotated very rapidly, so that it now points in
the y-direction. After another time interval 7, a measurement of S, is carried. What is the probability
that the value #/2 will be found?

9. (a) Show that any 2 X 2 matrix may be written in the form

A+B-o
(b) What are the conditions that A and B must satisfy if the matrix is to be unitary? If it is to be
hermitian?
10. Show that for any vector a with a magnitude a,
e’*=cosa+ioc-a suala
11. Consider two spin 1/2 particles, whose spins are described by the Pauli operators o, and o,. Let
be the unit vector connecting the two particles and define the operator
S;2 =3(0;*€)(0,°€) — 0,* 0,
Show that if the two particles are in an S = 0 state (singlet) then
SIZXsmglel =0
Show that for a triplet state
(SIZ - 2’)(SIZ + 4) Xlriple! =0
(Hint: Choose € along the z-axis.)
12. In a low energy neutron—proton system (which has zero orbital angular momentum) the potential

energy is given by

V(r)y = Vy(r) + Vz(r)<3 (0]—.12(2—@ s 0-2) + Va(n) oy 0y

where r is the vector connecting the two particles. Calculate the potential energy for the
neutron—proton system (a) In the spin singlet state, and (b) In the triplet state.
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Consider two electrons in a spin singlet state.

(a) If a measurement of the spin of one of the electrons shows that it is in a state with s, = 1/2, what
is the probability that a measurement of the z-component of the spin of the other electron yields
s, = 1122

(b) If a measurement of the spin of one of the electrons shows that it is in a state with s, = 1/2,
what is the probability that a measurement of the x-component of the spin yields s, = 1/2 for the
second electron?

(¢) If electron (1) is in a state described by cos ey, + sin a;e®1y_ and electron (2) is in a state de-
scribed by cos a,y, + sin a,e®ry_, what is the probability that the two-electron state is in a triplet
state?

A particle of spin | moves in a central potential of the form

.L (S-Ly
Sﬁz Vi) + g )

V() = Vy(r) + 26)

‘What are the values of V(r) inthe states J =L + 1, L,and L — 1?



Supplementh-A

The Addition of Spin 1/2 and
Orbital Angular Momentum
(Detalls)

Of great importance for future applications is the combination of a spin with an orbital an-
gular momentum. Sinde depends on spatial coordinates &ubes not, they commute

[L.S=0 (10A-1)
It is therefore evident that the components of the total angular moméntiefined by
J=L+S (10A-2)

will satisfy the angular momentum commutation relations.
In asking for linear combinations of thg, and they.. that are eigenstates of
J=L,+S (10A-3)
and
FP=L?+S+2-S
2w (10A-4)
=L“+$+2L,S+L,S +L_S,

we are again looking for the expansion coefficients of one complete set of eigenfunctions
in terms of another set of eigenfunctions.
Let us consider the linear combination

Pimrrz = @YX+ T BYimeax- (10A-5)

It is, by construction, an eigenfunctiondfwith eigenvaluerh + 3)%. We now determine
« andp such that it is also an eigenfunctionJafWe shall make use of the fact that

LY = [0 + 1) = mm + DAY, i
= [ + m+ 1) — M]*2AY s

(10A-6)
LY = [(1 = m+ 1)( + m]¥24Y, 4
Sx: =Sx-=0 S.x;=fiy.
Then
I mere = afi® 11+ 1) Yimxs + 2k + 2MG) Yimx+
L0 =m0+ mt DP Yo+ B0+ D Ym0 2

+ gYI,m+le + Z(m + 1)(_%) YI,m+1X7
+ (1= m)(1 + m+ 1] Yy,

W-43
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This will be of the form
233 + 1) Yimere = 553 + D@Yimx= + BYime1x-) (10A-8)
provided that
alll+ D) +3+m +8[(1—m)(I +m+ D*?=j(j + 1)

B+ 1) +3—m—1]+af(l —m)( +m+ D*?=j(j + 1)B (10A-9)

This requires that
(-m@+m+D=[j(j+D-1(0+1)—3—m]
X[+ —=1(0+1)—3+m+ 1]

which evidently has two solutions,

j(j+1)—|(|+1)—i={|_'_1 (10A-10)
that is,
=3
= {l L1 (10A-11)
Forj =1+ 1/2, we get, after a little algebra

_ /l+m+1 _ [I-m }
TN 2+1 B Vai+1 (10A-12)

(Actually we just get the ratio; these are already normalized forms.) Thus

l+m+1 [l —m
Pi1omite = ﬁYImXJr + mﬂmﬂ)@ (10A-13)

We can guess that the= | — 1/2 solution must have the form

| —m l+m+1
Yimipmiie = | = YimX+ — | o+ 1 Yim+1X— (10A-14)

in order to be orthogonal to the= | + 1/2 solution.

General Rules for Addition of Angular Momenta,
and Implications for Identical Particles

These two examples illustrate the general features that are involved in the addition of an-
gular momenta: If we have the eigenstagy Lof lapdand the eigenstatedd),  of
L2 andL,,, then we can form (2+ 1)(2, + 1) product wave functions

—li=m =l
CNER st 0a15)
These can be classified by the eigenvalue of

J, =Ly, + Ly, (10A-16)

which ism; + m,, and which ranges from a maximum valud,of |, down to—I; — L.
As in the simple cases discussed earlier, different linear combinations of functions with
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the samem value will belong to different values ¢f In the following table we list the
possible combinations for the special examplg ef 4,1, = 2. We shall use the simple
abbreviation iy, my) for Y}, Y(2) .

m-value m,, m, combinations numbers
6 4,2 1
5 4,1) (3,2 2
4 (4,0)(3,1) (2,2 3
3 (4,-1)3,0)(2,1) (1,2 4
2 (4,-2)(3,-1) (2,0) (1, 1) (0, 2) 5
1 (3,-2)(2,-1)(1,0)(0,1) {1, 2) 5
0 (2,-2)(1,-1)(0,0) €1,1) 2,2) 5
-1 1,-2)(0,-1)(-1,0) (-2,1) =3, 2) 5
-2 (0,-2)(-1,-1)(-2,0) =3,1) (-4, 2) 5
-3 (-1,-2)(-2,-1)(=3,0) 4, 1) 4
-4 (-2,—-2) (=3,-1) (—4,0) 3
-5 (—3,-2) (—4,-1) 2
-6 (—4,-2) 1

There are a total of 45 combinations, consistent with«21) (2, + 1).
The highest state has total angular momerituml, as can easily be checked by ap-
plying J*to Y{PY{3:

lolo-

J2Y|(11|3Y|(2) = L2+ L3+ 2Ll,, + Ly, + Ly Ly,) YRY®

2o RN P
=Aa71,(1; + 1)+ 1>, + 1) + 201, Y|(11|3Y|(22|2 (10A-17)
=4%(1; + 1), + 1, + 1) Y|(11|2Y|(2)

2|2
This isj = 6 in the example discussed in the table. Successive applications of
J=L_+L, (10A-18)

will pick out one linear combination from each row in the table. These will form the 13
states that belong jo= 6. When this is done, there remains a single staterwith5,

two withm = 4, ... ,one withm = —5. It is extremely plausible, and can, in fact, be
checked, that then = 5 state belongs tp= 5. Again, successive applications bf

pick out another linear combination from each row in the table, forming 11 states that
belong toj = 5. Repetition of this procedure shows that we get, after this, sets that be-
long toj = 4,j = 3, and finallyj = 2. The multiplicities add up to 45:

13+ 11+ 9+ 7+ 5=45

We shall not work out the details of this decomposition, as it is beyond the scope of this
book. We merely state the results.

(@) The produce¥{},Y{?, can be decomposed into eigenstatéswith eigenval-
uesj(j + 1) #% wherej can take on the values

P=l+lyl + =1, =1 (10A-19)
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We can verify that the multiplicities check in (10A-19): If we sum the number of
states, we gety(=1,)
R, +1)+1+20, +L -+ 1]+ -+ 20, = 1) + 1]
2,
=2 20—+ ) + 1]
n=0
=(@,+ 12, +1)

(b) It is possible to generatize (10A-13) and (10A-14) to give the Clebsch-Gordan
series

(10A-20)

= 2;4 C(jm; limyl,my) YYD, (10A-21)
m

The coefficientsC(jm; [;mym,) are called Clebsch-Gordan coefficients, and they
have been tabulated for many values of the arguments. We calculated the coeffi-
cients forl, = 1/2, and summarize (10A-12) and (10A-13) in the table that fol-
lows. Note thatn = m; + m,, so that themin (10A-13) and (10A-14) is really

m, below.

=1/2 =-1/2

41 L+ m+ 1/2 -m+ 1/2
I=h C2A,+1 2| +1
. l, —m+ 1/2 l, + m+ 1/2
j=lh-12 N Vo 2+ 1

Another useful table is

C(Jml I1rnl! l,l'nz)
m=1 m,=0 -1
g (I, + m)(, + m+ 1) \/(Il —m+ 1), +m+ 1) \/(I m)(, — m+ 1)
J=h+ @, + 1)@, + 2 @, + 10, + 1) @, + 1)@, + 2)
- \/(I +m(l, —m+ 1) m \/(Il —m)(l, + m+ 1)
I=h N 2,0, + 1) Vi, + D) 2,2, + 1)

1 \/(Il —m(, —m+ 1) \/al m)(l, + m) \/(Il +m),+m+ 1)
J=h™ 2,2, + 1) L@, + 1) 2,2, + 1)
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The Levi-Civita Symbol
and Maxwell’'s Equations

A very useful mathematical device is the use oflitag-Civita symbol. The symbag, is
defined by the following properties:

(a) Itis antisymmetric under the interchange of any two of its indices. For example,
€123~ —€3= —(— €31 (10B-1)
and so on. Two consequences of this rule are
(i) When any two indices are equal, the valueypfs zera
(i) €23= €3 = €312
(b) ep3=1 (10B-2)

Some consequences of this definition are

€ik8im = 20km

€ik€mn = 6jm‘Skn - 6jn‘Skm
eixABc = (A X B), (10B-3)
[Li, L] = eyl

We may use this to write out Maxwell's equations in a particularly interesting way.
Maxwell's equations in empty space have the form

V-B=0

V-E=0

V X Bzé% (10B-4)
_ B

VxE=-Z

They may be rewritten in the form
% (E + icB) = —icV X (E + icB) (10B-5)

Which bears some resemblance to the Schrodinger equation in that the “wave function” is
complex, and that the first-order time derivative enters into the equation.

We may write the equation in a very suggestive way by using the Levi-Civita symbol
in two contexts. First, the symbol may be used to give a matrix representation of the spin
1 angular momentur8. (We are actually working with the angular momentum matrix di-
vided bysi—that is, with the analog @f/2.)

W-47
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To see this, we postulate

(S = —iey (10B-6)
The square of the matrix is easily calculated. We have
() = (DS = —ee = e = 25 (10B-7)

We next need to check the commutation relations
S — (S = —Ea@on + Ejk€ani
= €48k — Ehjk€ak = Badj — 84y — 8adj T Onidy
= 0104 — 020 = EhanBim = 1€abrd —1€mp) = 1€ S

that is,
[Su Sl = i€apmSn (10B-8)
Let us now rewrite our version of Maxwell’s equations. It reads
J . . 9 .
%t (E +icB) = —|camnﬂ (E, +iB,)

9 .
= _C(Sn)in a (En + IBn)
or equivalently,

h 9.

9 o . ]
i 5 +icB) = c(Sdn | 55 (En + iB) (10B-9)
With the notationy, = (E; + icB,), we get
o,
i Ttl = C(S : pop)im lpm (108'10)

The operator on the right side is the projection of the photon spin along the direction of
motion. The complex conjugate wave function is easily seen to satisfy

. (w’i* *
ih = —C(S * Popim ¥ (10B-11)

where the right side represents the opposite projection (helicity). We need both equations
to obtain separate equations EbandB.



Chapter 1 1

Time-Independent
Perturbation Theory

11-1 ENERGY SHIFTS AND PERTURBED EIGENSTATES

174

There are few potentials V(r) for which the Schrodinger equation is exactly solvable, and
we have already discussed most of them. We must therefore develop techniques for ob-
taining eigenvalues and eigenfunctions for all the other potentials. The general availabil-
ity of computers would seem to render this effort as unnecessary, and indeed, if only
numerical values of energy eigenvalues, for example, are needed, the techniques that we
develop in this chapter cannot compete in accuracy with the simplest programs. The rea-
son for discussing perturbation theory is that even at the lowest level of approximation we
get insight into how energies shift and how eigenfunctions are changed by a change in the
potential.

Let us assume that we have found the eigenvalues and the complete set of normalized
eigenfunctions for a Hamiltonian H,,

Hi|¢,) = E?|¢,) (11-1)

The wave functions in x-space will be described by ¢,(r) = (r|¢,), but at this stage we
will stay with the general formalism. We now ask to solve

(Ho + AHD|¢) = E,|¢,) (11:2)
In general, we may view the Hamiltonian H as a matrix. We can write

H,,=($,|H|¢,) = ED 5, + ($,|AH\|$,)

For a finite-dimensional space; that is, if the matrix is finite dimensional, diagonalization
of the matrix is equivalent to solving a set of N algebraic equations. Cases of 2 X 2 and
3 X 3 matrices will be discussed in Chapter 18. In general, however, the matrices are infi-
nite dimensional, and there we turn to perturbation theory.

We will express the desired quantities as power series in A. The question of conver-
gence of the series will not be discussed. Frequently one can show that the series cannot
be convergent, and yet the first few terms, when A is small, do properly describe the phys-
ical system. We will assume that as A — 0, E, —> E©.

Since the |¢,) form a complete set, we may expand the |} in a series involving the
|¢,). We write

| = N()\){ ) + ’; an()\)|¢>k>} (11-3)
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The factor N(A) will be determined by the condition (i, |y,) = 1. We have the freedom to
choose the phase of |if,,), and we choose it such that the coefficient of |¢,) in the expan-
sion is (aside from the normalization factor) unity. Since we require that |if,,) — |, as
A — 0, we must have

NO)=1
ani(); —0 (11-9)
More generally, we have
CuM) =ACR+ ACP+ -~ (11-5)
and
E,=E® + AED + M’ E@ + --- (11-6)

The Schrodinger energy eigenvalue equation then reads

a2 160+ 03, oy + 1S clo) + |
(11-7)

= (B +AE + NEP + ---){|¢n> A2 CRIbY + A7 X CRI) + }
k#n k#n

Note that N(A) does not appear in this equation. This is a consequence of the linearity of
the equation. [dentifying powers of A yields a series of equations. The first one is

Ho 3, CR1$w) + Hildn) = EP 3, CRld) + EVl ) (11-8)
Using Ho|®,) = EQ|é,), we obtain
Eld,) = Hilgn) + 2 (EL — EDICR )
If we now take the scalar product with (¢,| and use the orthonormality condition {¢;|¢,) =
8,, we obtain

AEfll) = <¢n |AH1|¢71> (1 1'9)

This is a very important formula. Tt states that the first-order energy shift for a given state
is just the expectation value of the perturbing potential in that state. If the change in the
potential is of a definite sign, then the energy shift will have the same sign.

In x-space, we have

AE® = [ @1 [ v, exers 1)

If H, depends only on r, as would be the case with a local potential, then (r|H,|r') =
8(r — r")H,(r) = 8(r — r')V(r) and we get

AED = f & rdf(AV(r)d ,(r) (11-10)

The equation shows that for the shift to be significant, the region in which the perturbing
potential V(r) is important and the region in which the probability density |¢,(r)[ is large
must overlap. Note that the relation (11-9) is not tied to x-space. It applies equally well to
matrices.
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If we take the scalar product of (11-8) with (¢, | for m # n, then
(GnlHil @) + (ED — EDYC =0
that is,

(d)m IAHI | d)n)

AC) = 0
0 ()
E® _EO

(11-11)

The numerator is the matrix element of AH, in the basis of states in which H, is diagonal.
This formula is used in the next equation, which comes from the identification of terms
proportional to A2

Ho 3, CRI) + Hy 3, Rl = ED 3, CRIp) + EY 3, CLR$) + EPIg,) (11-12)
k#n k#n k#n

k#n

Taking the scalar product with {(¢,] gives
GAHION B _ 5 L6

EQ —ED iz EQ — EQ

E® = kE (¢, |H |9 )CR = kE (11-13)
+n #n

The last step follows from the hermiticity of H,:

(dx |H1|¢n> = (¢, |H1|¢k>*

This, too, is a very important formula, especially since the first-order shift frequently van-
ishes on grounds of symmetry. We may interpret the formula as follows: The second-
order energy shift is the sum of terms, whose strength is given by the square of the matrix
element connecting the given state ¢, to all other states by the perturbing potential,
weighted by the reciprocal of the energy difference between the states. We can draw sev-
eral conclusions from the formula.

(a) If |@,) is the ground state—that is, the state of lowest energy—then the denomi-
nator in the sum is always negative, and hence (11-13) is always negative.

(b) All other things being equal—that is, if all the matrix elements of H, are of
roughly the same order of magnitude (which is the kind of guess one would
make without more specific knowledge)—then nearby levels have a bigger effect
on the second-order energy shift than distant ones have.

(c) If an important level “k”—important in the sense of lying nearby, or of
(¢H,|p,) being large—lies above the given level “n,” then the second-order
shift is downward; if it lies below, the shift is upward. We speak of this as a ten-
dency of levels to repel each other.

An expression for C2 may be obtained from (11-12) by taking the scalar product
with {¢,,], m # n, but we shall not require this formula. Also N(A) can be determined from

=N WL+ A2 |CRP + -
=1

It is therefore 1 to first order in A. Hence, to first order in A, we may write

[0 = I,y + 3, BRI

i#n EQ — EQ

|5 (11-15)

a formula that is sometimes useful.
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EXAMPLE 11-1
|

Consider a charged particle in a simple harmonic oscillator, for which Hy = p*/2m + maw*?/2, subject
to a constant electric field so that H; = g€x. Calculate the energy shift for the nth level to first and sec-
ond order in (¢€). (Hint: Use the operators A and A™ for the evaluation of the matrix elements.)

SOLUTION
(a) To first order we need to calculate g&€({n|x|n). It is easy to show that {njx}n) = 0. One way is to
use the relation (7-4), from which we get

A e
= me(A+A)

and since Ajny = Vajn — 1) and Atln) = Vn + 1|n + 1) we see that (n|xjn) = 0. Another way of
seeing this is that the matrix element involves the integral

[ 1,00 = [ axxlgor?

Since |@,(x)? is always an even function of x (¢,(—x) = (—1Y'¢,(x)), the integral from — to +oo
involving an odd integrand is zero.

(b) The second-order term involves

sers S g n g (KA T AT

i hon — k) T o 2me & n—k

The only contributions come fromk =n — 1 and kK = n + 1, so that

KKA + A% PO _ [Vaf? | Vet P2 _

k#n n—k 1 —1

and thus
qZ% 2

2) —
EP =—"—

2me

The result is independent of n. We can check for its correctness by noting that the total potential en-
ergy is

2%

Lo+ géx = %maﬂ(xz + —x) =1 mw2<x +

2 mw? 2

4% )2 7€’

mw? 2maw?

2

Thus the perturbation shifts the center of the potential by —g%é/mw” and lowers the energy by

§*€*2me?, which agrees with our second-order result.

11-2 DEGENERATE PERTURBATION THEORY

A special problem arises when the unperturbed Hamiltonian has two or more eigenvalues
that are the same. Equation (11-11) shows that there is a problem: C'} becomes infinite
for those values of n and k for which E© and E are equal. This occurs if some of the
eigenvalues of H, are degenerate. The general procedure is to eliminate the degeneracy
first, and then go on as before.
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Let us see how to do this for a 3 X 3 matrix example, where we shall assume that
EQ? = EP (= E?). We have

E(O) 0 0
H,=| 0 E© o0 (11-16)
0 0 EP

and

Ay, Ahy, Ak
AH, = | Ahy Ahy  Ahy (11-17)
Ahy Al Aha

subject to the hermiticity requirement that ; = .

We can now separate the problem into two parts. First, we diagonalize the upper left
corner 2 X 2 matrix. As noted in Chapter 9, a hermitian matrix H will be diagonalized by
a unitary transformation U:

UHU* = H,,

A unitary matrix that only affects the 2 X 2 “box™ in the upper left corner will have the
form

U= (11-18)

o X X
© X X
==

where the X’s denote unknown Uj;. The important thing is to note that this U will not af-
fect Hy: The lower right-hand corner is multiplied by 1. The upper 2 X 2 left corner of H,
is of the form E©@ X 1 where 1 is the 2 X 2 unit matrix. As a consequence of U1 U™ =1,
that corner is also unchanged. The net effect of the diagonalization is thus to diagonalize

the 2 X 2 matrix
Ahy Ahy
Ahy Ahy

The eigenvalues of the 2 X 2 matrix are easily calculated. We will just state that after the
diagonalization, the total matrix takes the form

EO+ Aw, 0 Ahyy
H = O E(O) + AW2 Ah23 (1 1—19)
Ahy, Ahy, EY
with
h,+h hy — hy \?
ww, =2+ |2 pon, (11-20)
2 2
We have removed the degeneracy, and now the formulas derived above apply without any
problems.

If we had started with a 5 X 5 matrix, and three eigenvalues of H, were equal, then
we would have to diagonalize a 3 X 3 submatrix of AH,. This would be much messier, but
not different in principle. Similarly, if in our 3 X 3 example all three eigenvalues of H,
were equal, we would have to diagonalize the 3 X 3 matrix AH; and we would then get an
exact result, since H would then be diagonal.
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Let us discuss degenerate perturbation theory further. The problem is always that in-
stead of a unique |¢,) there is now a finite set of |¢{), all of which have the same energy

E©. This set can be made orthonormal with respect to the label “i,” because, as we saw in

Section 5-4, this label can be associated with the eigenvalues of some other, simultane-
ously commuting hermitian operator. We thus choose the set of |${?) such that

(¢D|6$) = 8, 85 (11-21)

The natural way to take the degeneracy into account is to replace (11-3) by an expression
that involves linear combinations of the degenerate eigenfunctions of Hy;

|4} = N(A){E al$?) +A 3, C X Bl + } (11-22)

The coefficients «, B, . . . will have to be determined. When (11-22) is inserted into the
Schrédinger equation (11-2), we get, to first order in A,

Hy D, CR X Bilof) + H X el ¢7) = ED Y aifl) + ED 3 CR Y Bl (11-23)
k¥n i i i k#n i
Taking the scalar product with (¢$?| gives the first-order shift equation,
D {PPAH|$P) = AEDe, (11-24)

This is a finite-dimensional eigenvalue problem. For example, if there is a twofold degen-
eracy, and if we use the notation (¢P| H, |¢?) = h;, the equation reads

"

hyay + hpo, = EPa;
—

hyoy + hypat, = E& )0‘2

The eigenvalues and the «; can be determined from this equation, if we add the condition
that

E |os* = 1

We do not bother with the determination of the B;, since we shall only use degenerate per-
turbation theory for the first-order energy eigenvalues in our applications. If it so happens
that #; = 0 for i # j—that is, the matrix h;; is diagonal—then the first-order shifts are just
the diagonal elements of this matrix. This will happen when the perturbation H, com-
mutes with the operator whose eigenvalues the “i” labels represent. For example, in the
hydrogen atom, there is a degeneracy associated with the eigenvalues of L ; that is, all

m-values have the same energy. If it happens that
[H,,L]=0 (11-25)

and if we choose our ¢? to be eigenfunctions of L,, then #; will be diagonal. To see this,
note that with

L|¢D) = am® D)
(¢Szj)| [Hl, Lz] |¢$,i) = (¢Szj)|H1Lz - LzHl |¢Szi)>
= ﬁ(m(i) — m(f))hﬁ
=0

(11-26)
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that is, (11-26) implies

h; =0 for m® # mD (11-27)
An example of such a sitnation occurs when a rigid rotator described by the Hamiltonian
_L
H,= 20 (11-28)
with magnetic moment
q8
M=o

is placed in a magnetic field that points in the z-direction. The perturbation is of the form

- _ 495 -
H, = i BL, (11-29)
Because the eigenfunctions of H, are the Y}, and these are simultaneously eigenfunctions

of L,, we can immediately read off the eigenvalues. These are

_ I+ DR gqgBh

E 21 om

—l=m=I (11-30)

A more detailed discussion of degenerate perturbation theory appears in our treatment of
the Stark effect. Other illustrations will appear in our discussion of the real hydrogen
atom in Chapter 12.

11-3 THE STARK EFFECT

To illustrate the application of perturbation theory to a real problem, we will consider the
effect of an external electric field on the energy levels of a hydrogenlike atom. This is the
Stark effect. The unperturbed Hamiltonian is

2
_p_  z
Ho = 2u  Ameyr (11-31)
whose eigenfunctions we denote by ¢,,,(r). The perturbing potential is
AH, =e¢¥€ -r=¢%z (11-32)

where € is the electric field. The quantity ¢€ will play the role of the parameter A. The en-
ergy shift of the ground state, which is nondegenerate, is given by the expression

Egp=c %<¢100|Z|¢100> =e€ f d3r|(;b100(r)|zz (11-33)

This integral vanishes, since the square of the wave function is always an even function
under parity, and the perturbing potential is an odd function under reflections. Thus for
the ground state there is no energy shift that is linear in the electric field €. Classically, a
system that has an electric dipole moment, d, will experience an energy shift of magni-
tude —d - €. Thus (11-33) shows that in its ground state the atom has no permanent dipole
moment. The parity argument can be used whenever the unperturbed Hamiltonian is in-
variant under reflection, and it can be generalized to the statement that systems in nonde-
generate states cannot have permanent dipole moments. The statement of nondegeneracy
is important: It is only then that the states are also eigenstates of the parity operator, and
then |¢(r)|* is even, and the expectation value of z vanishes.
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There are molecules that have permanent electric dipole moments. The explanation
for this is that these molecules have degenerate ground states with opposite parity. If these
states are described by |ib..), the expectation value of z in a state like afiy,) + Bl_) will
not vanish:

(ap, + BY_|zla, + B ) = a*Bl.lzly-) + aBX(yP_|zlp,)  (11-34)

‘What happens if the states ¢, and ¢y have energies that are split by a very small amount?
This, after all, is true in most cases where the states are degenerate only in first approxi-
mation. The degeneracy may be removed by perturbations that affect the two states differ-
ently, or by tunneling, as was discussed in Chapter 4. We will see below [see eq. (11-53)]
that for electric fields strong enough that e{r) - € is large compared with the energy by
which the states are split, then the change in energy will be linear in €, the electric field,
and the system may be described by an electric dipole moment.
Let us look at the second-order term. It reads

|(¢n1m |ZI¢’100)|2 |(¢k|Z|¢100)|2
>

+

wm E®—E© T EQ — 3% 2m (11-35)

Ejg = ez‘é’z{
The reason for the second term is that in (11-35) we must sum over a complete set of
eigenstates of Hy,. For atoms, these consist of the bound states |¢,,,,), as well as the contin-
uum states in which the electron has a positive energy. We label the continuum states by
k, where £ is related to the positive kinetic energy by E = #%k*/2m. This sum is very diffi-
cult to evaluate directly, since it involves an integral over k, which appears in the rather
complicated continuum solutions of the Coulomb problem (it can be done by a trick,
which we shall not describe). What we can do, however, is to estimate the value of E{3) by
finding an upper bound. Let us rewrite (11-35) in a more symbolic form

_ 2 |<¢’100|Z| br) |2
E(l%))O = 82% E;EI W (1 1-36)

where the complete set is now labeled by |¢z). Notice that because E{? is the lowest en-
ergy E{, is negative. Because all the energies E lie above E{”, we have
E — ESO) > E(ZO) _ EgO)
so that
1 - 1
E-EP EP-EP

Consequently

LS ($rool2lbeX @il zlbico) (11-37)

.
EgO) _ E(IO) S

We can include the ground state in the sum since {¢|z|p100) = 0. The sum can now be
simplified with the help of the completeness relation %|¢E)(¢E| = 1, so that

; <¢100|Z|¢E)<¢EIZ|¢100> = (¢100|Zz|¢’100> (11-38)

This is easily evaluated. Because the ground-state wave function is spherically symmetric

<¢100|22|¢’100> = (¢100|x2|(;b100) = <¢100|)’2 '4’100)

11-39
= %(({bloolxz + )’2 + Zzl({bloo) = %<¢100| r2|¢100) = a(z) ( )
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Since

O _po=_1_ 21 }_8 2.
EY’ — Ef 2mcoz<4 l) 3 mce

the inequality becomes

8 2(@2 2
—E@ < 2 = & (4re et (11-40)
3mcla? 3
Note that 477£,€> X volume has the dimensions of an energy. Since the Bohr radius qj is
the only length in the problem, we expect from dimensional analysis that
—E$3, = (const)(4me,E€%al (11-41)

The exact second-order result gives the value 9/4 for the constant.

The Stark Effect for n = 2 States
To illustrate degenerate perturbation theory, we calculate the first-order (linear in €) Stark
effect for the n = 2 states of the hydrogen atom. For the unperturbed system there are re-
ally four n = 2 states that have the same energy. These are

a0 = 2ag)™* 2(1 - ZL) e Yy

L)

&y = (2a0)_3/2 3—1/2<aLO) P Y,
(11-42)

boto = (2a0)~3/2 3~1/2<QLO) e~ %4 Yio

¢2,1,_1 — (2a0)‘3/2 31/2<aLO) e 2% Yl,—l

The [ = O state has even parity, and the [ = 1 state has odd parity. We want to solve an
equation like (11-24) and, on the face of it, four equations are involved. If we note, how-
ever, that (1) the perturbing potential (that is, z) commutes with L, so that it only connects
states with the same m-value, and (2) parity forces us to consider only terms in which the
perturbing potential must connect / = 1 to / = 0 terms—that is,

(br1+1lzlr11) =0

then the matrix in (11-24) is only a 2 X 2 matrix. The equation reads

(00| 2| b200) <¢2oo|Z|¢210))<a1)= (1)<al) ]
e%<<¢210|2|¢2oo) (Dol 2|0\ @2 E a, (11-43)

The diagonal elements are zero, because of parity, and the off-diagonal elements are
equal, since they are complex conjugates of each other, and each may be chosen to be

real. We have
3 - 2r r
(D00l z| P )=fr2dr(2a) 3e ”““—(1 ——)r
200| | 210 ) 0. \/gao 2(10
. f d QYH(Vam/3Y,) Yoo (11-44)

= _300
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and hence (11-43) becomes

—EY  —3¢€ap\[ ;) _
(—36‘&10 —E® )<a2 =0 (11-45)
The eigenvalues of this are
EW = +3¢€a, (11-46)

and the corresponding eigenstates, when properly normalized, are

(1), (1 _
\/i<—1)a d\/i<1) (147

respectively. Thus the linear Stark effect for the n = 2 states yields a splitting of degener-
ate levels as shown in Fig. 11-1.

There are some general comments that can be abstracted from the calculations just
concluded.

(a) The states in the presence of the electric field are no longer eigenstates of L2, In the
preceding case, for example, we found that the states that diagonalize the perturba-
tion were equal mixtures of / = 0 and / = 1, though they are still eigenstates of L,.
The reason is that the perturbation changes the Hamiltonian, so that it no longer
commutes with L2 This can be worked out in detail, but it is really evident that the
external field specifies a preferred direction, so that the physical system is no longer
invariant under arbitrary rotations. It is still invariant under rotations about the pre-
ferred axis, here the z-direction, and hence L, is still a good constant of the motion.

(b) Quite generally, whenever here is a perturbation that does not conserve some quan-
tity (for example, L? here), then the states that “diagonalize” the new Hamiltonian
in any approximation, are superpositions of states with different values of the pre-
viously conserved quantum numbers, and thus degenerate levels will be split.

(¢) We can summarize the procedure in degenerate perturbation theory in matrix
language as follows. If Hy is diagonal, but H is not, then, since H, and H, do not
commute, it is not possible to diagonalize H, by itself, without “undiagonaliz-
ing” Hy. One must work with

H=H,+ H,

as a whole. If we work with a subset of degenerate states, all of which are eigen-
states of H,, with the same eigenvalue, then, as far as these states are concerned,
H, is not merely diagonal, but it is proportional to the unit matrix. Since H, (and
everything else) commutes with the unit matrix, one can diagonalize H, by itself,

without affecting H,,.
m = 0 1 _
L ¥z @0 =~ $z10)
e
'l
e
g
rd
’
I=1m=10-1 o m = 21 é
[=0m=0 m\=\: 2,1, %1
AN
~
4 degenerate N
n = 2 states S m =0 ER

5 W + 420)

Figure 11-1 Pattern of Stark splitting of hydrogen atom in n = 2 state. The fourfold degeneracy is
partly lifted by the perturbation. The m = *1 states remain degenerate and are not shifted in the
Stark effect.
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The hydrogenlike atoms considered here were somewhat idealized. As we will see in
Chapter 12, there are small relativistic and spin-orbit coupling effects that actually re-
move some of the degeneracies. Does this mean that we never really need to use degener-
ate perturbation theory? Actually, even if, say, ¢, and ¢, do not have exactly the same
energy, it may still be sensible to take some linear combination of them in the perturba-
tion expansion. If we have, for example

Hyyo = (E g — A) ¢y
Hy 0 = (ES + A) ¢y

with A small, then the Schrodinger equation, with the linear combinations, reads

(11-48)

(Hy + /\H1)<0‘1¢200 + aydyp + A 22 Cn¢n) = E(“l({bzoo + ayby T A 22 Cn¢n) (11-49)

Taking the scalar product with ¢, and ¢,,,, respectively, leads to the following equation

to order A:
(E(z) —A+ <¢’200|/\H1 |¢200) <¢200|/\H1 |¢’210) )(al) — E(“l) (11-50)
(D210 AH | 200) ES+ A + {dyudrH |d210) )\ @2 %)
If we write
<¢200|AH1 |¢’210) = <¢’210|/\H1 |¢200) = aA (11-51)
we must find the eigenvalues of the matrix
ES—A  Aa
and these are
E=E* Va'A? + A? (11-53)

(In the preceding we have used {¢opolH,|P200) = (P210/Hi1|210> = 0.) We see that when
A >> a), we get a “quadratic” effect only. This corresponds to no degeneracy. When
A << a) we get the result of the form (11-46). In the intermediate region, the preceding,
more careful treatment is necessary. Furthermore, when the new linear combinations are
used, then in second-order perturbation theory there no longer appear very tiny energy
differences in the denominators. We do not discuss this in detail, but this is not difficult to
establish.

Some Final Comments

Let us consider the shift of the ground state. The second-order perturbation term involves
47e,€%a, which has the dimensions of an energy. Higher order terms must involve
higher powers of €? and still have the dimensions of an energy. This means that the per-
turbation series for the shift must be of the form

A EIOO = 47780%2{1(3)(140 + A]B + Azﬁz + "') (11'54)
where
B dmre €’al

. (11-55)
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-2

Figure 11-2 Schematic picture of
potential energy as a function of z
with x and y held fixed. The

Effective
potential

\_)\ o2 dotted line represents the

Coulomb potential, the dashed
line the potential energy due to
the external field, and the solid
line the total potential.

2 +y? + 22

is a dimensionless parameter involving the ratio of the only two energies that enter into
the problem. The first two terms are actually in excellent agreement with experiment. Can
we expect the series to converge? The answer is that it does not converge. The reason can
be seen in Fig. 11-2, which is a slice of the potential energy for x and y held fixed. It is ev-
ident that there is a barrier rather than just a well for the bound electron. The barrier is ul-
timately penetrable, even though for small 8 it is very broad. Once an electron tunnels
through the barrier, the external field accelerates it, so that in nonrelativistic quantum me-
chanics, at least, it can acquire an arbitrarily large kinetic energy. Since the tunneling time
is large, even on the scale of the age of the universe, the levels are metastable. The mathe-
matical description of the series in (11-54) is that it is an asymptotic series, in which the
first few terms give an excellent description of the real energy shifts.

PROBLEMS

1.

Consider a simple harmonic oscillator in one dimension with characteristic frequency w. Suppose a
perturbation Ax? is introduced. Calculate the energy shift of the ath level to first order in A. Can you
work out the second-order term, proportional to A%, without actually doing the calculation? (Hint:
Write out the fotal Hamiltonian, including the perturbation.)

Consider a symmetric rotator with H, = L¥2I. Suppose this system is subject to a perturbation
given by

H, =E cos@
What are the energy shifts for the states with [ = 1?7

Consider a particle in an infinite potential well with width L with one edge at x = 0. What is the en-
ergy shift due to the introduction of an additional potential, which corresponds to tilting the “floor”
of the well,

V(x) = Vy(x/L)
for the nth state?

Diagonalize the matrix given by

E X 0 O
A E O O
0 0 2F o
0 0 o O
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5.

10.

11.

Consider the hydrogen atom and assume that the proton, instead of being as point-source of the
Coulomb field, is a uniformly charged sphere of radius R. This means that the Coulomb potential is
now modified so that

Vi) = ——3¢_ (RZ ~1 rz) r<R (<ay)
87re R 3
2
__ €
T Ameyr r>R

Calculate the energy shift for the n = 1, I = 0 state, and for the n = 2 states caused by this modifi-
cation, using the wave functions given in Chapter 8 (p. 138).

Calculate the energy shift in the ground state of the one-dimensional harmonic oscillator, when the
perturbation

V=t
is added to

2
H= g—m + %mwzx2

The bottom of an infinite well is changed to have the shape

mX

b

V(x) = & sin O0=x=<b

Calculate the energy shifts for all the excited states to first order in £. Note that the well originally
had V(x) = O for 0 <x < b, with V = w elsewhere.

Prove the sum rule (Thomas-Reiche-Kuhn sum rule)
S, - E)lnbla)P = 12
- n Q. 2m
[Hints: (a) Write the commutation relation [p, x] = #/i in the form
_h _h
S KalplnXnlxla) - (alx|nXrnlpla)} = 2 (alay = 2
(b) Use the fact that

n> =m é (a|[H, x]l")

(alpln) = <a

m
dt
in working out the problem.]

Check the sum rule in Problem 8 for the one-dimensional harmonic oscillator, with “4” taken in the
ground state.

Work out the first-order Stark effect in the n = 3 state of the hydrogen atom. Do not bother to work
out all the integrals, but you should construct the correct linear combinations of sates. Can you give
a qualitative explanation of the pattern of energy shifts?

Consider a two-dimensional harmonic oscillator described by the Hamiltonian
H= 2o (p2 + p) + a2 +77)

Generalize the approach of Chapter 6 to obtain solutions of this problem in terms of raising opera-
tors acting on the ground state. Calculate the energy shifts due to the perturbation

V= 2\xy
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13.
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in the ground state, and in the degenerate first excited states, using first-order perturbation theory.
Can you interpret your result very simply? Solve the problem exactly, and compare it with a
second-order perturbation calculation of the shift of the ground state.

The Hamiltonian for an electron in a hydrogen atom subject to a constant magnetic field B is, with
the neglect of spin,

P’ & e
= — +-£ L
H 2m, Admegr 2m LB

where L is the angular momentum operator. In the absence of the magnetic field, there will be a sin-
gle line in the transition from an (n = 4, [ = 3) state to an (n = 3, [ = 2) state. What will be the ef-
fect of the magnetic field on that line? Sketch the new spectrum and the possible transitions,
constrained by the selection rules A [, = 0, +1. How many lines will there be? What will be the ef-
fect of a constant electric field E parallel to B?

Consider a Hamiltonian of the form

E, 0 o u
n=(5 %) 5)

(a) Calculate the energy shift to first and second order in A. Compare your results with the exact
eigenvalues.

(b) Suppose u* is replaced by v # v*. Show that the eigenstates of the non-hermitian new H corre-
sponding to different eigenvalues are no longer orthogonal. (For this part of the problem you may
take « = B = 0 to simplify the work.)
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The Real Hydrogen Atom

The discussion of hydrogenlike atoms in Chapter 8 was based on the Hamitonian

_P 7z
2 4we

A 1 (12-1)
In a more realistic treatment, several corrections must be taken into account. We separate
out the treatment of the proton motion so as not to clutter up our discussion of relativistic
and spin effects with simple kinematic matters that involve the motion of the proton. For
the time being we treat the proton as infinitely massive, and return to the effect of its
motion in a separate section.

12-1 RELATIVISTIC KINETIC ENERGY EFFECTS

The relativistic expression for the kinetic energy of the electron is

2 232
_ z 2 e~ P 1®) ]
K o) + (m.c) — m.c m 8 i + (12-2)
The second term is the perturbation we want to consider. It gives rise to
2 \2
__1(P Y1 i
H, 2 <2me) e (12-3)

We can estimate its effect on the basic energy levels. We know that p?/2m, = O(c’m.c?)
so that the perturbation is of order &’ smaller than the leading term. We will evaluate it
more accurately a little later.

12-2 SPIN-ORBIT COUPLING

188

The spin of the electron and its associated magnetic moment change the interaction of the
electron with the electric field due to the proton charge. An electron moving with uniform
velocity v experiences a magnetic field

X E vX(=Véd() 1 do(r)
- =7 2 =3vX &

2

B:
c C c r dr

(12-4)

where ¢(r) is the potential due to the proton charge. The magnetic moment of the electron
interacts with this magnetic field. With

S

= __¢ =_€
B ZmEgS m,
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the additional interaction is

_ _ e 11dp() _ e 1 d(r)
peB= eS erCJr dar —m‘%CzS pXry ar
(12-5)
—— € g 1 do(r)
mzc2 rdr
For a potential due to a point charge, ¢(r) = Zel4dmeyr, this becomes
2 L]

Ze 1 S-L (12-6)

Ameo mic? r

€

Actually this is not correct. It turns out that relativistic effects associated with the fact that
the electron does not move in a straight line reduce the above by a factor of 2." This
means that the correct perturbation is

_Z& 1 S-L
dmey 2mic? P
Let us now use first-order perturbation theory to calculate the effects of H; and H, on the

spectrum of hydrogenlike atoms. We can rewrite H; in the form

_ 1@ (PP e ze
H, = 8m2c2_ 2m,_,c2 2m, = 2m,_,C2 H0+47T£0r H0+47T£0r (12-8)

if we neglect reduced mass effects in H,. We can now evaluate

H, (12-7)

__ 1 Ze* Zé
<¢nlm|Hl |¢nlm) - 2meC2 <¢nlm (HO + 47T€0r)(H0 + 477_80'.) ¢nlm>
_ 1 Zé zé \
- 2m,_,cz I:Etzz + 2En<¢nlm 47T€0r ¢nlm> + <¢nlm (477_80'.) ¢nlm>:|

1 [|mc@a’f? mecz(Za)z] 27 ( z ) 12
=- - Z 9
2mc* {[ 2n? ] 2[ 2n? 4mey \ggn® (129

N ( Zé )2 272
Amey) a2n*21+ 1)
2Za)® 3(Za)2]
n*Rl+ 1) 4n’

In calculating the preceding we have used the expressions for {1/, and
(Dol 1/7%|b,1n) Obtained in (8-52). The spin of the electron does not enter into this part of
the energy shift, since H; does not depend on the spin. H, does depend on the spin, and for
our unperturbed wave functions we must take the two-component wave functions in order
to calculate the expectation value of H,.

1 270
2m,_,c (Za) [

"The so-called Thomas precession factor, a relativistic effect calculated by L. H. Thomas, led to the correct
doublet splitting in spectra and it convinced the experts of the correctness of the notion of spin. A classical
discussion may be found in J. D. Jackson, Classical Electrodynamics, Wiley, New York, 1998. The spin-orbit
term emerges naturally from the relativistic Dirac equation.
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Here, again, we have an example of degenerate perturbation theory. For a given n and
I, there are 2(2] + 1) degenerate eigenstates of H,, with the additional factor of 2 coming
from the two spin states. Thus the calculation of the energy shift involves a diagonaliza-
tion of a submatrix, as in (11-24). We can save ourselves a great deal of labor by noting
that

S+L=]J (12-10)

implies that
S?+2S-L+L*=J
that is,
S.L=3J"-L*-8) (12-11)

Thus if we combine the degenerate eigenfunctions into linear combinations that are eigen-
functions of J* (they already are eigenfunctions of J, = L, + S,), then these linear combi-
nations will diagonalize H,. The appropriate linear combinations were obtained in
Supplement 10-A [Egs. (10A-13) and (10A-14)]. [www.wiley.com/college/gasiorowicz]

With these linear combinations, which we label by their j and m; values in terms of J,

we have
S-L1+;,m+1>_%(J2 Sz)l+§,m+1>
=%ﬁ[(l+2)(l+z)—l(l+1)—%%]‘l+%,m+ > (12-12)
= 2RI+ 2m +%>
and
S-Ll—%,m+%>=%(J2 Sz)l——m+;>

|

=1 _1 1y _ _1 _1 1 3
—zﬁz[(l 2)(1+2) W+1-5 ]ll 2,m+2> (12-13)

_ 1, _1 1
= 2ﬁ(l+1)}l 2,m+2>

N

For a given [ value there are [2(I + 1/2) + 1] and [2(I — 1/2) + 1] states. What has hap-
pened is that the degenerate states have merely been rearranged, but the two groups that
they have been split into behave differently under the action of H,. If we call the linear
combinations |¢;,,), then

@

2
(Dt Haljm1) = 2 - 47780" {_ll_ 1} f r dr(R,,,(r))Z% (12-14)

0

forj = I + 1/2, respectively. We look up the integral in (8-52) and find that

3
<l3> Z____2 (12-15)
iy a@rld+ DRI+ 1)

which is valid for I # 0. Note that here g, = h/m ca.
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Figure 12-1 Splitting of the n = 2 levels by (1) the spin-orbit coupling (which leaves the S state
unaffected) and (2) the relativistic effect. The final degeneracy of the %S;, and P, , states is actually
lifted by quantum electrodynamic effects. The tiny upward shift of the 25, , state is called the Lamb shift.

4
AE o S S
= —m,c(Za
4 (Zor) I+ 12D+ 1)
valid for I # 0. When the effects of H, and H, are combined we get

It follows that the energy shift is

1

e L3 _
AE R (Za) (j 1R 4n) (12-16)

valid for both values of I = j *+ 1/2 and also for [ = 0.

The splitting is depicted graphically in Fig. 12-1. A very interesting result is that the
corrections add up in a manner that leaves the 2P,,, and the 2S,, states degenerate. A more
careful discussion, using the relativistic Dirac equation, does not alter this result. In 1947,
a very delicate microwave absorption experiment carried out by Lamb and Retherford
showed that there was, indeed, a tiny splitting of the two levels. The magnitude of the
splitting, of order m,c*(Za)'a log a, could be explained by the additional interaction of
the electron with its own electromagnetic field—that is, as a self-energy effect. These
matters are outside of the scope of this book.

12-3 THE ANOMALOUS ZEEMAN EFFECT

Particles of charge —e and mass M that move in a magnetic field B experience a potential
given by
= _peB=-f"1- -
Hy=—u°*B 2ML B (12-17)
If we choose B to define the z-axis, then the perturbation gives rise to the following en-
ergy shifts, known as the Zeeman effect:

AE,,, = {nlm|Hy|nlm) = % (nim|L_|nlm)

_eBh,
2M
where m = 1,1 — 1,1 — 2,..., —L The (2] + 1) degenerate levels are split by the mag-
netic field. The presence of even numbers of lines was a mystery, cleared up by the
discovery of spin. Because of the spin, there is an additional intrinsic magnetic moment
present, and the new perturbation for an electron is now

Hg = 2”;1 (L+2S)+B (12-19)

€

(12-18)
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Here we have used the fact that the gyromagnetic ratio for the electron is g = 2. Since
spin-orbit coupling is generally larger than the perturbation due to the magnetic field, we
take our unperturbed Hamiltonian to be

2

2 21 .
P Ze 1 Ze" LS (12-20)

Ho = 2m, dmegr  2mict dmey P

The only effect of this is that we must calculate the matrix elements of Hy with the eigen-
states of J? and J,. If we again choose the z-axis to be defined by B, we need to calculate

B B
;7 <¢jmlJ|Lz + 2Sz|¢]m,l) = ;7 <¢jml-l|‘,z + Szld)}m,l) (12_21)

The first term is easy to evaluate. It gives (eB#:i/2m, )m;.

The second term can be evaluated in one of several ways. There is the brute-force
evaluation, in which one calculates the matrix elements using the eigenfunctions given in
(10A-13) and (10A-14). The second method is more intuitive. It can be established quite
rigorously (which we don’t do here) and it has a more general applicability—say, to spins
other than s = 1/2. The basic idea is this: The “vector” J is a constant of the motion, while
S and L are not. These vectors each have a fixed length, so that they precess about the di-
rection of J (Fig. 12-2). The components of S and L along J are fixed, while the other com-
ponents, rotating as they do about the J axis, average out to zero. This leads to the rule

S-J S-J
LySD_ ;6D
J R5G + 1)
In the evaluation of <¢jm,1| Sz|¢jm,1) we therefore need to calculate S » J, and this is easily
done using L = J — 8. In fact,

S (12-22)

_ 1 PO L 3
SeJ=~[P+S-LA=2[jGi+D+2-1+1)]
2 2 4
The above means that we replace (S,) by

j(j+1)—l(l+1)+%

(12-23)
V3G
Adding the two terms yields
eBh G+ — I+ 1y +3
¢ %i(j+ 1)
/
/
/ S
/
/
/
/
-
\
\
\
\
N\ L
AN Figure 12-2 Sketch showing the precession of the orbital angular
\\ momentum vector and the spin vector about the constant total angular
momentum vector.
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Figure 12-3 General representation of anomalous Zeeman effect.

This can be evaluated for j = I + 1/2 and for j = I — 1/2, and yields

_ | eBh 1
AE, = mj( 2m£)(1 o 1) (12-25)

forj = I = 1/2. The splitting is depicted in Fig. 12-3. The lines drawn obey the so-called
selection rules, Amj =0, *1.

The splitting between the levels is not the same for every multiplet, so that the pattern
is complicated. For example for n = 2, the 2P,, state splits into four lines, with the split-
ting twice as large as of the two states in the P, levels (Fig. 12-4). If the external field is
strong enough so that the spin-orbit coupling can be neglected, we may use the ordinary

m, = 3/2
e
, ,// 1/2 l 4¢/3
Py, Ll l 3
S ~1/2 4/
~N
~ -3/2 l 4¢/3
1/2
2Pyz s Sy — 1/2 1 2¢/3
s P —1/2 } 2¢/3
~ -1/2 } 2¢/3
Figure 12-4 Zeceman effect in
hydrogen, € represents the energy
efiB/2m,. The transitions for
2 whichl=1,Am = 1,0, —1 are
26 P drawn in the figure. The location
2 <~ 2 of the unperturbed states is given
™~ 172 by Fig. 12-1.
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hydrogenic wave functions simply multiplied by spinors—that is, eigenstates of L% L, §?,
and S,. If we call the eigenvalues of L, and S, fim,, fim, then

_eBh

(m, + 2m,) (12-26)

Here the n = 2, I = 1 states are split into five levels, corresponding to m; = 1, 0, —1 and
m, =172, —1/2.

12-4 HYPERFINE STRUCTURE

In addition to the fine structure caused by the spin-orbit coupling, there is a very tiny hy-
perfine splitting, which is really a permanent Zeeman effect due to the magnetic field gen-
erated by the magnetic dipole moment of the nucleus. If the spin operator of the nucleus is
denoted by I, then the magnetic dipole operator is

Zegy

M=,

| (12-27)

where Z is the nuclear charge, M), the nuclear mass, and gy its gyromagnetic ratio. Such a
dipole gives rise to a magnetic field. We take the result from any textbook on electromag-
netism. If the dipole is placed at the origin, the field at a point r is

Mo [3r@xeM)—r™™M  gr
= ( 3 + 3 M 6(x)
7 X (12-28)
_ Zegy po (3x(r-1) — rl 87
=M, 477( ;s + 3 I 6(r)
Thus the hyperfine perturbation is
_ e
Hy = 2m, (L+2S)*B
_ Zégy mo (3raxeD—r1 8
= 4MNme E 5 + T | 6(1') (L + ZS)
Wi _ 1
ith py = —, we get
8062
22 gv  (3r@-D  gx )
H,= +—-16(r) ]+ (L +2S (12-29)
" darey AMym ( r’ 3 ) )
An order of magnitude estimate yields
)
_ SN N 7,
Amechc aMym,c® @ Myme\ R (12-30)

~ (ZaYm.E e
(Za)’'m,c My

This is a factor m, /M, smaller than the typical spin-orbit coupling.
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For a detailed calculation we shall only be interested in the hyperfine structure of an
I = 0 state of a hydrogenlike atom. We may therefore ignore the operator L. and we are
left with

H =
" Amreg 2Mym,c*

Ze? gn (3(1‘ . I)S(l' *S) + _8?77 IS 8(1‘)) (12-31)

r

We must evaluate

L ] L d —_— 2 o
fd%wmuwcﬁ Dr5) ’IS+§§PSNU) (12:32)

r5

A great simplification arises because |th,00(r)|* is spherically symmetric. In doing the an-
gular integration we have, for example,

f dQ(r - S)(r I) = f AQS, + ¥S, + S ), + yI, + 2I)
Now
[ 406 = [ a0 = [ 4009 =0
and

fde2=fde2=fszz=%fdQ(x2+yz+zz)=%fer2=4TTrr2

We are thus left with %S « I, and we see that the first two terms cancel. We are left with
the last term. This gives

Zam,c\? 1
— 5 (12-33)

3 2 1 |
fd 00> 8(x) _4_7T|R"O(O)| _?( -
For hydrogen in the ground state Z = 1, n = 1 and we get

& 8 8wy clfmocY 4 , m,\1-8
deo 2M,m 3 I-S— 7 = 3amec2gp M,) 72 (12-34)

As a last step we introduce the total spin F = S + L. Then

SeI _
I

%[F(F + 1) =SS+ 1) = Id + 1] (12-35)

For F = 1 this is 1/4; for F = 0, it equals —3/4. This leads to the final answer

AE,, = ga“mecl( A";P )g,, (12-36)

The proton gyromagnetic ratio is gp = 5.56, so that the frequency of the radiation emitted
in the transition between the two levels is v = 1420 MHz. This corresponds to the wave-
length of A = 21.1 cm.
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The radiation arising from this transition plays an important role in astronomy. In a
gas of neutral atoms, the F = 1 state cannot be excited by ordinary radiation, because of
a selection rule that strongly suppresses transitions in which there is no change in or-
bital angular momentum. Both the F = 1 and the F = O states have zero angular
momentum. On the other hand, there are other mechanisms that can cause transitions.
The F = 1 state can, for example, be excited by collisions, and the return to the F =0
ground state can be detected. From an analysis of the intensity of the 21-cm radiation
received, astronomers have learned a great deal about the density distribution of neutral
hydrogen in interstellar space, as well as the motion and the temperature of the gas
clouds containing the hydrogen. The average number of neutral hydrogen atoms ap-
pears to be about 1 cm™? in the galactic plane near the sun, and the temperature is of the
order of 100 K.

12-5 COMMENTS ON REDUCED MASS EFFECTS

We ignored reduced mass effects in the perturbation calculations because of the small
magnitude of m,/M,. In the past thirty years it has been possible to study spectra of unsta-
ble atoms such as atoms in which a short-lived p~ (a heavy electron of mass m,, = 205.8
m,) forms a bound sate with a proton, or positronium in which the ¢~ forms a bound state
with the positron e*, a particle identical to the electron, except for the sign of its charge
(and magnetic moment). In these cases the reduced mass effects are more important. We
briefly discuss how these affect the discussion of the relativistic effects. We shall do this
in the language of the hydrogen atom.

If we take into account the relativistic kinetic energy of the proton as well as the elec-
tron, then the corrections to the nonrelativistic kinetic energy can be written as

_ 1@ 1, 1
=52 e m

which, after a little algebra, can be written as

1@, m  [(mV
H‘_§m§c2 1- 5+ (12-37)

P p

In the spin-orbit term M is unaltered, but v = p/p.
In our discussion of the anomalous Zeeman effect, the perturbation now reads

Hy = (LL + 8 s) B (12-38)

2n 2m,
e €g e
¢Jm,l> =B <¢ij1 ﬂ Jz + (zme - ﬂ) Sz ¢jm,l>

_ % [ﬁmj + (8 = 1)<¢f"'ﬂ| S‘|¢j"'”)]

Reduced mass effects can be ignored in our discussion of hyperfine structure for hydro-
gen, since the whole effect is a factor of m/My smaller than the atomic effects under
consideration.

and (12-21) becomes

<¢jm,l

eB egB
" L+ S, S,

(12-39)
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Numerically, the reduced mass effects are small. The table that follows? lists the en-
ergy shifts in millielectronvolts including relativistic and spin-orbit terms:

Level Energy Shift with u = m, Energy Shift Including Red. Mass Effects

15,, —0.18113 —0.18074
28 —0.05660 —0.05648
2P, —0.05660 —0.05651
2 Py, —0.01132 —0.01128

The reduced mass effects on the energy shifts are of the order of 4 X 1077 eV. Quantum
electrodynamic effects (Lamb shift) are of the order of 4 X 107 eV. Thus for hydrogen
there is no point in keeping the reduced mass effects, unless one is interested in very high
precision calculations. On the other hand, for a system like positronium, the e~ — e¢* bound
state, reduced mass effects are crucial, since the two particles have the same mass. There
the hyperfine splitting is not suppressed relative to the spin-orbit or relativistic effect.

PROBLEMS

1.

If the general form of the spin-orbit coupling for a particle of mass m and spin S moving in a poten-
tial V(r) is

I .y 14V0)
2m2C2 r dr

Hgo =

what is the effect of that coupling on the spectrum of a three-dimensional harmonic oscillator?
{(Note: The unperturbed SHO spectrum is Aiw(2n, + [ + 3/2), where n, = 0, 1, 2,..., and [ is
the orbital angular momentum.)

Calculate the energy spectrum of the n = 2 states in the real hydrogen atom, ignoring hyperfine
structure. How is the spectrum changed when the atom is placed in a magnetic field of 2.5T?

Consider hydrogen gas in its ground state. What is the effect of a magnetic field on the hyperfine
structure? Calculate the spectrum for B = 107*T and for B = 1T. [Hint: To solve this. set up an
eigenvalue problem for the interaction

A(S » /B + a(S,/h) + b /h)
with
A = gdm BMp)o*mc?, a = ehiBlm,; b = —egphBl2M,,
Consider the transitions 32P,,, — 128, ,; 3*P5, — 12§, in hydrogenlike atoms.
(a) Calculate the wavelengths of light emitted in these transitions as a function of Z.

(b) In sodium the wavelengths are 589.592 nm and 588.995 nm. respectively. What value of Z does
this correspond to?

Consider a harmonic oscillator in three dimensions. If the relativistic expression for the kinetic en-
ergy is used, what is the shift in the ground-state energy?

2The table was Kindly provided by Professor J. S. Tenn.
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6. The deuteron consists of a proton (charge +¢) and a neutron (charge 0) in a state of total spin 1 and
total angular momentum J = 1. The g-factors for the proton and neutron are

gr = 2(2.7896)

gy = 2(—1.9103)
(a) What are the possible orbital angular momentum states for this system? If it is known that the
state is primarily *S,, what admixture is allowed given that parity is conserved?

(b) Write an expression for the interaction of the deuteron with an external magnetic field and cal-
culate the Zeeman splitting. Show that if the interaction with the magnetic field is written in the
form

V= —pygB

then the effective magnetic moment of the deuteron is the sum of the proton and neutron magnetic
moments, and any deviation from that result is due to an admixture of non-S state to the wave
function.



Chapter 13

13-1

Many-Particle Systems

Our discussion of the quantum mechanics of a single particle is easily generalized to an
N-particle system. For such a system in one space dimension, the particles are described
by a wave function ¢(x,, x,, X3, . . . , X), normalized such that

f f e f dx; dx, . . . dxy|(x,, X, X5, - . - =1 (13-1)

The interpretation of |¢(x,, X,, X3, - - -, xp)I is a generalization of the interpretation of the
one-particle wave function: It yields the probability density for finding particle 1 near x,,
particle 2 near x,, . . ., particle N near x. The time evolution of such a wave function is
given by the solution of the partial differential equation

OY(X1, Xoy X35+« + 5 Xpy)

if = 2 = Hp(xy, X0 X, - - - Xn) (13-2)

where the Hamiltonian H is again constructed in correspondence with the classical form
of the energy

2
Di
. 15"—,' + V(xp, X, X35 -« < 5 Xp) (13-3)

M=

H=

as

e Tl ey B D) Ve (34
2my 9x2  2my 9x3 2my 922,

The whole formalism of quantum mechanics developed up to here is easily generalized,
with the proviso that operators describing single-particle observables commute when they
refer 1o different particles; for example,

P xj] = —ih 8ij (13-5)

THE TWO-PARTICLE SYSTEM

It is convenient to discuss this in three-dimensional space. This extension is trivial. We
begin by considering a two-particle system described by the Hamiltonian

PRI (13-6)
2m;  2m,
Let us change variables to
P=p tp
r=r,—r 13-7)

199
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and introduce the center of mass coordinate

mr; + mor.
= 141 242

R M (13-8)

where M = m,; + m, is the total mass. We see that
[P, R) = —it b, (a,b=1,2.3) (13-9)

The variable conjugate to the relative distance r is
p= w (13-10)

We solve to get p, = p + (m,/M)P and p, = —p + (m,/M)P from which we can calculate
the kinetic energy in the form

2 2 2
PP 1.1 1\_P P
where p is the reduced mass. In writing the eigenvalue equation
2 2
Pop + P, + V(r, R) Ji«(x, R) = EY(r, R) (13-12)
2 2M ’ ’ »

we treat P,, and p,, as operators. If the potential only depends on the separation between
the variables, so that V = W(r), we may write the wave function as a product of the eigen-
function of P,, and u(r), where

P(r. R) = ePRy(r) (13-13)

Here P is the eigenvalue of P,, and u(r) is a solution of

2
(l;cz + V(r))u(r) = (E - %)u(r) (13-14)

This is a one-particle equation for a particle with reduced mass p, moving in the potential
V(r), and energy E reduced by the kinetic energy of the two-particle system. We have al-
ready used this result in dealing with the hydrogen atom as a single-particle system with
reduced mass for the electron.

We may ask, under what circumstances does V depend on r only? This happens when
the Hamiltonian has a special symmetry property, which is that it is unchanged by the uni-
form displacement of all particles. If H is unchanged when

I,—>r;+a (13-15)

where a is the same for all particles, then V can only depend on the separation of two par-
ticles. The kinetic energy involves derivatives with respect to the r; so that it also obeys
the above rule.

We show in Supplement 13-A [www.wiley.com/college/gasiorowicz] that the invariance
of the Hamiltonian under the transformation (13-15) leads to the existence of a con-
served quantity, which turns out to be the fotal momentum. This is very similar to the
result that the conservation of total angular momentum is a consequence of the invari-
ance of the Hamiltonian under rotations.
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13-2 IDENTICAL PARTICLES

There is compelling evidence that electrons are indistinguishable from one another. If this
were not so, then the spectrum of an atom—helium, say—would vary from experiment to
experiment, depending on “what kind” of electrons were contained in the sample under
investigation. In fact, no such variation has ever been observed. Similarly molecular and
nuclear spectra are always the same—indication that protons are indistinguishable, as are
neutrons. Similar evidence from high-energy physics indicates very strongly that other
particles—for example, pions—are indistinguishable. The same holds for photons, an im-
portant property utilized in lasers.

Indistinguishability is a purely quantum mechanical property: In classical mechan-
ics it is in principle possible to follow the orbits of all particles, so that they are never
really indistinguishable. We have learned that electrons are characterized by an inter-
nal quantum number, its spin. Thus a complete set of quantum numbers for the de-
scription of an electron must include the spin label. This is generally chosen to be the
value of the z-component of the spin, which has the value *£#/2. This spin state will be
labeled byl o, which will be double-valued. What this means is that two electrons,
identical in every respect (except for the spin), can still be distinguished by their o-
value. A third electron with the same quantum numbers as the other two must have a
spin label that is identical to that of at least one of the other electrons. The existence of
the spin label has a further effect on the consequences of indistinguishability, which
we discuss next.

The Exchange Operator

A Hamiltonian for indistinguishable particles must be completely symmetric in the coor-
dinates of the particles. For a two-particle system, if the potential does not depend on the
spin labels, the Hamiltonian is

2

., P
H= ﬁ + Z_rE + WV(x;, x3) (13-16)
V(x,, x0) = V(xp, x1) (13-17)
We write this symmetry symbolically as
H(1,2) = H(2,1) (13-18)

and it is understood that if the Hamiltonian contains operators that refer to the spins of the
two particles, then these too must be included in the labeling “1,7 2.

A wave function for an N-particle system, labeled by the total energy, for example,
now needs to be labeled by the spin labels oy, 05, . . ., oy. For a two-particle system, the
energy eigenvalue equation now reads

H(, 2)igo0(1, 2) = Eutgy o (1, 2) (13-19)

"The spin index is sometimes labeled by *, or even by the “up” and “down” symbols T, l.
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Since the labeling does not matter, we may, by interchanging the “1”” and “2” labels, write
this as
H(2, Duge,r (2, 1) = Eug, (2, 1) (13-20)
On the other hand, using (13-18) we also have
H(1, 2ug,5(2, 1) = Eugy (2, 1) (13-21)

Let us now use the formal approach that we used in our discussion of parity. We introduce
an exchange operator P;, which, acting on a state, interchanges the two identical parti-
cles that we labeled by 1 and 2. Thus

PIZMEUIUZ(I’ 2) = uEszﬂl(z’ 1) (13'22)
Equation (13-21) may be written as follows:
H(l* 2)P12uE¢7|¢71(1’ 2) = EuEUZU|(27 1)
= EPlzuEﬂlsz(l’ 2)

= PIZEMEU,UZ(I’ 2)
= PIZH(I, 2)”E¢7,¢72(1’ 2)

(13-23)

Since this applies for the complete set of ug, (1, 2) of simultaneous eigenfunctions of H
and the spin operators, we deduce the operator relation

[H, Plz] =0 (13—24)

Thus Py,, likely parity, is a constant of the motion. Further, since two exchanges 1 — 2,
2 — 1 bring back the original state, we have

(P’ =1 (13-25)

so that the eigenvalues of P,, are * 1. Just as even and odd functions are eigenfunctions of
the parity operator, here the eigenstates are the symmetric and antisymmetric combinations

¥91,2) = 5= [9(1,2) + $(2, D] (13-26)
28

W1, 2) = ﬁ [YA1. 2) — (2, 1)] (13-27)

where the N, are normalization constants. The fact that P,, is a constant of the motion im-
plies that a state that is symmetric at an initial time will always be symmetric, and an anti-
symmetric sate will always be antisymmetric.

13-3 THE PAULI PRINCIPLE

It is an important Jaw of nature that the symmetry or antisymmetry under the interchange
of two particles is a characteristic of the particles, and not something that can be arranged
in the preparation of the initial state. The law, which was discovered by Pauli, states that

1. Systems consisting of identical particles of half-odd-integral spin (i.c., spin 1/2,
3/2,...) are described by antisymmetric wave functions. Such particles are called
Sfermions, and are said to obey Fermi-Dirac statistics.

2. Systems consisting of identical particles of integral spin (spin 0, 1, 2, . . .) are de-
scribed by symmetric wave functions. Such particles are called bosons, and are
said to obey Bose-Einstein statistics. We shall primarily be concerned with elec-
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trons, protons, and neutrons, which have spin 1/2, and with spin 0 bosons, which
carry no spin labeling.

The law extends to N-particle states. For a system of N identical fermions, the wave
function is antisymmetric under the interchange of any pair of particles. For example, a
three-particle wave function, properly antisymmetrized, has the form

¥, 2,3) = Nl_ (1, 2,3) — {2, 1,3) + (2,3, 1)
3A

(13-28)
—(3,2,1) + (3. 1,2) — (1, 3, 2)]
whereas the three identical boson wave function has the form
W(1,2,3) = o [(1. 2, 3) + (2, 1,3) + (2, 3, 1)
Nss (13-29)

+ (3,2, 1) + (3, 1,2) + (1, 3, 2)]

It should be stressed that for more than two identical particles, one could in principle have
mixed symmetries; for example, the wave function is antisymmetric under the exchange
of (1, 2) and (1, 3), but symmetric under the exchange (2, 3). The Pauli principle excludes
such mixed symmetry states.

N Fermions in a Potential Well

Let us now consider a very interesting special case, in which & fermions do not interact
with each other, but do interact with a common potential. In that case

N
H=)YH, (13-30)
i=1
where
P
H=5 % W(x) (13-31)

The eigenstates of the one-particle Hamiltonian are denoted by ug, (x,), where
Hyug, () = Etg, (%) (13-32)

It is understood that for each value of E, there are two possible values of the spin oy label.
A solution of

Hug(1,2,...,N)=Fug(1,2,...,N) (13-33)
is
ug1,2,3, ... N) = Ug o (XDUEG (%), - - -+ Ug,0,(XN) (13-34)
We shall write this as
ug(1,2,3, ..., N) = up (xDug(x2), - - . , ug (X) (13-35)
where we have suppressed the o, labels that go with the E;. Also
E=FE +E + - +Ey (13-36)

Our task now is to antisymmetrize (13-35). If there are only two particles, we evidently have

uh(1,2) = % L1, (e )14, (62) — g, (it (1)1 (13-37)
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With three particles, the form is

W1, 2,3) = % [ot 0 0, Ot () — 1 Oy ot (3 Yt ()
+ uE,(XZ)uEz(x3)uE1(xl) - uE,(xs)uEz(xz)u@(xl) (13-38)
+ uE,(x3)uE2(xl)uE3(x2) - uEl(xl)uEz(xél)uE,(xZ)]

For N particles, the answer is a determinant, the so-called Slater determinant:®

uE,(xl) ug,(xp) ** uE,(xN)
u(1,2,...,N) = 1 Jugx)  ug(x) - ug(oxw) (13-39)
VN | ¢
uEN(xl) ug(x) - uEN(xN)
In the preceding three equations we have suppressed the label o, that goes with each E,.
Clearly the interchange of two particles involves the interchange of two columns in the
determinant, and this changes the sign. If two electrons are in the same energy
eigenstate—for example, F; = E,—and if they are in the same spin state—that is, the spin
labels are the same o; = o,—then the determinant vanishes when x, = x,; that is, the
electrons cannot be at the same place. Thus the requirement of antisymmetry introduces
an effective interaction between two fermions; qualitatively we see that two particles in
the same state tend to stay away from each other, since the joint wave function vanishes
when their separation goes to zero. Thus even noninteracting particles behave as if there
were a repulsive interaction between them.

When Is Antisymmetrization Necessary?

The statement “no two electrons can be in the same quantum state” implies that a wave
function for a system containing two electrons must be antisymmetric in the coordinates of
the two electrons. The question arises whether we really have to worry about this when we
consider a hydrogen atom on earth and another one on the moon. If they are both in the
ground state, do the electrons necessarily have to have opposite spin states? What then hap-
pens when we consider a third hydrogen atom in its ground state? Intuition tells us that we
do not have to worry, and intuition is correct. We can see this by examining whether there
is a difference between using the totally uncorrelated wave function for two electrons

Yol )P,(x2) (13-40)

and the antisymmetrized wave function

ICACRT AR AERUNEN) (13-41)
The normalization factor N is given by the requirement that
NLZ f dx, f x| (e)dx) — P ) [P = 1 (13-42)
which with
f x| ) = f x| = 1 (13-43)

The wave function for N identical bosons is totally symmetric, and the general form is obtained by expanding
the determinant in (13-39) and making all the signs positive.
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leads to

2
N = 2(1 - \ f dx 3 (W(x) ) (13-44)

=201 — S
Suppose we want to calculate the probability that the electron with the a label is in some

spatial region R. For the uncorrelated wave function, which is ¥(x, y) = $,(x)i(), the
probability density is given by

Pw) = [ ax [ sl FluoF = [ axpop (13-45)
R R

We integrate over the whole range of the coordinates of the b electron, since we do not
care where it is.
For the antisymmetrized wave function we have

[0 )P = L WEOUE0) — SO0 — bw0)]
N

This is to be integrated over the domain R for those variables associated with the label a
and over the whole range of coordinates associated with the b label. We thus get

r® =L

R

Ay f 2Ol

+ # f dylp o) f a0
) - (13-46)

— L [ ac [ duzemeE om0 + VORI
R

R
= 2 [P - 25 | ax [ ayuzeomenzono)
R R R

The interference term has both integrals over the range R, since the wave function for
electron a appears in the x-region as well as the y-region. The difference will only be sig-
nificant if the overlap integral [y dx yF(x)i,(x) is important in the region R for the vari-
able x. Since wave functions fall off exponentially for bound states, it is clear that this can
only be important if the atoms are very near to each other.

For example, consider a two-electron system, each in a gaussian wave packet, one
centered about the origin and the other about x = L. A calculation of the probability of
finding an electron in a region R involves the overlap integral of Ce ™ and Ce Bo—L",
The overlap integral is of the form

C? f dx e B =D
R

and this is easily seen to be proportional to e #L*2, Thus for L large, the overlap integral
vanishes very rapidly, and our intuition that the wave function of an electron under con-
sideration need not be antisymmetrized with any or all other, distant electrons, proves to
be correct.
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The Pauli exclusion principle must be taken into account in atoms and in molecules,
but not in situations where the atoms are separated by significant distances. Even in crys-
tal lattices, where the spacing between the atoms is several angstroms, the overlap is fre-
quently small, and antisymmetrization is not necessary.

13-4 THE EXCLUSION PRINCIPLE
AND THE TWO-PARTICLE PROBLEM

For identical particles m; = m,, so that (13-10) shows that p = p, — p,. Thus, under the
interchange of the two identical particles that obey (13-15), the kinetic energy does not
change sign, while

V(r) — V(—r) (13-47)
The identity of the particles implies that when they are interchanged, the wave function
can acquire a phase (for example change sign) but it must obey the same equation. This is
only possible if V(r) = V(r); that is, the potential only depends on the magnitude of the

separation of the two particles. Equation (13-14) is then one involving a central potential,
and we can write the solution in the form

u(r) = Rnl(r)Ylm(ov ¢) (13'48)

An interchange of the two identical particles corresponds to the change

r—>r
6—>m—6 (13-49)
¢—)¢+W

The radial function remains unchanged, but under this transformation
Yinl0, 9) = Yy — 6, ¢ + 7) = (—1)'Y;,(6, @) (13-50)

The two-electron system can be in a spin singlet state

75 XX = xOx®) (13-51)
which is antisymmetric under the interchange of the two electrons, or in the spin triplet state
xOx¥
1
% UOx? + xy Oy @y (13-52)
xPx®

which is symmetric under the interchange of the two electrons. Thus the exclusion princi-
ple, which demands that the total wave function be antisymmetric under the interchange
of the two electrons, leads to the requirements that spin singlet systems have | = 0, 2, 4,
6, ..., and the spin triplet systems have [ = 1, 3, 5, .. .. We shall see an application of
this when we discuss the helium atom.

A Digression on Parity

Note that the same argument can be applied to checking the properties of the Y,, under in-
version. The transformation x — —x, y — —y, and z — —z is identical to (13-49). Thus
we see that a particle in an orbital angular momentum / state will have its wave function



13-5 The Exclusion Principle and the Noninteracting Particles 207

changed by (—1)". Even [ orbital states are also even-parity states, and odd [ orbital states
are odd-parity states. It should be noted, however, that the particles themselves can have
an intrinsic parity. We can define the intrinsic parity of the electron and the proton and
neutron to be even. In that case, the parity of a hydrogen / = 1 state, for example, is odd,
while the parity of the ground state is even.

In relativistic quantum mechanics one can show that the intrinsic parity of an antipar-
ticle of a fermion is opposite to that of the fermion. Thus the e* has negative intrinsic par-
ity, and hence the ground state of positronium, for which / = 0, has negative parity.

An interesting application of these remarks occurs in elementary particle physics.
One of the first unstable elementary particles to be discovered was the 7 meson predicted
by Yukawa. This particle, which plays an important role in nuclear forces, comes in three
charge states 77", 7%, 7. It was found to have spin 0. and the question arose whether the
wave function of a pion—as this meson came to be called—was even or odd under reflec-
tion, assuming that the known particles, the proton and the neutron, had positive intrinsic
parity. The following experiment was suggested.

Consider the capture of a 77~ by a deuteron. A slow pion in liquid deuterium loses en-
ergy by a variety of mechanisms, until it finally ends up in the lowest Bohr orbit about the
(pn) nucleus, and is then captured through the action of the nuclear forces. In the nuclear
reaction

7 +d—n+n

the angular momentum is 1; the pion has zero spin, the orbital angular momentum is zero in
the lowest Bohr state, so that the only contribution is the angular momentum of the deuteron,
which is 1. The two neutrons must therefore be in an angular momentum 1 state. If the total
spin of the two neutrons is 0, then the orbital angular momentum must be 1. If the total spin
of the two-neutron state is 1, then orbital angular momentum 0, 1, and 2 is possible, since
adding two angular momenta of one unit each can yield 0, 1, and 2, and adding one unit to
two units of angular momentum can yield 3, 2, and 1. However, a singlet state of two identi-
cal fermions must have even angular momentum, and is thus excluded. A triplet state must
have odd orbital angular momentum, and this is possible if the orbital angular momentum is
1. Such a state, however, has odd parity by (13-50), and hence the pion must have odd parity.

13-5 THE EXCLUSION PRINCIPLE AND
NONINTERACTING PARTICLES

The exclusion principle has huge consequences for the structure of atoms, as will be dis-
cussed in Chapter 14. We can get a sense of this effect by considering a very simple
model of a many-electron system by considering N spin 1/2 particles that do not interact
with each other, but each is placed in an infinite well. The potential is assumed to be a cu-
bical box, with side L. In one dimension this problem was solved in Chapter 3. The eigen-

functions were found to be
_ /2 . nmx
u,(x) = \/; sin —r

n*. The extension to three dimensions is straightforward, since

R
2ml?
the motion in the x, y, z directions are uncorrelated. Thus

372
Ulx, y, 2) = (%) sin W gin 127 i BT (13-53)

with energies E, =

L L L
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with

2
o B
2mI?

(n? + nd + nd) (13-54)

Note that there is quite a lot of degeneracy in the problem: There are as many solutions
for a given E as there are sets of integers {n,, n,, ns} that satisfy (13-54). Degeneracy is
usually associated with the existence of mutually commuting observables and this exam-
ple is no exception. In general when H = H, + H, + H, where

2

2 p p:
— X - = y . =] z -
H, > + Vi(x): H, m + Vo(y); H, o + Vi(z) (13-55)
the eigenfunctions of H have the form

¢E|E2E; ('x’ y’ Z) = uEl (x)sz(y)wE'! (Z) (13-56)

Where ug(x), ve,(y), we,(2) are eigenfunction of H,, H, and H, respectively, with eigen-
values E|, E, and E,, and

E=E +E,+E (13-57)

We may now ask for the ground-state energy of N (noninteracting) electrons in this box.
For each energy level associated with a triplet of integers (1, 1, 1), (2,1, 1), (1,2, 1), (1, 1,
2),(3.1,1),...,(2,2,2), ..., two electrons can be accommodated.

EXAMPLE 13-1

What is the lowest energy of a set of 24 electrons in a cubical box? What would it be in the absence
of the exclusion principle?

2
SOLUTION The energy in units of ;L_fz is n? + nd + nj with (n,, ny, n3) = 1,2, 3,. ... The energies and
m

the number of electrons for each energy, corresponding to the integers are, in order,

1,1,1)—>3 2 electrons
2,1,1),1Q,2,1),(1,1,2) > 6 3 X 2 = 6 electrons
2,2,1),(2,1,2),(1,2,2) > 9 3 X 2 = 6 electrons
G, LD,{,3D,d,1,3)>11 3 X 2 = 6 electrons
2,2,2) > 12 2 electrons
3,2,1),3.1,2),(2,3,1),(2,1,3),(1,2,3),(1,3,2) > 14 12 electrons

We see that energy levels 3, 6, 9, 11, 12 can hold 22 electrons, so that the remaining 2 electrons are
in the energy 14 levels. Thus the total energy in our units is (2 X 3) + (6 X 6) + (6 X 9) + (6 X
11) + (2 X 12) + (2 X 14) = 214. In the absence of the exclusion principle, all of the electrons
would go into the lowest energy state, so that the total energy would be 24 X 3 = 72.
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A simpler way to deal with the problem of N electrons is to rephrase the question:
How many triplets of integers (n,, n,, n;) are there such that
2
o B

2mlL?

2+ n3 + nd) (13-54)

is less than some number Eg?

Each triplet of integers formed lies on a lattice in three-dimensional space, and if
there are very many of them, then it is a very good approximation to say that they must lie
inside a sphere of radius R given by

2mEF 2

2 2 2 _ p2 _
ny + n; + n; = R = ﬁzwz L (13'58)

That number is given by the volume of the octant of the sphere for which all the »; are
positive (see Fig. 13-1). Thus the number of lattice points is

2mE 312
Az ( ﬁ'f = L2> (13-59)

and hence the number of electrons with energy less than the energy Ej is twice that; that
is,

4ar

1 4m 3
8 3R

OC | =

N= ZT_L3<2mEF>3/2
3

"
The number of electrons is proportional to the volume of the box L?, which is to be ex-
pected. In terms of the density of electrons,

(13-60)

N
n= g (13-61)
we have
_ B (3n 3
Ep = 2 <? (13-62)

The energy Ej is the energy of the most energetic electron in the ground state of a nonin-
teracting electron gas with density n. It is known as the Fermi energy and the labeling was
chosen accordingly.
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TR e Figure 13-1 Counting of states for an
1 independent particle system.
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To calculate the total energy, the number of lattice points may be written as

! f &n (13-63)

n|=R

The factor 1/8 comes from our restriction to positive integers in (13-54); in the integration
(13-63) this restriction is removed and must be compensated for by the factor in front.
This energy must be doubled, since there are two electrons with the same energy at this
lattice point. Hence the total energy is

w1

— 2 13
= 78 n“d’n

Ey

R

2

- g 7’; 4 f n* dn (13-64)
mn.

_ B RS
10mlL?

Since R is related to the number of electrons by

AT g3 (13-65)

N=2- ?

OO0 | =t

we finally get

_ K (3NY"
En = 10mI2 (? (13-66)

If we write this in terms of n = N/L?, we get

T 10m \ T

2 513
g, =Em (3’1) J& (13-67)

The consequences of the Pauli exclusion principle are quite staggering. We will dis-
cuss a few of them after the following observations:

(a)

The wave number. defined by E = #2%k*/2m at the top of the “Fermi sea” is given by
k, = 37°n)? (13-68)
Since k = 27r/A, we get for the de Broglie wavelength

A =203 (13-69)

Since n~'? is approximately the interparticle spacing d, we can state our result in

the easily memorized form

Ap

d=7

(13-70)
This is a better than expected mnemonic device. Since the exclusion principle
forbids two electrons with identical quantum numbers to be on top of each other,
this means that they must be at least a half-wave apart.
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(b) If we keep a fixed number of electrons, then (13-66) written in terms of the vol-
ume V containing them takes the form

2 53
o s (iv> v 1371)

tot 10m aT

This result is actually independent of the shape of the volume, if N is very large.
We used a cube to do the computations, since that is the simplest way to do the
calculation.

13-6 APPLICATIONS
Degeneracy Pressure and Bulk Modulus

If the electron gas is compressed, the electrons are pushed closer to each other, and this
decreases the de Broglie wavelength and, equivalently, increases the kinetic energy. Thus
the compression is resisted, and the pressure resisting the compression is called the degen-
eracy pressure. It is given by

I _ #ia (3_,1)56
T

pdeg == v 15m (13_72)

The bulk modulus B of a material, the reciprocal of the compressibility, is defined by

B = Va—p (13-73
1Y 73
and if we use the degeneracy pressure for p, we find that B = 5p,,/3, so that
_# (3n 53
B= Om (77) (13-74)

The use of a degenerate electron gas model for a metal gives the correct order of magni-
tude for the bulk modulus B. For example, for copper we have n, = 8.47 X 10% elec-
trons/m>, so that B = 6.4 X 10'© N/m?. The experimental value is 14 X 10'® N/m%

Astrophysical Application

The resistance to compression that originates in the Pauli exclusion principle plays an im-
portant role in stellar evolution. Stars “burn” by undergoing a succession of nuclear reac-
tions. Hydrogen converts to helium by the series of reactions

H+'H>?H+e' + v+ 1.44 MeV
’H + 'H — *He + y + 5.49 MeV
3He + *He — “He + 'H + 'H + 12.85 MeV

When all of the hydrogen is converted to helium, the burning stops. Gravitational contrac-
tion compresses the helium until it begins to burn in the reaction

“He + *He — ®*Be + v — 95 keV
®Be + “He — 'C + v + 7.4 MeV

The variety of nuclear processes gets larger, and the process of synthesis of nuclei is now
well understood. At some point, when the star consists primarily of iron, silicon, and
neighboring elements, the burning stops. The material then resumes gravitational contrac-
tion, and the only barrier to total gravitational collapse is the effect of degeneracy pressure.
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The gravitational pressure is easily calculated if we assume that the density of mater-
ial p is independent of radius, and that the shape of the star is spherical. The potential en-
ergy of the material in a shell lying between radius r and r + dr is

_G(47Tpr3/3)(477'pr2 dr _ @m*Gp* ,

v, = ridr (13-75)

8 r 3

so that the potential energy of the material contained in a sphere of radius R is

R
ZG 2 2
v, = _£47T)3_P f 2 dr = _(41_7;) GRS (13-76)

0

We also have the connection between p, R, and the stellar mass M. The star consists of N
nucleons (in the form of iron, silicon, and so on) each of mass m,, so that

4%7 R} = M = (Nm,) (13-77)
After a little algebra we get an expression for the gravitational potential energy in terms of

the volume of the star V:

3
v,=—3 (4%) G(Nm,)?V17 (13-78)
The gravitational pressure is
F1% 3

This is opposed by the degeneracy pressure, which, according to (13-72) is

2 53 2 3N 33
Puog = 2 (3—#> S (—) v (13-80)

15m, C15m \ 7

where N, is the number of electrons; it is equal to the number of protons in the star. As-
suming equal numbers of protons and neutrons, we have N, = N/2.
The two pressures balance, for a given value of N, when

1 (4—7T>U3G(Nm fy40 — #2.3 <%>5/3V“5’3

513 15m,\ 7
that is, when the radius of the star is R¥,
3 s 173 8 1772 173 ﬁz —1/3
% - _— 3- 1
R* = ( ) Vv 128 ) %’ N (13-81)

For a star of one solar mass,

2 X 10°%kg

— — 57
1.67 X 1077 kg

and the radius of the degenerate star is R* = 1.1 X 10* km. The radius of a nondegenerate
star, the sun, is = 7 X 10% km!

If the mass is somewhat larger than a solar mass, the average energy of the electrons
increases. When the electrons acquire relativistic energies, our expression for the degener-
acy pressure changes drastically. In effect, the electron energy is no longer p/2m,, but pc.
It can be shown (see Problem 12) that in this domain the degeneracy pressure also scales



Problems 213

as V=% and for a sufficiently large value of N, the gravitational pressure overcomes the
degeneracy pressure. As a consequence of this large net pressure, the reaction

e +tp—>ntv
takes place. The neutrinos escape, since matter, even degenerate matter, is transparent to
them, and we are left with a neutron star. The degeneracy pressure of the neutrons, which

are also fermions, and thus also obey the exclusion principle, can be calculated in the same
way as the electron pressure, except that N, is replaced by N and m, by m,. We now obtain

«_ (817°)\" A2 s i
R? (—1 6) —szN (13-82)

For a star with two solar masses, we end up with R* = 10 km! If the mass (equivalently
N) is so large that the neutrons become relativistic, then there is no counterbalance to the
huge gravitational pressure, and a black hole forms.

PROBLEMS

1.

What is the reduced mass of an electron—proton system? How does it differ from the reduced mass
of an electron—deuteron system? What is the reduced mass of a system of two identical articles?

Prove that the exchange operator Py, is hermitian.

Consider two noninteracting electrons in an infinite potential well. What is the ground-state wave
function if the two electrons are in the same spin state?

Consider N noninteracting electrons in a one-dimensional infinite well of width 5. What is the lowest
value of the total energy for large N? [Hint: Remember that there are two electrons per energy level;
for large N it does not matter whether the last level is filled with one or two electrons, and finally

k
nz:nz:k(ﬂ 1)6(2k+ 1)~fnzdn=§_]
1

Consider two electrons in the same spin state, interacting with a potential

x —x) = -V, | — x| =a
=0 elsewhere
What is the lowest energy of the two-electron state, assuming that the total momentum of the two
electrons is zero? Assume that the potential is deep enough for more than one bound state. (Hint:

Reduce the problem to a one-particle equation with reduced mass. Remember that when the elec-
trons are in the same spin state, the spatial wave function must change sign when x, <> x,.)
Consider two identical particles described by the energy operator
H = H(p), %) + Hpy x))
where
P

H(p,x) = m + %mwzx2

Separate out the center of mass motion, and obtain the energy spectrum for this system. Show that it
agrees with that obtained by solving

Hi(x, x) = Efi(xy, x3)
with
Pxy, x3) = 13X Jun(xy)

Discuss the degeneracy of the energy spectrum.
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7.

10.

11.

12.

13.

14.

15.
16.

17.

Consider two electrons described by the Hamiltonian

o P
=s—+:-+ +
H o + o W(x,) + Vxy)
where V(x) = o for x < 0 and for x > a; V(x) = 0 for 0 < x < a. Assume that the electrons are in
the same spin state; that is, oy = 0.
(a) What is the lowest energy of the two-electron state?
(b) What is the energy eigenfunction for this ground state?

(c) What is the energy and the wave function of the first excited state, still keeping o, = 0,7

Consider a two-electron system, in which oy = o, so that we do not need to consider spin. Suppose
the electrons are in gaussian wave packets about x = a and x = —a, so that their wave functions are
Varlpe 92 and \Var/pe # 9", respectively. Construct a properly normalized two-electron
wave function. Suppose 1/u = 0.5 A. Estimate for what values of a one can ignore the effects of the
Pauli principle to an accuracy of 1 part in 1000.

Use the wave function for the two-electron system in Problem 8 to calculate the probability that the
separation between the two electrons is in the range (x, x + dx). Also show that the expectation
value of the center of mass of the two-electron system is {(x, + x,)/2) = 0. (Hint: Write x, and x, in
terms of the center-of-mass variable X = (x; + x,)/2 and the separation x = x; — x,, and express the
wave function in terms of the new variables.)

Plot the probability density obtained in Problem 9 as a function of x, for the two cases (i) 1/a = u/2,
(i) 1/a = 2. Discuss the physics behind your results.

Suppose the electrons were replaced by bosons in Problems 8-10. List the changes in the formulas,
plot the probability density as a function of x for the two separations, and explain the difference be-
tween the fermion and boson case for the probability density.

Repeat the calculation of the Fermi energy of a gas of fermions by assuming that the fermions are
massless, so that the energy-momentum relation is E = pc.

Calculate the degeneracy of states in a cubic box of volume L? as a function of E; that is, calculate
the number of states in the interval (F, E + dE), and use this 1o obtain the density of states of an
electron gas, keeping in mind that there are two electrons per energy state. (Hinz: How many {n,, n,,
1y} are there for which 312 = 2mELYH*m?)

Calculate the energy density of a gas of photons in a cubic box of volume L?, keeping in mind that
there are two photons (two states of polarization) per energy state.

Calculate the energy spectrum of a gas of photons in a box of sides a, a, L, and a << L.

Calculate the energy spectrum for a free electron in a box of sides a. a. L. with @ << L. Discuss the
spacings whena = l nmand L = 1 pm.

A nucleus consists of N neutrons and Z protons, with N + Z = A. If the radius of the nucleus is
given by R = ry A" with r, = 1.1 fm (1 fm = 107'® m) and if the neutron and proton masses are
treated as equal, (1.7 X 1077 kg), write an expression for the Fermi energy of the proton “gas”™ and
the neutron “gas,” assuming that the protons and neutrons move as free particles. What are the
Fermi energies if N = 126 and Z = 827
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Conservation of Total Momentum

In our discussion of angular momentum in Chapter 8 we found that the assumption of in-
variance of the Hamiltonian under rotations led to the appearance of a new constant of
motion, the angular momentuntin this supplement we show that the assumptioim-of
variance under spatial displacemdeaads to the existence of a constant of the motien,
momentumThe requirement that the system be unchanged under the transformation

X— X+ a (13A-1)

does not change the kinetic energy, siaée independent of time. The potential energy
will change,unlesst has the form

V(Xl, X2, X3, P !XN) = V(Xl - X2, Xl - X3 .. .X2 - X3, . YXNfl - XN) (13A'2)

In classical mechanics, the absence of external forces leads to momentum conservation.
This follows from the equations of motion,

o J
m pr3 = ~ox V(Xp = Xoy X3 — Xgy + « + Xneg — XN) (13A-3)
a consequence of which is that
d dX < 9\ N
ag Mgt = 2 9%, V(X = X, o Xne1 = Xa) (13A-4)
=0

The reason for the vanishing of the right side of the preceding equation is that for every
argument inV, there are equal and opposite contributions that comeﬁemx' acting
on it. For example, withi = X; — X5, U = X; — X3, W = X, — Xg,

<‘9_+‘9_+)V“| ) éy_%éy 3V_¥é¥__éy__éy:=0

Xy % v du W dv  Iw

Hence

P=>m—_ (13A-5)

is a constant of the motion.
In quantum mechanics the same conclusion holds. We shall demonstrate it by using
the invariance of the Hamiltonian under the transformation (13A-1). The invariance im-
plies that both
Hug(Xg, Xo, + « X)) = Ele(Xg, X, « .+ 2 1 X0) (13A-6)
and
Hug(y +a, % +a,... Xy +a) =EulX +a,X+a... X +a (13A-7)

W-49
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hold. Let us taka infinitesimal, so that terms of &) can be neglected. Then

u +a, ... Xy ta=u®X,...X)+ a% uXy, - - . XN)
1
+ad Uy, .. . X+ (13A-8)

9%,

=U(Xq, . ..o Xy) T aEaiXiu(xl, CeoX)

and hence
aH<2 a)u (x Xy = a i ‘9>u (x Xx)
i:laxi E\ AL -+ -y i:l&xi E\A1 - - - AN
N
= a<i21 (;Z(i)EuE(Xl, Ce XN (13A-9)
= g i:EMTXi Hug(Xy, . . . %)

If we now define

z

N

p— ?i:ﬁ% L (13A-10)
so thatP is the total momentum operator, we see that we have demonstrated that
(HP — PH) Ug(X4, - . - %) =0 (13A-11)
Since the energy eigenstatesfbparticles form a complete set of states, in the sense that
any function ofx;, x,, . . ., Xy can be expanded in terms of all tyéx,, . . . ,Xy), the pre-
ceding equation can be translated into
[H, Plp(xs, . .. %) =0 (13A-12)
for all Yu(xy, . . . ,Xy)—that is, into the operator relation
[H,P] =0 (13A-13)

This, however, implies th&, the total momentum of the system, isomstant of the mo-

tion. This is a very deep consequence of what is really a statement about the nature of
space. The statement that there is no origin—that is, that the laws of physics are invariant
under displacement by a fixed distance—leads to a conservation law. In relativistic quan-
tum mechanics there are no potentials of the form that we consider here; nevertheless the
invariance principle, as stated earlier, still leads to a conserved total momentum.



Chapter 14

About Atoms and Molecules

Hydrogen and hydrogenlike atoms have only one electron. The force on the electron is
simple: It is just the attractive Coulomb force due to the charge of the nucleus. When
more electrons are involved, the potential energy involves more than the interaction with
the nucleus; the repulsion between the electrons comes into play. All the complications
that arise from this additional interaction and the effect of the Pauli exclusion principle
show up in the simplest two-electron system—the helium atom. Our discussion of this
atom will serve as a model for the discussion of more complex atoms.

The simplest molecule is Hy', in which there is only one electron but two protons.
Our discussion of this system will provide us with some guidance on how to treat more
complicated diatomic molecules. Much of this material is in a supplement, but we do
discuss the lowest excitations in diatomic molecules, the rotational spectra, in the text.

14-1 THE HELIUM ATOM WITHOUT
ELECTRON-ELECTRON REPULSION

The helium atom consists of a nucleus of charge Z = 2 and two electrons, which we label
1 and 2. Each electron is attracted to the nucleus, and the two electrons repel each other.
We assume, and this turns out to be correct, that no forces other than the electromagnetic
ones (Coulomb to a very good approximation), are necessary to describe the dynamics of
the helium atom with the help of quantum mechanics.
If the nucleus is placed at the origin, and if the electron coordinates are labeled r; and
r,, then the Hamiltonian for the atom is (Fig. 14-1)
PP,z Zé &

H=5+ 2 - +
2m, 2m, Admeyy  Amegr,  4aelr, — |

(14-1)

We shall ignore the small effects concerned with the motion of the nucleus,! relativistic
effects, spin-orbit couplings, and the effect of the current caused by the motion of one
electron on the other electron. The Hamiltonian just given can be written as

H=HY+ H® + v, 14-2)
where

oz
2m, Adareyr;

H® = (14-3)

'"The reduced mass effect takes a somewhat different form, since one is trying to convert a three-body problem
into an effective two-body problem. This is worked out in D. Park, Introduction to the Quantum Theory (31d
ed.), McGraw-Hill, New York, 1992.
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Figure 14-1 Coordinates used in the
description of the helium atom.

and

e2

Vp=— & 14-4
12 47780|l‘1 - l'2| ( )

We shall work with the nuclear charge Z and set Z = 2 later. Our work on the hydrogen
atom provides us with a complete set of eigenfunctions for H"” and H®. Thus, if we were
to ignore V, in the total Hamiltonian, we would have a solution to the eigenvalue prob-
lem for the two-electron system. The eigenfunctions would be

UL, B2) = P, (T1) Byt (T2) (14-5)
for the equation
[H + H® u(r, ;) = Eu(r;, 1) (14-6)
and the energy would be given by (Fig. 14.2a)
E=E, +E, 14-7)

where E, = —(mc*/2)(Za)*/n*. Thus in the idealized model in which the two electrons ig-
nore each other, the lowest energy is

E= —2E, = —mdQua)* = —108.8 eV (14-8)

Note that this is 2 X Z? = 8 times the hydrogen energy of —13.6 eV.
The first excited state is one in which one electron is in its ground state, n = 1, and
the second electron 1s raised to the first excited n = 2 state. Then

E=E +E,= —680¢eV (14-9)

The ionization energy—that is, the energy required to remove one electron from the
ground state to infinity—is

E.

ioniz

= (E, + E,) — 2E, = 54.4 eV (14-10)

and, interestingly enough, the onset of the continuum lies lower than the excited state for
which both electrons are in the n = 2 state. The energy of the latter state is

E=2E,= —272¢eV (14-11)

and it brings up a new phenomenon: the existence of a discrete state in the continuum for
the Hamiltonian HV + H®. We shall briefly discuss the implications of this later in the
chapter, in the section on Autoionization.
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Figure 14-2(a) The spectrum of helium as it would look in the
absence of the electron—electron interaction. The zero energy
point is chosen at the ionization energy. (b) The actual spectrum
of helium for the singlet (parahelium) and triplet (orthohelium)
states. The level labeling has a suppressed (1s), so that the level
(2p) is approximately described by the (1s)(2p) orbital.

Since the two electrons are identical fermions we must make the total wave function anti-
symmetric under the interchange of space and spin coordinates of the electrons. Thus a
proper description of the ground state of this idealized model is

ug(ry, 1) = Pioo(ry) Pigo(r2) Xiinglet

The spatial part of the wave function is necessarily symmetric, and that is why the state
must be a spin singlet state

Xsinglet =

.
V2

0Px? = xOx )

(14-12)

(14-13)



218 Chapter 14 About Atoms and Molecules

For the first excited state, we have two possibilities, which, for V = 0, are degenerate in
energy. These are

5 1
u(l) = —— [d100(T1) D2n(T2) T 2p(T)) D100(T2)] Xeingier (14-14)
V2
and the space-antisymmetric, spin symmetric
( 1
uklt) = —=[100(r) PoinT2) — Popn(T}) D100(12)] Xipler (14-15)
V2
where
xPx?
B TP INe S N
Xeipler = 5 0x® + xOxP) (14-16)
xOx?

is orthogonal t0 Xt

14-2 EFFECTS OF ELECTRON-ELECTRON REPULSION

The presence of V, the electron—electron Coulomb repulsion, may, in first approximation,
be treated as a perturbation. Let us first compute the energy shift of the ground state to
first order in V. We need to evaluate

2

AE = f f &r, Prou¥(r, 1) —E—— uy(r, ) (14-17)
47780|l'1 - l'zl

We start with a crude estimate of the effect of this perturbation. Each electron is approxi-
mately a distance ay/Z from the nucleus. The energy is lowest when the electrons are as
far away from each other as possible. This means that the effective separation between the
electrons will be fa,/Z, where fis some number, no larger than 2. The repulsion energy is
then
2
E~ 4;80 }5} = %(27.2 eV) (14-18)

where in the last step we have used the fact that
e 1

47780 2_610 = 13.6eV

Since the perturbation does not involve spin, we need only consider

2
AE = ff d3rl d3r2 |¢100(r1) |2 —c | ¢100(r2) |2 (14-19)

47780|l'1 - l'2|

The integral has a simple interpretation: Since |¢,(T;)| is the probability density of find-
ing electron 1 at r, we may interpret e|¢h,(r,)|* as the charge density for electron 1.
Hence

e| b100(ry) |2

-~ (14-20)
1 2

U(r,) = —f d*r
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is the potential at r, due to the charge distribution of electron 1, and

1
AE = _FEOJ. d3rze|¢100(r2)|2U(r2)

is therefore the electrostatic energy of interaction of electron 2 with that potential. The in-
tegral can be worked out. With

2 Z 3/2
Prolr) = —=| -] e “™ (14-21)
V4 \%0
we have
AE = (% (ag)})z ¢ f r? dre= 22 f r? dre= 2o f aQ, f dQ,—L1— (1422)
0 4meq 0 0 ey — 1y
We shall use the fact that
1 _ 1
= T (14-23)

ry — 1 1+ r3—2nr;c086)
where @ is the angle between r; and r,. We may proceed in one of two ways.

(a) Most directly, we choose the direction of r, as the z-axis for the d{}, integration,
and get

a0, —— f d f d(cos 0 1
f ] ¢ | dicos )( 2+ rZ— 2r,r, cos 6)?

= —ZWW [(r3 + r3— 2rr, cos §)156=11 (14-24)

rlrz(r1+r2 | 1_r2|)

The integration over df}, is trivial since nothing depends on that direction, and it
gives 44r. This leaves us with

2

Z © —alr g —24nla,
4;_80 (a_o) J. r, drje” 22 GJ. rdre % (r 4, — Ir =) (14-25)
0 0

(b) A very useful expansion, necessary when there is additional angular dependence
in the numerator, is the following. For r; > r,,

1 _ 1
[r,— 1)) @2+ r3—2rr,cos6

= rl 2 ( ) Py(cos 6) (14-26)

with the roles of r, and r, reversed when r, > r,.

We next evaluate (14-25), which gives us

8¢ (z\° f 1 f
AE = Ame \ g J. rydrie %l 2 | rldre % + 2r, J. r, dr,e” 2%
0
0 0

n
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The integrals are standard and yield the answer?

5 28 _5,(1, 22 i
AE = 847780a0 4Z(2mca) 14-27)

This is a positive contribution, since it arises from a repulsive force, and its magnitude for
Z = 2 is 34 eV. When this is added to the zero-order result of —108.8 eV we obtain, to
first order,

E=-748¢V
When this is compared with
Eyp = —78.975¢eV

a sizable discrepancy is seen. Physically, we can attribute this discrepancy to the fact that
in our calculation we took no account of “screening”

of one electron tends to decrease the net charge “seen” by the other electron. Very
roughly, if one argues that, for example, electron 1 is half the time “between” electron 2
and the nucleus, then half the time electron 2 sees a charge Z and half the time it sees a
charge Z — 1; that is, effectively, in the expression

E+ AE = —% mc2a2(222 - %Z) (14-28)

(Z — 1/2) should be substituted for Z. This does improve agreement, but the crude argu-
ment advanced is not sufficient justification of the choice of 50 percent for the probability
of effective screening. We will return to this subject later in this chapter, when we discuss
the Rayleigh-Ritz variational principle for the ground-state energy.

14-3 EXCLUSION PRINCIPLE AND EXCHANGE INTERACTION

We next consider the first excited state of helium. It will be sufficient to calculate the en-
ergy shift with the singlet and triplet m = O states listed in (14-14) and (14-15), since the
shift is caused by a perturbation that commutes with L,. For such a perturbation, the shift
must be independent of the m-value. Again, because of the spin-independence of the per-
turbing potential, V, we have

AE(“) 2 477_ d’r 1 J- d3r2|¢100(r1)¢2,0(r2) x ¢210(1'1)¢100(1'2)| |——
1'2|

= 4;_80[ d3r1 J- d3r2|¢100(r1)|2|¢210(r2)|2|—r—1—r2| (14-29)
* o J- d’r J- d’ry dloo@DPI() ———— Da(X1)P100(r2)
477 €0 |1'1 |

In obtaining this simplified form, we made use of the symmetry of V under r; < r,.

The energy shift is seen to consist of two terms: The first has the familiar form of an
electrostatic interaction between two “electron clouds” distributed according to the wave
functions of the two electrons. This term is just a simple generalization of the term that we

2Note that this corresponds to a value of f = 1.6 in (14-18).
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found for the ground-state energy shift. The second term has no classical interpretation.
Its origin lies in the Pauli principle, and its sign depends on whether the state has spin 0 or
1. Thus, because of this exchange contribution, the singlet and triplet terms are no longer
degenerate. Although we considered n = 2 here, we have quite generally

AES,)I = Jnl - Knl
AES) = J,+ K, (14-30)

The integrals can be evaluated in closed form [it is here that (14-26) becomes useful], but
we shall not do this here. The integral J,, is manifestly positive, and it turns out that this
is also the case for K,;. For / = n — 1 this is obvious: The wave functions appearing in
(14-29) have no nodes in that case. That the triplet state should have a lower energy than
the singlet state—that is, that

Ju— Ky <Jy+ K,

or equivalently
K,>0 (14-31)

can be argued on qualitative grounds. For the triplet state the spatial wave function is anti-
symmetric, so that the electrons are somewhat constrained to stay away from each other.
This tends to reduce the screening effect, so that each electron “sees” more of the nuclear
charge, and it also tends to make the repulsion between the electrons less effective than
for the spatially symmetric singlet state. An interesting aspect of this result is that, al-
though the perturbing potential (14-4) does not depend on the spins of the electrons, the
symmetry of the wave function does make the potential act as if it were spin-dependent.
We may write (14-30) in a form that exhibits this. Let the spins of the two electrons be s,
and s,. Then the total spin S = s; + s,, and

S?=¢g?+ 82+ 25,5, (14-32)

If we act with this on triplet and singlet states (14-16) and (14-13) that are also eigenstates
of s? and s, we get

S(S + A2 = %ﬁz + %ﬁz + 25,5, (14-33)
that is,
3 % triplet
25 0 ,/f° =SS+ 1) — 5 = ; (14-34)
) singlet
We may thus write, in terms of the @”s related to the spins by s; = (1/2)%i0,,
AE,, =T, — %(1 + 0o,°0)K, (14-35)

This result has implications beyond the explanation of some of the details of the spectrum
of helium. As was first pointed out by Heisenberg, the exchange forces provide a mecha-
nism by means of which spin-dependent effects are of magnitude comparable to those that
are independent of spin. Usually, as illustrated in spin-orbit coupling or hyperfine cou-
pling (see Ch. 12) spin-dependent forces have a magnetic origin, and are thus reduced by
factors of O (¥/c?) = O (a?) compared to the electrical forces. Such weak forces could
not be strong enough to keep the electron spins aligned in a ferromagnet, except at



222 Chapter 14  About Atoms and Molecules
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extremely low temperatures. In fact, exchange forces are responsible for the phenomenon
of ferromagnetism.

The spectrum of the first few excited states of helium is shown in Fig. 14-3. The nota-
tion used for the unperturbed states is that of orbitals—that is, the quantum numbers of
the unperturbed electrons. Thus both electrons in the ground state areinn = 1,1 =0
states, and we write this as (1s, 1s), or more briefly (1s)% It should be understood that
when we write (15)(2p), as for the first excited state, this does not mean that one electron
is in one state and the other electron in the other, since we must write totally antisymmet-
ric wave functions for the electrons. Another way of labeling the state is by the **'L; no-
tation, which we use for the perturbed states in the figure. We see that the singlet states lie
above the triplet states in a given multiplet. This follows from the symmetry (cf. our argu-
ment that K,; > 0) and is a special example of one of Hund’s rules: Other things being
equal, the states of highest spin will have the lowest energy.’

If we excite helium from the ground state by shining ultraviolet light on it, we find
that the selection rule AL = 1, which we will derive later, implies an excitation to the P
states. Furthermore, there is a selection rule AS = 0; that is, only transitions singlet —
singlet and triplet — triplet dominate.* Hence the state most strongly excited from the
ground state is the 'P, state. The other levels may also become occupied through other
mechanisms—for example, collisional excitation. Once occupied, the radiative transitions
to the ground state are very improbable. The P state, which may be populated when
atoms in the ' P, state undergo collisions with other atoms in the gas, can only decay to the
3Sl state, and that state is metastable, since it cannot decay to the ground state easily. The
fact that there are no transitions, to good approximation, between triplet states and singlet
states led, at one time, to the belief that there existed two kinds of helium, orthohelium
(triplet) and parahelium (singlet).

3Hund’s rules are discussed in more detail in Supplement 14-B [www.wiley.com/college/gasiorowicz).

“Selection rules will be discussed in detail in Chapter 17. At this point we merely note that a hint of their
existence was seen in our discussion of the An = 1 rule in the old quantum theory Bohr atom. Their origin is
angular momentum conservation, together with the property of radiation that at low frequencies photons
effectively act as if they had angular momentum 1.
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The spectrum of helium that we saw in Fig. 14-2b shows that the excited states
(1s)(nl) have energies that do not differ very much from those of the hydrogen atom lev-
els. Thus the binding energy of one electron in the atom is 24.6 €V (total binding energy
minus binding energy of singly ionized helium = 79.0 — 54.4 = 24.6 eV), whereas the
energy that would be liberated if one electron were to be removed from the 2s state is of
the order of 4 — 5 eV, which is comparable to the energy 3.4 eV (= 13.6/n* eV) for hy-
drogen. The reason for this effect is that the “outer” electron sees only a unit positive
charge, since the “inner” electron in the (1s) orbital tends to shield the nucleus, leaving a
net effective charge =~ Z — 1. This is not the case for the ground state, since both elec-
trons have access to the nucleus. Thus the ground state lies quite a bit deeper than the hy-
drogen ground state.

Our discussion shows that the perturbative calculation of the ground-state energy dif-
fers from the experimental value by approximately 4 eV. A second-order perturbation cal-
culation is prohibitively difficult. In the days before the three-body problem could easily
be calculated with high-powered computers, another method was found that turned out to
be very useful for the calculation of the ground-state energy. The method is known as the
Ritz variational principle, and we shall discuss it later in the chapter. At this point we re-
turn to our observation that there exist eigenvalues of HD + H® that lic above the ioniza-
tion threshold and that are nevertheless discrete. This topic goes by the name of
autoionization.

Autoionization

Let us examine the implications of the existence of states that lie above the ionization
energy. Examples of such states are, in orbital language, (25)%, (25)(2p). Their existence
has some dramatic physical consequences. Let us consider, for example, the (25)(2p)
state. If the electrons form a spin singlet state, then this will be a 'P, state (since S = 0, J
= L, and with [, = 0, [, = 1, L = 1). As such, it can be excited from the 'S, ground state
by the absorption of radiation, since the selection rules AL = 1 and AS = 0 are not being
violated.

This state, once excited, need not decay back to the ground state ('SO) or to another
state allowed by the selection rules (a 1D2 state, say), because it can go into another chan-
nel: It can decay into an electron and singly ionized helium, He*, with the electron energy
determined by energy conservation. This process is described as autoionization.

The (2s)(2p) state in the continuum will show up very clearly in the scattering of
electrons by He" ions. When the electron energy is such that the compound state can be
formed, a very dramatic peak will occur in the scattering rate. Similarly, in the absorption
of radiation by helium, in the vicinity of the energy of the compound state (¢~ — He"), a
sharp peak is seen in the absorption (Fig. 14-4). There is absorption at other energies, too,
since the process

Radiation + He — ¢~ + He*

can occur, but the absorption at energies away from the compound state energy will vary
very smoothly with energy. We can describe the state in still another way by calling it a
resonant state. Since it decays into its constituents e~ + He™, it does not exist forever.
Hence, by the uncertainty relation, AE = A/A¢, it appears that its energy is not precisely
defined, which seems to contradict the fact that the (25)(2p) state does have a well-defined
energy. It turns out that if the coupling of the discrete state to the continuum state is taken
into account, the state ceases to be discrete, and its energy could lie anywhere in a narrow
range about the energy as calculated without the coupling.
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Figure 14-4 Resonance in the
helium absorption spectrum
above the continuum threshold;
the first peak occurs at the
energy corresponding to the
location of the (2s)(2p) level.

! I I | (From R. P. Madden and K.

210

144

200 190 Codling, Phys. Rev. Lett. 10,
Wavelength (A) 516 (1963), by permission.)

THE RITZ VARIATIONAL PRINCIPLE

A very useful calculational tool for the study of ground-state wave functions is the Ritz
variational principle. The basic idea is the following:

Consider a Hamiltonian H and an arbitrary square integrable state vector |¥), which
we choose to be normalized to unity so that

(P|P)y=1 (14-36)
This function can be expanded in a complete set of eigenstates of H denoted by |k), where
H|k) = EJk). The expansion has the form
|¥) =23 CJk) (14-37)
k

Now
(PIHIP) = 3, CEC,nlH|m) = 3, CFC,E,{n|m)

nm n,m

(14-38)
= 2ICE,
Since (14-36) implies
Yl =1 (14-39)
and Ey is the lowest of the eigenvalues (it is the ground state), it follows that
(VIH®) = By X|C,|” = Eq (14-40)

We may use this result to calculate an upper bound on E,. We choose a |¥) that depends
on a number of parameters (a;, @,, . . .). calculate (¥|H|¥), and minimize this with re-
spect to the parameters, making sure that the normalization condition (¥|¥) = 1 is main-
tained. The usefulness of this procedure depends on a good choice of the state |¥), a
choice that should approximate the true ground state. This procedure then requires some
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understanding of the properties of the ground state. We proceed with two illustrations of
the usefulness of the variational principle.

The Ground-State Energy of Helium

We choose for the wave function representing |¥) a product of hydrogenlike wave func-
tion in the (1s) orbital, corresponding to an arbitrary charge Z*. This is then the varia-
tional parameter corresponding to the set («;, a5, . . .). We take

W(ry, 1) = t100(T1) Proo(ra) (14-41)
where
p2
(Zme A7 r)‘r’/mo(l') = &ifry0(1) (14-42)
with & = —% mcH(Z*a)?, and where the y,o, are normalized. We now need

f d’r 1 J- d’r 2 llf;koo(rl)ll/ Too(r2)

2
P 4 P 7P 7 + é
2m,  2m, Admegr;  4megr,  daeylr, — 1y

(14-43)

}l!/ 100 DY 100(T2)

Consider the first and third terms. If the Z were replaced by Z*, we would get £ for the ex-
pectation value. If we write the potential energy in the above equation as ( eXdmregr) Z* +
(€¥4megr,) (Z — Z*%), we get for the first and third terms

_fzZ=-z f oy oml® _ @29 (1
n ° 1/ 100

- 4mey 47g,
(14-44)
_, ez
B 4arey, G0

In the last step we used (8-52) for a hydrogenlike atom with nuclear charge Z*. An identi-
cal factor comes from the second and fourth terms. The fifth term has already been calcu-
lated in (14-26). Adding all these up we get

(PiH|P) = —% meczozz(ZZ*2 + 4Z(Z — Z*) — %p)
(14-45)
=-1 meczozz(——zz*2 v azzx — 2 Z*)
2 4
Minimizing this with respect to Z* yields
=z (14-48)

which is an improvement on the guess we made earlier (Z — 1/2). We thus obtain

2
Ey=< —% mczaz[Z(Z -~ 15—6) ] = —77.38 ¢V (14-47)

when we substitute Z = 2 This is much better than the first-order perturbation result.
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To get better agreement with experiment, the trial wave function yi(r;, r,) must in-
clude correlations between the electrons that reflect the fact that their interaction has more
consequences than just screening. These matters are beyond the scope of this book. The
second illustration follows on pp. 229-230.

14-5 THE ATOM WITH Z ELECTRONS®

The energy eigenvalue problem for an atom with Z electrons has the form

(FE-5.2 2 15%

47780r 4’7780 i |r —

l)t,l/(rl, r)...,rp) = Ef(r;,r)....T)
(14-48)

This is a partial differential equation in 3Z dimensions. In the late 1920s and early 1930s a
number of physicists developed methods to study the eigenvalues with what were then
very primitive computers. In the last 50 years the detailed understanding of atomic struc-
ture has become the province of quantum chemists. For the purposes of this book, we
shall be satisfied with a qualitative, intuitive understanding of the ground-state wave func-
tions and eigenvalues for atoms with Z < 40 or so.

To do so, we shall make use of an approximation, which actually works very well,
and which gives us much physical insight into the structure of atoms. It is the independent
electron approximation. Here one assume that the effect of the electron—¢lectron repul-
sion term, in which the potential energy of any one electron at some position depends on
the position of each one of the other electrons at the same time, has the net effect of pro-
viding an effective potential for any one electron.® This effective potential, which acts in
addition to the Coulomb attraction to the nucleus of charge Ze, is an average screening
potential. A great simplification arises if one further assumes that this effective potential
is spherically symmetric.

Physically this is not a separate assumption, because the smearing of charges “seen”
by a particular electron, caused by the rapid motion of the remaining Z — 1 electrons, will
also tend to wipe out directional effects. Now for a spherically symmetric potential we
know that we can label the energy eigenvalues by the quantum number » (for the energy),
[, m, and m,, representing the orbital angular momentum, the z-component of the angular
momentum, and the spin state +1/2 of the electron. For the potential we adopt a crude
form that describes screening. We take

e An
4ae, T

Vest(r) = (14-49)
Z(r) is the effective charge “seen” by the electron, with Z(r) = Zas r — 0 and Z(r) — |
as r — . Note that each electron experiences this potential. Each electron will there-
fore have available to it a set of energy levels that are somewhat similar to those of hy-
drogen. The energy levels will be labeled by the quantum number n, I, m,, m,. Since the
potential is central, the states form;, = I, 1 — 1,1 — 2, ..., —I will be degenerate. Fur-
thermore, with the neglect of any spin-orbit coupling, each of the levels will be twofold
degenerate, corresponding to up and down spin states. We do not expect the further de-

*A thorough discussion may be found in H. A. Bethe and R. W. Yackiw, Intermediate Quantum Mechanics,
Perseus Press Cambridge, Mass., 1997.

SA formal discussion of this can be found in Supplement 14-A [www.wiley.com/college/gasiorowicz].
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generacy of all the states that correspond to a fixed r, since the potential no longer has a
pure 1/r dependence.

The lowest energy state will be the n = 1, [ = 0 state. We describe it as the (1s) or-
bital. The next two orbitals (2s) and (2p) will not be degenerate. Quite generally, we ex-
pect the (2p) states to have a slightly higher energy than the (2s) states. The reason is that
the (2p) wave functions are pushed away from the origin more than those of the (2s)
states, and thus they “see” less of the nuclear charge. Similarly, the sequence of states
from lower to higher energies for the n = 3 states are (3s), (3p), and (3d). We can now
take into account the Pauli principle. In any orbital, the number of different (degenerate)
states is (2s + 1)(2I + 1). The first factor is always 2, so that for in any (rs) state we can
accommodate 2 electrons, in a (np) state 2 X 3 = 6 electrons, in a (nd) state 2 X 5 = 10
electrons. By filling up the levels we can reproduce the periodic table. A discussion of
this may be found in Supplement 14-B [www.wiley.com/college/gasiorowicz]. The configura-
tion of the atoms from Z = 1 to Z = 18 are listed in the table.

Ionization

Z Element Configuration Term* Potential eV

1 H (1s) 281 13.6

2 He (1s)? 1S, 24.6

3 Li (He)(2s) S 54

4 Be (He)(2s)? 1S, 9.3

5 B He)(2s)4(2p) P 8.3

6 C (He)(25)’(2p)* 3P, 11.3

7 N (He)(25)2(2p)’ 4San 14.5

8 0 (He)(25)2(2p)* P, 13.6

9 F (He)(2sY(2p)° 2Py, 17.4
10 Ne (He)(2s)4(2p)® 'S0 21.6
11 Na (Ne)(3s) 21 5.1
12 Mg (Ne)(3s)? 1S, 7.6
13 Al (Ne)(3s)*(3p) P 6.0
14 Si (Ne)(3s)2(3p)* Py 8.1
15 P Ne)(3s)’(3p)° 1S 11.0
16 S (Ne)(3s)’(3p)* P, 104
17 Cl (Ne)(3s)’(3p)° P 13.0
18 Ar (Ne)(3s)’(3p)° S, 15.8

*This describes the total spin, orbital, and J angular momentum of the ground state with the notation **'L,.

Whenever all the states for a given (n, [) are filled, we get a closed shell and the elements
with Z = 2, 4, 10, 12, 18, . . . are nonreactive, whereas elements with Z values =1 above
these, which have one additional (valence) electron, or hole in a shell, interact strongly
with elements that have holes and valence electrons. The shell structure is shown in Fig.
14-5. A somewhat more detailed description of the building up of the periodic table is re-
served for Supplement 14-B.

A form of independent-electron approximation is used in simple molecular calcula-
tions. These are discussed in Supplement 14-C [www.wiley.com/college/gasiorowicz].
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Figure 14-5 Ionization potential as a function of Z shows sharp peaks for closed shells from which
electrons are hard to extract.

14-6 THE SIMPLEST MOLECULE, H;

The simplest molecule consists of two hydrogen nuclei (protons of charge Z = 1) and a sin-
gle electron. As in the case of helium, we are dealing with a three-body system, and a direct
attack on the problem can only be carried out numerically. Here we also have a simple start-
ing point: The basic approximation is the neglect of the motion of the protons. The fact that
the proton is about 2000 times more massive than the electron justifies this. For our pur-
poses, we therefore treat the protons as point charges that are infinitely heavy and that are
located at the points =R/2. On this basis, the energy eigenvalue equation for the electron is

B ﬁ2 ) eZ _ eZ + 82
2m, V" | | R) daegR u(r, R) = ERur, R) (14-50)

47780| r— 47780’ r + 3

R
2

The first term is the kinetic energy operator for the electron; the next two terms represent the
attraction of the electron to the two protons, and the last term represents the proton—proton re-
pulsion. The qualitative features of the potential for fixed R are shown in Fig. 14-6. For very
large R, the electron will be bound to one of the protons, and the energy of the system is
—13.6 €V, the energy of a single hydrogen atom. When R — 0, and we leave out the
proton—proton repulsion, the electron will be bound to a Z = 2 nucleus, and the binding en-
ergy will be —13.6Z% V. The electronic energy as a function of R interpolates smoothly be-
tween these values. When the energy of repulsion e%/47e,R is added to this, the curve for
E(R) results. The curve dips below the level of the binding energy of an electron to a single
proton, showing that the system of two protons and one electron is lower in energy than a pro-
ton and a separated hydrogen atom. Such a dip does not always exist, so that some atoms do
not form molecules. To find E(R) we must solve the Schrodinger equation (14-50). This can
actually be done in elliptic coordinates, but we will get more insight from using the varia-
tional principle with trial wave functions that reflect some physical intuition about the system.
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A reasonable trial wave function is a linear combination of u,y(r;, R) and u;o(r,, R), the
ground-state wave functions of electrons bound to one or the other of the protons. Here
r, = |r — R/2| and r, = |r + R/2}. Since the two nuclei are identical, the Hamiltonian is
symmetric under reflections in the plane bisecting the line joining them. This means that
the Hamiltonian is invariant under reflections r — —r. We may therefore choose linear
combinations that are also eigenfunctions of parity, and therefore choose as our trial wave

functions the so-called molecular orbitals

Y r,R) = C.(¢; + )
ln[fo(r’ R) = C*(lnlfl - ln[IZ)

where

12
(.1 ~eFR2a,
Y= 3] €
a;

The normalization factors C.. are given by
&= ol = ) =222 [ g R R
The integral appearing above is called the overlap integral. The calculation of
S(R) = f d’rn(r. Ry, (r. R)

1 _ _
— 5 d3r e e R2lay e [r+R/2)/a,
ag

3

1 Il RI o
— d¥e I’ —Rj/a, e "
Tay

(14-51)

(14-52)

(14-53)

(14-54)
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is straightforward, though tedious. The result is

2
S(R) = (1 + % + 3R—a2)e—R’“v (14-55)
0

Notice that this quickly goes to zero when R >=> q,,.
The variational principle consists of calculating (i, ,|H|, ) as a function of R and
minimizing this. We need to calculate

= 1 + +
(H)e,o - m ('»[’1 — l»[’2|H|'»[’1 - ‘/’2)

14-56
_ gl HI) = 2 (il Hlgo) (14-36)
2(1 = S(R))
after use has been made of the symmetry under R — —R. With
2 2 2 2
=L _ 4 - ¢ +- (14-57)
2m, Awelr — R2|  4areyr + R2|  4meR
we find that
(e, ) é
H =E, — f d* - 14-58
(l,[f]l |l,[f1) 1 47T80|r + R/2| 47780R ( )
The first term is just the energy of a single hydrogen atom E, = —13.6 eV, the last

term is the proton—proton repulsion, and the middle term is the electrostatic potential en-
ergy due to the electron charge distribution about one proton being attracted to the other
proton. The integral can be evaluated, so that we finally get

(W|H|p) = E, - e (1+£)e'2”“n (14-59)
! ! ' 4mesR ag

A more tedious calculation can be done to get

(| HIg,) = (E1 + 4;; OR)S(R) - (1 + a%)e'R/“” (14-60)

4are, 0o

Here the last term is the exchange integral. When all of this is put together, the function to
be minimized turns out to be

21 + y)e™ .
1 — (% + {(1 - %)(1 ty+ %—)e‘y —2(1+ y)e_’}

2
1t(1+y—y?)e_’

where y = R/a, and where we have made use of the fact that e/4meqa, = —2E,. Figure
14-7 is a plot of these energies as a function of R.

The exact solution, which according to the variational principle must lie below the
curves obtained, differs little from the minimum. In our approximation, we see that the
even solution yields binding, while the odd one does not. The difference between the even
and the odd solutions is that in the former, the electron has a high probability of being lo-
cated between the two protons, where the attractive contribution is maximized; for the

(H),,, = -E, (14-6))
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odd solution, which has a node midway between the protons, the electron tends to be ex-
cluded from that region.

The experimental separation between the protons is 1.06 A, and the binding energy is
—2.8 eV. The calculations based on (14-61) lead to a separation of 1.3 A and a binding
energy of —1.76 V. Thus our wave function is not as compact as it should be. The reason
is that when R is small, the wave function should approach that of a He* ion, which
(14-51) does not. One could improve the calculation by introducing an effective charge
for the proton and minimizing (H), with respect to that parameter in addition to R, as in
our illustration involving the helium atom. Since we are more interested in a qualitative
understanding of the problem than in improving the variational calculation, we do not
pursue this idea.

14-7 MOLECULAR SPECTRA

Our discussion of the H; molecule, as well as that of H, (in Supplement 14-C
[www.wiley.com/college/gasiorowicz]) is based on the approximation that the nuclei are fixed in
space, acting as a kind of scaffolding that upholds a cloud of charge, created by the rapidly
moving electron (or electrons). Within that cloud of charge, the nuclei can still move. If we
consider the function E(R) as a potential in which the nuclei sit at the minimum, then any
deviation from the equilibrium position corresponds to simple harmonic motion. If we write

= 1 p_ py4E
E(R) = E(R,) + 2 (R — Ry (dR2 )R=Rﬂ (14-62)

we see a simple harmonic oscillator potential, centered at R,,. The frequency of oscillation
in that potential is given by w, where

2
o = (£ s
dR* /r=r,
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with M the reduced mass of the two nuclei. This potential gives rise to a vibrational spec-
trum, with energies

E = ﬁw(nv + %) n,=0,1,2,3 (14-64)
A rough estimate gives vibrational energies of the order of Vm, /M, the magnitude of the
typical electronic energies (10 V).

There are even lower states of excitation. In the vibrational ground state, the mole-
cule can still rotate. For a diatomic molecule, the rotation is about two axes perpendicular
to the line joining the two nuclei. We may approximate the Hamiltonian by

_L
H, = 2 (14-65)
where [ is the moment of inertia of the diatomic molecule. The spectrum is given by
RA(L + 1)
E,= — 57 (14-66)

The frequencies of radiation emitted in transitions between rotational levels allows us to
determine 7, and therefore the internuclear spacing. Since [ is proportional to the nuclear
mass, the rotational energies are of the order m /M of the electronic energies. This hierar-
chy of excitations shows up in curves of the specific heat of gases of molecules. The dis-
cussion of this is not within the scope of this book.

The Role of the Pauli Principle in Molecular Spectra

The lowest states of excitation of dipolar molecules are rotational ones. One treats the
molecule as if it were a dumbbell, with two point masses separated by a distance R,. This
system has two rotational degrees of freedom. If the internuclear separation defines the z-
axis, then there are rotations about the x- and y-axes. There is no angular momentum
about the z-axis, so that L, = 0. Typically,

_L+p pr-n

Hrot - -
21 21 (14-67)
g ML+ DR
ot~ 27

I is the moment of inertia of the molecule, and for homopolar molecules (identical nuclei)
it is given by 7 = ;MR?, where M is the mass of each nucleus. Since the separation is of
the order of a,, one sees that the energy differences are (m/M) X atomic energies. The
point of interest for us is the fact that the Pauli principle has a big effect on molecular ro-
tational spectra in homopolar molecules.

Consider, for example, the H, molecule for which the two nuclei are identical and
each has spin 1/2. Thus the total wave function must be antisymmetric under the inter-
change of the two nuclei. The two protons in this example may be in the antisymmetric
spin singlet (S = 0) state, in which case the rotational state must be described by a sym-
metric function, so that the angular momentum is even. If the two protons are in the sym-

"For a simple discussion see J. Bernstein, P. M. Fishbane, and S. Gasiorowicz, Modern Physics, Prentice Hall,
Englewood Cliffs, N.J., 2000.
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metric spin triplet (S = 1) state, the angular momentum of rotation must be odd. In a gas,
collisions among the H, molecules will randomize the distribution of spin states, and as-
suming that they have equal probability, the number of molecules in a given spin state
will be proportional to the degeneracy (25 + 1). Thus there will be three times as many
odd L molecules as there are even L H, molecules in the gas. This will manifest itself in
the intensity of the spectral lines associated with the transitions between rotational levels.
More generally, if each nucleus has spin 7, then the spin states 21, 2 — 2,2/ — 4, .. . and
the spin states 2/ — 1, 2/ — 3, .. ., will have opposite symmetry. If, for example, / is an
integer, then the first series of spin states will be associated with even orbital angular mo-
mentum, since the nuclei are bosons in this case. Their total number is

A+ 1)
2
—QI+ DI+ (14-68)

I
SRRI-20+1]=@I+ DI+ 1) —
k=0

whereas the remaining
QU+ 1DP—QQI+ 1)+ D) =QI+ DI

states will be associated with odd orbital angular momentum. Thus for integral 7, the
ratio of even L to odd L intensities for a given L is (I + 1)/I. For fermions that ratio is
inverted.

From the study of rotational spectra one can identify the rotational levels and find
their L values. The intensities then give a way of discriminating between even and odd
spin. Historically, a study of the rotational spectrum of the N, molecule led to the conclu-
sion that its spin was even. This could not be understood on the basis of a nuclear model
in which the nitrogen nucleus consisted of fourteen protons and seven electrons; such a
nucleus would have odd half-integral spin. The discovery of the neutron and the realiza-
tion that the nitrogen nucleus consisted of seven protons and seven neutrons removed the
difficulty.

PROBLEMS

1.

Consider the helium atom in the approximation in which the electron—electron repulsion is ne-
glected. What is the wave function for the ground state of orthohelium (spin 1)? What is its degener-
acy in this approximation?

Write down and simplify the expression for the energy change due to the electron—electron repul-
sion in first-order perturbation theory. (Do not work out the final integrals!) Will this change the de-
generacy you found in Problem 17? Estimate the order in which different levels occur.

Consider the lowest state of orthohelium as in Problems 1 and 2. Can you estimate the magnetic
moment of that state?

Consider
“E” = (V|H|T)
with an arbitrary trial wave function ¥. Show that if ¥ differs from the correct ground-state wave

function s, by terms of order &, then “E” differs from the ground-state energy by terms of order £
[Note: Do not forget the normalization condition (¥|¥) = 1]

Use the variational principle to estimate the ground-state energy of the three-dimensional harmonic
oscillator, using the trial wave function

¥ = Ne ™
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6. Consider the Schrodinger equation for I = 0, with the potential given by
W) = Vo flriry)
(a) Show that it may be written in the form
d*u(x)
—d?— — a?u(x) + AMxux) =0

where u(0) = 0 and that

(b) Show that the correct eigenfunctions minimize A.

7. Consider a finite-dimensional matrix H;. Show that the condition for minimizing

(WHIY) = 3, d Hyq,

Lji=

subject to the condition
(VW)=Y aFa=1
i=1
yields the eigenvalues of the matrix H. (Hint: Use the method of Lagrange multipliers.)

8. Use the variational principle to show that a one-dimensional attractive potential will always have a
. . . . —A%,2
bound state. (Hint: Evaluate {¥|H|¥) with a convenient trial function—for example, Ne #* —and
show that this expectation value can always be made negative.)

9. Use the data of Fig. 14-4 to compute the location of the (2s)(2p) level above the ground state of he-
lium and compute the velocity of the electron emitted in autoionization, if the He™ ion is in its low-
est state at the end. What will it be if the He™ ion is in its first excited state?

10. Consider a wave function §(«,, as, . . . @) for which only the dependence on some parameters is
exhibited. The wave function is normalized

(P, o, - . a)|ay, @y, . .. @)y =1

and the dependence on the parameters is so chosen that

€ = (Y, .. ~)|H|¢’(a17 )

is a minimum. Show that the parameters are determined by the set of equations

d d
<¢(a1,...)|H|a—:f>—,L<¢(al,...) —'!’>=0 i=1,2,...,n

da;
where p is a Lagrange multiplier. Let H depend on a parameter A (e.g., the nuclear charge or some
distance—say, the internuclear distance in a molecule). Then the «; will depend on that parameter.
Prove that

% _ oH
ar <"’("" o

This is known as the Feynman-Hellmann theorem and is very useful in molecular physics calculations.

ey, - -)>
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12.

13.

14.

15.

16.

17.
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Use the variational principle to estimate the ground-state energy for the anharmonic oscillator

2
H=£~+/\x4
2m

Compare your result with the exact result
oAl 72 \23
Ey, = 1.060A .

(Hint: Use a gaussian trial function.)

Use the exact result quoted in Problem 11 together with the Feynman-Hellmann theorem to calcu-
late {p?) and {x*) for the ground state of the anharmonic oscillator.

According to the Ritz variational principle, the expectation of the Hamiltonian H in an arbitrary nor-
malized state ¢y obeys

(Wl Hlp) > E,

where E is the lowest eigenvalue of H. Suppose H is an N X N hermitian matrix, whose elements
are H; (i, j = 1,2, 3,..., N) and Ej is its lowest eigenvalue. Prove, using judicious choices of i,
that E; is smaller than any one of the diagonal elements H;; of the matrix H.

Consider two identical spin 1/2 particles in a harmonic oscillator potential, so that the Hamiltonian
takes the form

2 2
—ﬂ+!)—2+lmw2(r1 —1,)?

H= Yo Ta

Assume that the two-particle system has zero center-of-mass momentum, and that the two particles
are in I = O states.

(a) Write down the ground-state wave function, including the spin state.
(b) Write down the first excited states in the singlet and in the triplet spin states.

(¢) Assume that there is a short-range interaction between the particles, which in the [ = O state can
be approximated by C [8(r)/r*]. Calculate the effect of this perturbation on the states obtained in (b).

The rotational motion of molecules has an effect on the equilibrium position of the nuclei. If R is
the separation for zero angular momentum, calculate the new separation by minimizing
RIJ+1)

2M, o R?

assuming that the change from R, is small. How is the spectrum of the molecule affected? (Hin:
The moment of inertia changes; calculate how.)

ER) = %Mm,wz(R — R+

The J = 0 — J = 1 absorption line in CO has a wavelength of 2.603 mm. Use this to calculate the
moment of inertia of the CO molecule and the equilibrium separation.

Consider the H, molecule. The two nuclei (protons) have spin 1/2 and can therefore be in a total
spin § = O or an S = 1 state.

(a) What is the orbital angular momentum of the two-nucleon system in the lowest energy state for
the two values of the total spin?

(b) What is the wavelength of the radiation emitted in the transition from the lowest rotational exci-
tation in the two cases?
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The Hartree Approximation

The energy eigenvalue problem for an atom &itHectrons has the form

PPz > & ]
[ <2me D | L ICRREEE B
=Ef(ry,ry ...,

and is a partial differential equation iZ 8imensions. For light atoms it is possible to
solve such an equation on a computer, but such solutions are only meaningful to the ex-
pert. We shall base our discussion of atomic structure on a different approach. As in the
example of heliumZ4 = 2), it is both practical and enlightening to treat the problem as
one involving Z independent electrons in a single potential, and to consider the
electron—electron interaction later. Perturbation theory turned out to be adequate for
Z = 2, but as the number of electrons increases, the shielding effects, not taken into ac-
count by first-order perturbation theory, become more and more important. The varia-
tional principle discussed at the end of Chapter 14 had the virtue of maintaining the
single-particle picture, while at the same time yielding single-particle functions that incor-
porate the screening corrections.

To apply the variational principle, let us assume that the trial wave function is of the
form

I\

P(ra,To 12 = du(r)da(ra) - dz(rz) (14A-2)
Each of the functions is normalized to unity. If we calculate the expectation vatli of
this state, we obtain

i(r) Pley(rpl?
<H>—Efd3r 2 (r.)< —v? 4Wr)w.) 4wg022|¢(|).| )

ro—rl

(14A-3)

The procedure of the variational principle is to pickd¢hg;) such thatH) is a minimum.

If we were to choose thg(r;) to be hydrogenlike wave functions, with a differ&ntor

each electron (and with each electron in a different quantum state to satisfy the Pauli ex-
clusion principle), we would get a set of equations analogous to (14-47) and (14-48). A
more general approach is that due to Hartree. I#t(rg) were the single-particle wave
functions that minimizedH), then an alteration in these functions by an infinitesimal
amount

¢i(r)) = oi(ry) + Afi(ry) (14A-4)
should only changéH) by a term of ordek?. The alterations must be such that

f dri|i(r) + Af(r)?=1

W-51
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that is, to first order in,
f dri[¢f (r) fi(r) + di(r) £ (r)] = 0 (14A-5)

Let us compute the terms linear Anthat arise when (14A-4) is substituted into
(14A-3). Term by term, we have

Z f d3fi[¢’i* (ﬁ)( _zﬁT; Vi2>)\fi(ri) +AfF (ri)( _;L; Vi2>¢i(ri)]
(14A-6)

33 [ o {f(r.)[ V%.(r.)]ﬂ*(r.)[ V%(r.)]}

To obtain this we have integrated by parts two times, and used the fdgt Jhatust van-
ish at infinity in order to be an acceptable variation of a square integrable function. Next
we have

A3 [ [f*(r.) 28 1) + 61(10) 42 f(r.)] (14A-7)

and finally

©33]an [ an

47780 i>] " | ri |

[[FE(rddir) + fir)d (NI + (<)) (14A-8)

We cannot just set the sum of these three terms equal to zero becdi(sp #re con-
strained by (14A-5). The proper way to account for the constraint is by the use of La-
grange multipliers; that is, we multiply each of the constraining relations (14A-5) by a
constant (the “multiplier”) and add the sum to our three terms. The total can then be set
equal to zero, since the constraints on fifr§) are now taken care of. With a certain
amount of notational foresight we label the multipliets, and thus get

DIEY {f*(r.)[ PV — 20 )]}

2
D [[ @ria i) ||¢J ')||¢>(.) (14A-9)

47780 i>j
— & f d3; £ (r)¢i(r;) + complex conjugate terms 0

In deriving the second line, first we converted the double Sunk; into (1/2)%;.3;,

which is unrestricted except for the requirement itiat, and then used the fact that the
integrand in (14A-8) is symmetric irandj. Now fi(r;) is completely unrestricted, so that

we may treaf,(r;)) andf(r;) as completely independent (each one has a real and an imag-
inary part). Furthermore, other than being square integrable, they are completely arbitrary,
so that for (14A-5) to hold, the coefficientsfgf;) and f*(r;) must separately vaniah

each pointr;, since we are allowed to make local variations in the funcfiémk and

f¥(r). We are thus led to the condition that

R, 78 | & f o |bi(r)l?
[ZrneVi 47T€Ori+4’776‘0j; d*r |ri |

]¢>( r) = edi(r) (14A-10)

and the complex conjugate relation.
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This equation has a straightforward interpretation: It is an energy eigenvalue equation
for electron {” located atr;, moving in a potential

ze f |d>, J)I2

Arref; 477.90 =

Vi) = — (14A-11)

that consists of an attractive Coulomb potential due to a nucleus of éhange a repul-
sive contribution due to the charge density of all the other electrons. We do not, of course,
know the charge densities

pi(ry) = _e|¢j(rj)|2

of all the other electrons, so that we must search fmifaconsistenset ofg;(r;), in the

sense that their insertion in the potential leads to eigenfunctions that reproduce them-
selves. The equation (14A-10) is a rather complicated integral equation, but it is at least
an equation in three dimensions (we can replace the varidije), and that makes nu-
merical work much easier. An even greater simplification occurs Wienis replaced

by its angular average

Vi(r) = f i—gvi(r) (14A-12)

for then the self-consistent potential becomes central, and the self-consistent solutions can
be decomposed into angular and radial functions; that is, they will be functions that can be
labeled byn;, I;, m, oy, with the last label referring to the spin stage= +1/2).

The trial wave function (14A-2) does not take into account the exclusion principle.
The latter plays an important role, since if all the electrons could be in the same quantum
state, the energy would be minimum with all the electrons imthel, | = 0 “orbital.”

Atoms do not have such a simple structure. To take the exclusion principle into account,
we add to thé\nsatzrepresented by (14A-2) the ruEvery electron must be in a differ-

ent stateif the spin states are included in the labeling. A more sophisticated way of doing
this automatically is to replace (14A-2) by a trial wave function thatSkager determi-
nant[cf. Eq. (13-39)]. The resulting equations differ from (14A-10) by the addition of an
exchange term. The new Hartree-Fock equations have eigenvalues that turn out to differ
by 10-20 percent from those obtained using Hartree equations supplemented by the con-
dition arising from the exclusion principle. It is a little easier to talk about the physics of
atomic structure in terms of the Hartree picture, so we will not discuss the Hartree-Fock
equations.

The potential (14A-12) no longer has the form, and thus the degeneracy of all
states with a given andl = n — 1 is no longer present. We may expect, however, that
for low Z at least, the splitting for differehwvalues for a givem will be smaller than the
splitting between differem-values, so that electrons placed in the orbitgl®24 2p, 3s,
3p, 3d, 4s, 4p, 4d, 4f, . . .will be successively less strongly bound. Screening effects will
accentuate this: Wherea®orbitals do overlap the smallregion significantly, and thus
feel the full nuclear attraction, the, d-, . . . orbitals are forced out by the centrifugal
barrier, and feel less than the full attraction. This effect is so strong that the energy of the
3d electrons is very close to that of the electrons, so that the anticipated ordering is
sometimes disturbed. The same is true for tth@rd 5 electrons, the fdand & elec-
trons, and so on. The dominance of thdependence over thedependence becomes
more important as we go to largéwalues, as we shall see in our discussion opére
odic table
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The number of electrons that can be placed in orbitals with a giyerg 2(2 + 1),
since there are two spin states for giveiwvalue. When all these 4(2- 1) states are

filled, we speak of thelosing of a shellThe charge density for a closed shell has the
form

|
—e 3 [Ru)[*[Yin6, #)I° (14A-13)
and this is spherically symmetric because of the property of spherical harmonics that

i [Yin(0, )| 2 = 2'477;1 (14A-14)
m=—I|
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The Building-Up Principle

In this section we discuss the building up of atoms by the addition of more and more elec-
trons to the appropriate nucleus, whose only role, to good approximation, is to provide the
positive charg&e

Hydrogen (Z = 1) There is only one electron, and the ground-state configuratiog).is (1

The ionization energy is 13.6 eV, and the amount of energy needed to excite the first state
above the ground state is 10.2 eV. The radius of the atom is 0.5 A, and its spectroscopic
description i€S,.

Helium (Z = 2) The lowest two-electron state, as we saw in Chapter 14, is one in which
both electrons are in theg)lorbital. We denote this configuration bys)l In spectro-

scopic notation, the ground state islan 0 spin singlet statéS, because the exchange
effect favors it. The total binding energy is 79 eV. After one electron is removed, the re-
maining electron is in a §l orbit about & = 2 nucleus. Thus its binding energy is 3.6

eV = 54.4 eV, and the energy required to remove the first electroiprization energy

is 79.0— 54.4= 24.6 eV. A rough estimate of the energy of the first excited state, with
configuration ($)(2s), is —13.62%2 — 13.6¢ — 1)Yn* = —58 eV forZ = 2 andn = 2.

This expression takes into account shielding in the second term. Thus the excitation en-
ergy is 79 eV— 58 eV~ 21 eV!In any reaction with another substance, about 20 eV is
required for a rearrangement of the electrons, and thus helium is chemically very inactive.
This property is shared by all atoms whose electrons form closed shells, but the energy re-
quired is particularly large for helium.

Lithium (Z = 3) The exclusion principle forbids ag)£ configuration, and the lowest
energy electron configuration issfd(2s). We are thus adding an electron to a closed
shell, and since the shell is ift% state, the spectroscopic description of the ground state

is 2S,j,, just as for hydrogen. If the screening were perfect, we should expect a binding
energy of—3.4 eV (sincen = 2). The screening is not perfect, especially since the outer
valence electrombeing in ars-state, its wave function has a reasonable overlap with nu-
cleus atr = 0. We can estimate the effectigddrom the measured ionization energy of

5.4 eV, and it iZ* = 1.3. It takes very little energy to excite the lithium atom. The six
(2p) electronic states lie just a little above the) @ate, and thesegpstates, when oc-
cupied, make the atom chemically active (see our more extended discussion of carbon).
Lithium, like other elements that have one electron outside a closed shell, is a very active
element.

This is a crude estimate that ignores the electron—electron repulsion and exchange effects. The difference
between the 21 eV and the 24.6 eV is the 4-5 eV that will be released when the excited atom decays to its
ground state. (See Fig. 14-p

W-55
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Beryllium (Z = 4) The natural place for the fourth electron to go is into the second space
in the (2) orbital, so that the configuration issfA2s)2. We again have a closed shell and

the spectroscopic description'®. As far as the energy is concerned, the situation is very
much like that of helium. If the screening were perfect, we might expect a binding energy
like that of helium, since the inner electrons reduce the effettivsomething like = 2.

Sincen = 2, we would expect an ionization energy of 24.6# 6.2 eV. The shielding sit-

uation is somewhat like that for lithium, and if we make a guess that, as in lithium, the
binding energy is increased by about 50 percent, we get approximately 9 eV. The experi-
mental value is 9.3 eV. Although the shell is closed, the excitation of one of the electrons
to a (9) orbital does not cost much energy. Thus, in the presence of another element a re-
arrangement of electrons may yield enough energy to break up the closed shell. We there-
fore expect beryllium not to be as inert as helium. It is generally true that atoms in which
the outer electrons have their spins “paired up” into singlet states are less reactive.

Boron (Z = 5) After the closing of the shell, the fifth electron can either go intes)a (3
orbital or into a (B) orbital. The latter is lower in energy, and it is thp) (&hell that be-
gins to fill up, starting with boron. The configuration is){(@s)?(2p), and the spectro-
scopic description of the stateB,,,. This deserves comment: If we add spin 1/2 to an
| = 1 orbital state, we may have= 3/2 or 1/2. These states are split by a spin-orbit
interaction

1.dv(r)
rdr

1 ,gldMn)_ 72
2mgc? Fodr 4mge?

and the form of this leads to the higlderalue having a higher energy, because the expec-
tation value of (I)(dV/dr) is still positive, even though it is no longer equal to the value
given in (12-16). This conclusion depends on the degree to which the shell is filled, as
specifically given byHund'’s rules These will be discussed below. The ionization energy

is 8.3 eV. This meets the expectation that the value should be somewhat lower than that
for beryllium, since the[2state energy is somewhat higher than that of srozifital.

L [JJ + 1) — L(L + 1) — 3/4] (14B-1)

Carbon (Z = 6) The configuration for carbon is g#(2s)?(2p)?. The second electron

could be in the samestate as the first electron, with the two of them making an up—down
spin pair. It is, however, advantageous for the second to stay out of the way of the first
electron, thus lowering the repulsion between the electrons. It can do so because the pos-
siblel = 1 statesy;,, Yo, Y;_; allow for the linear combinations séhcos¢, siné sin ¢,

and co9, which are aligned along the, y-, andz-axes, respectively (Fig. 14B-1). When

two electrons go into orthogonally aligned arms, the overlap is minimized and the repul-
sion is reduced. The electrons are in different spatial states, so that their spins do not have
to be antiparallel. One might expect carbon to be divalent. This is not so, because of the
subtleties that arise from close-lying energy levels. It costs very little energy to promote
one of the (8 electrons into the third unoccupidd= 1 state. The configuration
(19)%(2s)(2p)® has four “unpaired” electrons, and the gain in energy from the formation of
four bonds with other atoms more than makes up for the energy needed to promote the
(2s) electron. The reduction in the repulsion leads to a somewhat larger ionization energy
than that for boron, 11.3 eV. The spectroscopic description of the ground SRyte/ie

can have a total spin of 0 orl for the twme2ectrons, and, since we are adding twol

states, the total orbital angular momentum can be 0, 1, or 2. Of the various'States,
*P, 10 and'D,, the state of higher spin has the lower energy (cf. our discussion of helium)
and by another dflund’s rules the®P, state has the lowest energy.
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sinZ0 cosz¢
sin26 sin? 0]

Figure 14B-1 Orthogonal distributions of electronic
clouds in thd = 1 state.

Nitrogen (Z = 7) Here the configuration is §f(29)%(2p)?, sometimes described agp)(2

for brevity (the closed shells and subshells are omitted). The three electrons can all be in
nonoverlappingp-states, and thus we expect the increase in ionization energy to be the
same as the increase from boron to carbon. This is in agreement with the measured value
of 14.5eV.

Oxygen (Z = 8) The configuration may be abbreviated tp){2and the shell is more

than half full. Since there are four electrons, it appears as if the determination of the
ground-state spectroscopic state would be very difficult. We can, however, look at the
shell in another way. We know that when two more electrons are added to mah® a (2
configuration, then the shell is filled, and the total statd_hass = 0. We can thus think

of oxygen as having a closeg &hell with twoholesin it. These holes are just like anti-
electrons, and we can look at two-hole configurations. These will be the same as two-
electron configurations, since the holes also have spin 1/2. Thus, as with carbon, the
possible states consistent with the antisymmetry of the two-fermion (two-hole) wave
function are'S, °P, D, and the four electrons must be in the same states, since they, to-
gether with the two-hole system, gi8e= 0, L = 0. The highest spin S = 1, and thus

we must have 2P state. Hund’s rule, which will be discussed in the next section, yields
the °P, state. When the fourth electron is added to the nitrogen configuration, it must go
into an orbital with am-value already occupied. Thus two of the electron wave functions
overlap, and this raises the energy because of the repulsion. It is therefore not surprising
that the ionization energy drops to the value of 13.6 eV.

Fluorine (Z = 9) Here the configuration is |(°. The monotonic increase in the ioniza-
tion energy resumes, with the experimental value of 17.4 eV. Fluorine is chemically very
active, because it can “accept” an electron to form a closed sp)|l\{ich is very sta-

ble. Since the addition of a single electron veits 1/2 andl = 1 yields a'S, state, the

shell with the hole in it must have= 1/2 andl = 1. It is therefore &P state, and by
Hund’s rule, as we shall see, the stat@®is.

Neon (Z = 10) With Z = 10 the (p) shell is closed, and all electrons are paired off. The
ionization energy is 21.6 eV, continuing the monotonic trend. Here, as in helium, the first
available state that an electron can be excited into has a high&re, and thus it takes
quite a lot of energy to perturb the atom. Neon, like helium, is an inert gas.

At this point, the addition of another electron requires putting it in an orbit with a
highern value 6 = 3), and thus neon marks the end gfesiod in the periodic table, as
did helium. In neon, as in helium, the first available state into which an electron can be ex-
cited has a highar-value, so that it takes quite a lot of energy to perturb the atom. Neon
shares with helium the property of beingia@rt gas
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The next period again has eight elements in it. First teest®ell is filled, with
sodium Z = 11) and magnesiunZ(= 12), and then them@shell, which includes, in
order, aluminumZ4 = 13), silicon £ = 14), phosphorusZ(= 15), sulphur Z = 16),
chlorine ¢ = 17) and, closing the shell, argod € 18). These elements are chemi-
cally very much like the series: lithium. . ,neon, and the spectroscopic descriptions
of the ground states are the same. The only difference is that,nsin& the ioniza-
tion energies are somewhat smaller, as can be seen from the periodic table at the end
of this supplement.

It might appear a little strange that the period ends with argon, since dhe (3
shell, accommodating ten elements, remains to be filled. The fact is that the self-
consistent potential is not of ther brm, and the intrashell splitting here is suffi-
ciently large that the @} state lies lower than the dBstate, though not by much.
Hence a competition develops, and in the next period we haye(48)?, (4s)%(3d),
(49)%(3d)?, (4s)*(3d)°, (45)(3d)°, (4s)*(3d)®, (49)*(3d)°, (49)*(3d)’, (49)*(3d)°, (4s)(3d)",
(49)%(3d)*° and then the @shell gets filled until the period ends with kryptd@= 36).

The chemical properties of elements at the beginning and end of this period are similar
to those of elements at the beginning and end of other periods. Thus potassium, with
the single (4) electron, is an alkali metal, like sodium with its singls) @ectron out-

side a closed shell. Bromine, with the configuratiog{&d)!%(4p)®, has a single hole

in ap-shell and thus is chemically like chlorine and fluorine. The series of elements in
which the (8) states are being filled all have rather similar chemical properties. The
reason for this again has to do with the details of the self-consistent potential. It turns
out that the radii of these orbitare somewhat smaller than those of th& &ectrons,

so that when the gF shell is filled, these electrons tend to shield thd) @ectrons,

no matter how many there are, from outside influences. The same effect occurs when
the (4) shell is being filled, just after thegpshell has been filled. The elements here
are called theare earths

Spectroscopic Description of Ground States

In our discussion of the light atoms, we often gave the spectroscopic description of the
ground states—for exampRP, for oxygen,?P,,, for fluorine, and so on. The knowledge

of § L, andJ for the ground states is important, because selection rules allow us to deter-
mine these quantities for the excited states of atoms. We referkaehtbs rulesin the
determination of these, and these rules are the subject of this section.

What determines the ground-state quantum numbers is an interplay of spin-orbit
coupling and the exchange effect discussed in connection with helium in Chapter 14.
For the lighter atomsZ(< 40), for which the motion of the electrons is nonrelativistic,
the electron—electron repulsion effects are more important than the spin-orbit coupling.
This means that it is a fairly good approximation to viewnd S as separately good
quantum numbers: We add up all the spins to forr§ and all the orbital angular mo-
menta of the electrons to form apand these are then coupled to obtain a tbtabr
heavier atoms it is a better approximation to first couple the spin and orbital angular
momentum to form a total angular momentum for that electron, and then to couple all
of the J's together. The former case is described as Russell-Saunders coupling, the lat-
ter asj-j coupling. For Russell-Saunders coupling, F. Hund summarized the results of

2t is understood that this is just a way of talking about the peaking tendencies of the charge distribution.
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various calculations by a set of rules that give the overall quantum numbers of the low-
est states. The rules are:

1. The state with largeSlies lowest.
2. For a given value d§, the state with maximur lies lowest.

3. For a giverL and§ if the incomplete shell is not more than half-filled, the lowest
state has the minimum value df= |L — S|; if the shell is more than half-filled,
the state of lowest energy has L + S

In applying these rules we must be careful not to violate the Pauli principle.

The first of these rules is easy to understand: The laB#ste is symmetric in all
the spins (since it contains the stdte= S,,, for which all the spins are parallel), and thus
the spatial wave function is antisymmetric, which minimizes the electron overlap, and
thus the expectation value of the repulsive potentials.

The second rule emerges qualitatively from the fact that the highértakie, the
more lobes the wave function has, as shown in Fig. 8-4. This allows the electrons to stay
away from one another, and reduce the effect of the Coulomb repulsion.

The third rule follows from the form of the spin-orbit coupling. Since the expectation
value of [(1/r)@V/dr)] is positive, the perturbation due to the spin-orbit coupling splits the
degeneratd states (for a giveh andS) and it is clear from (14B-1) that the lowest value
of Jwill give the lowest lying state. Once we get to the point of having a shell that is more
than half filled, it is clearer to look at the atom as consisting of a filled shell with a number
of holes, as we discussed in our description of oxygen. These holes act as if they had posi-
tive charge, and for the spin-orbit interaction of the holes, the sign of d\/d] is re-
versed. Thus the multiplet isvertedand it is the largest value dfthat gives the lowest
lying state.

Let us illustrate the application of the Hund rules to some atoms, and the need to
keep track of the Pauli principle. We shall consider the quantum numbers of carbon
(2p)% oxygen (p)*, and manganesedg. In the first two cases we hapestates, so that
we can draw a set of “shelves” corresponding,te 1, 0,—1. The electrons are placed,
as far as is possible, on different shelves, to minimize the repulsion. For carbon we place
them inL, = 1 andL, = 0O states. By Hund’s first rule, the spins will be parallel (strictly
speaking they will be in a triplet state) (Fig. 14B-2). Thus we Isawel for the largest
possible value, and we get a triplet state. The largest possible valyeyigés thelL
value, which is 1. The third rule thus gives: |L — S| = 0, and we have ¥, state. For
the (2)* case, we fill all three shelves with one electron each, and then put the last elec-
tron in thelL, = 1 state, for example. The Pauli principle demands that the two electrons
in thel, = 1 state form a singlet. Thus only the other two electrons are relevant, and
sinceS, = 1, S= 1. The maximum value df, = [2 + 0 + (—1)] = 1, so thatl. = 1.

Now, however, we have more than a half-filled shell, soxlkat + S= 2, and oxygen
has &P, ground state.

Figure 14B-2 Application of Hund's rules to six
electron system.
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% ) Figure 14B-3 Application of Hund'’s rules to atom with five valence electrons in

d-state.

For manganese the shelves haye 2, 1, 0,—1, —2, as shown in Fig. 14B-3. There
are five electrons, and thus each of the spaces is filled by one. With the spins parallel we

getS, =
S-state.

5/2, which implies thab = 5/2. The total value df, = 0, and thus we have an
This means that the ground state RSastate.

Limitations of space prevent us from a more detailed discussion of the periodic table.
A few additional comments are, however, in order.

@)

(b)

(©

There is nothing in atomic structure that limits the number of elements. The rea-
son that atoms witl = 100 do not occur naturally is that heawycleiundergo
spontaneous fission. If new, superheavy (metastable) nuclei are ever discovered,
there will presumably exist corresponding atoms, and it is expected that their
structure will conform to the prediction of the building-up approach outlined in
this supplement.

The ionization energies all lie in the vicinity of 5-15 eV. The reason is that in
spite of the increasing number of electrons, the outermost electrons “see” a
charge that lies in the range= 1-2. In addition, because of the departures from

a point charge distribution, the dependence of the energy is no longer af’the 1/
form. Consequently, the wave functions of the outermost electrons do not extend
much further than that of the electron in the hydrogen atom. Atoms are more or
less the same size!

We went to a great deal of trouble to specify$he, andJ quantum numbers of

the ground states of the various elements. The reason for doing this is that in
spectroscopy, the quantum numbers are of particular interest because of the se-
lection rules

AS=0
AL = =1 (14B-2)
AJ=0,*1 (no 0— 0)

that will be derived later, and that may then be used to determine the quantum
numbers of the excited states. The spectroscopy of atoms, once we get beyond
hydrogen and helium, is very complicated. Consider, as a relatively simple ex-
ample, the first few states of carbon, which are formed from different configura-
tions of the two electrons that lie outside the closed shell in fedgbitals. As
already pointed out, the possible states'&€e’P,;, and'D,. The3P, state lies
lowest, but the other states are still there. The first excited states may be de-
scribed by the orbitals (#(3s). HereS = 0 or 1, butL = 1 only. Since the
n-values are different, the exclusion principle does not restrict the states in any
way, and all of the staté®,, °P,,, are possible, while the excited states that
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arise from the orbitals (}(3p) can have&s = 0, 1 andL = 2, 1, 0, leading to all

the statesD,, 'Py, 'S, *Ds.,4 °Pa1 6 and®S,. Even with the restrictions provided

by the selection rules, there are numerous transitions. Needless to say, the order-
ing of these levels represents a delicate balance between various competing ef-
fects, and the prediction of the more complex spectra is very difficult. That task
is not really of interest to us, since the main point that we want to make is that
quantum mechanics provides a qualitative, and quantitative, detailed explanation
of the chemical properties of atoms and of their spectra, without assuming an in-
teraction other than the electromagnetic interaction between charged particles.
We shall have occasion to return to the topic of spectra.

Periodic Table

lonization Radiu$

z Element Configuration Terin Potential eV in A
1 H (19 3, 13.6 0.53
2 He (15)2 5 24.6 0.29
3 Li (He)(2s) S, 5.4 1.59
4 Be (He)(2s) 'S 9.3 1.04
5 B (He)()%(2p) Py 8.3 0.78
6 c (He)(2)%(2p)® P, 11.3 0.62
7 N (He)(2)%(2p)® Sy 14.5 0.52
8 o (He)(2)%(2p)* P, 13.6 0.45
9 F (He)(2)%(2p)°® Py 17.4 0.40
10 Ne (He)(®)?(2p)® 5 21.6 0.35
11 Na (Ne)(3) %3 ., 5.1 1.71
12 Mg (Ne)(3)? 5 7.6 1.28
13 Al (Ne)(3)%(3p) Py 6.0 1.31
14 Si (Ne)()*(3p)? P, 8.1 1.07
15 P (Ne)(3)°(3p)° Syro 11.0 0.92
16 S (Ne)(3)%(3p)* P, 10.4 0.81
17 cl (Ne)(3)°(3p)° Py 13.0 0.73
18 Ar (Ne)(3*3p)° 5 15.8 0.66
19 K (Ar)(4s) 5, 43 2.16
20 Ca (Ar)(%)? 5 6.1 1.69
21 Sc (AR)(4)%(3d) ’Dy, 6.5 1.57
22 Ti (Ar)(4s)3(3d)? ¥, 6.8 1.48
23 Y (Ar)(49)3(3d)? Fapp 6.7 1.40
24 Cr (Ar)(4s)(3d)° s, 6.7 1.45
25 Mn (Ar)(4s)%(3d)° S 7.4 1.28
26 Fe (Ar)(4)3(3d)° D, 7.9 1.23
27 Co (Ar)(%)%(3d)’ Fop 7.8 1.18
28 Ni (Ar)(4s)3(3d)? ¥, 7.6 1.14
29 Cu (Ar)(%)(3d)™° £ 7.7 1.19
30 Zn (An)(4s)°(3d)*° 'S 9.4 1.07
31 Ga (An)(4)*(3d)*Y(4p) Pip 6.0 1.25

(Continueg
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Periodic TableContinued

lonization Radiu$
Z Element Configuration Terin Potential eV in A
32 Ge (An)(%)3(3d)*(4p)> P, 8.1 1.09
33 As (An)(%)3(3d)*(4p)® 4S5, 10.0 1.00
34 Se (Ar)(4)%(3d)*(4p)* P, 9.8 0.92
35 Br (Ar)(4s)3(3d)*°(4p)° Py 11.8 0.85
36 Kr (Ar)(4s)%(3d)*%(4p)® 5 14.0 0.80
37 Rb (Kn(®) s, 4.2 2.29
38 Sr (Kn)(%)? 5 5.7 1.84
39 Y (Kr)(59)%(4d) D,, 6.6 1.69
40 zr (K)(5s)%(4d)? %, 7.0 1.59
41 Nb (Kr)(%)(4d)* Dy 6.8 1.59
42 Mo (Kr)(5s)(4d)® s, 7.2 1.52
43 Tc (Kr)(5s)%(4d)® s, Not known 1.39
44 Ru (Kr)(5)(4d)’ SF4 75 1.41
45 Rh (Kr)(5)(4d)® *Fo 7.7 1.36
46 Pd (Kny&)° 5 8.3 0.57
47 Ag (Kr)(5s)(4d)*° SR 7.6 1.29
48 cd (Kn)(5)%(4d)*° 5 9.0 1.18
49 In (Kr)(59)%(4d)*°(5p) P, 5.8 1.38
50 Sn (Kn)()3(4d)*(5p)? P, 7.3 1.24
51 Sh (Kn()3(4d)*(5p)° 4S5, 8.6 1.19
52 Te (Kn)(5)4(4d)*(5p)* P, 9.0 1.11
53 | (Kr)(59)%(4d)*(5p)° Py 10.4 1.04
54 Xe (Kn)(59)%(4d)*(5p)® 5 12.1 0.99
55 Cs (Xe)(8) 25, 3.9 2.52
56  Ba (Xe)(®)? 15 5.2 2.06
57 La (Xe)(®)(5d) Dy, 5.6 1.92
58 Ce (Xe)(8)3(4f)(5d) 3H, 6.9 1.98
59 @| Pr (Xe)(B)%(4f)° Yo 5.8 1.94
60 | Nd (Xe)(&)%(4f)* %, 6.3 1.92
61 g Pm (Xe)(8)(4f)° H,,, Not known 1.88
62 G| Sm (Xe)(8)(4f)® o 5.6 1.84
63 £| Eu (Xe)(&)2(4f)” 5s,, 5.7 1.83
64 8| cd (Xe)(B)%(4f)"(5d) D, 6.2 171
65 S| Tb (Xe)(&)(4f)° ®H,e) 6.7 1.78
66 = | Dy (Xe)(6)%(4f)° g 6.8 1.75
67 S| He (Xe)(&)(4f)1* Y152 Not known 1.73
68 Er (Xe)(&)%(4f)*2 He Not known 1.70
69 Tm (Xe)(&)%(4f)*3 F,, Not known 1.68
70 Yb (Xe)(&)(4f ) 5 6.2 1.66
71 | Lu (Xe)(B)%(4f)*(5d) 2Dy, 5.0 1.55
72 Hf (Xe)(8s)(4f)*4(5d)? %F, 5.5 1.48
73 Ta (Xe)(8)3(4f)*4(5d)° ‘Fap 7.9 1.41
74 w (Xe)(&)%(4f)(5d)* D, 8.0 1.36
75 Re (Xe)(B)X(4f)*4(5d)° 63, 7.9 1.31
76 Os (Xe)(8)%(4f)*¥(5d)® D, 8.7 1.27
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Periodic Table

lonization Radiu$
Z Element Configuration Terin Potential eV in A
77 Ir (Xe)(6)2(4f)4(5d)’ Fyp 9.2 1.23
78 Pt (Xe)(B)(4F)H4(5d)° P, 9.0 1.22
79 Au (Xe)(6)(4f)4(5d)° 3, 9.2 1.19
80 Hg (Xe)(B)2(4f ) 4(5d)° 5 10.4 1.13
81 Tl (Xe)(@)2(4F)4(5d) (6p) P, 6.1 1.32
82 Pb (Xe)(®)X(4F)4(5d)%6p)? 3P, 7.4 1.22
83 Bi (Xe)(@)2(4f)4(5d)(6p)° %Sy, 7.3 1.30
84 Po (Xe)(®)(4F)4(5d)%6p)* P, 8.4 1.21
85 At (Xe)(65)%(4f ) *(5d)°(6p)° P, Not known 1.15
86 Rn (Xe)(®)X(4F)(sd)%6p)° S, 10.7 1.09
87 Fr (RNn)(3) Not known 2.48
88  Ra (Rn)(®)? 5 5.3 2.04
89 Ac (Rn)(B)X(6d) 2D,, 6.9 1.90
90 Th (Rn)(B)%(6d)? F,
91 Pa (Rn)(®*(5f)*(6d) Kia
92 U (Rn)(B)%(5f)3(6d) 5L,
93 Np (Rn)(B)*(5f)*(6d) Lisr
9 gl Pu (Rn)(B(5f)° F,
95 2| Am (Rn)(B)*(5f)" S
9% | Cm (Rn)(B)4(5f)"(6d) D,
97 <| Bk (R)(B)Z(5F)° *Hasr2
98 cf (Rn)(B)(5F)X° 54
99 Es (Rn)(B)*(5F)™ 41572
100 Fm (Rn)(B(5F)*2 H,
101 Md (Rn)(B)4(5F)*2 .,
102 | No (Rn)(B)X(5F )1 5

Term designation is equivalent to spectroscopic description.
2Radius is defined by the peak of the calculated charge density of the outermost orbital.
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A Brief Discussion of Molecules

The purpose of this supplement is to outline the basic approach to the study of simple
molecules. We discuss the hholecule in some detail, so as to provide an understanding

of terms likemolecular orbitalsand valence bondsQuantum chemistry has become a
field well served by massive computers. Our discussion does not really provide an entry
into this field. It is extremely simple-minded, and its only justification is that it provides
an insight into the basic mechanisms that lead to molecular binding. Anything more de-
pends on an understanding of electron—electron correlations, and these are way beyond
the scope of this book. Our approach will follow the one followed in the discussion of the
H; molecule. It is based on the fact that the nuclei are much more massive than the elec-
trons, and that therefore a good first approximation treats the nudtezes with their
location determined by the electronic distribution. We discuss tmedtecule as a proto-

type of other simple diatomic molecules.

The H, Molecule

W-64

The H, molecule is a more complicated system, because there are two electrons present,
and the exclusion principle therefore plays a role. As in the case b the molecule, we
treat the nuclei as fixed.

The nuclei (protons here) will be labeldcndB, and the two electrons 1 and 2, re-
spectively (Fig. 14C-1). The Hamiltonian has the form

e e

4'77'80"]2 4’7780RAB

H=H,+H,+ (14C-1)

where

i & &

B ?n B 4’7780rAi B 47T80rBi

H; i=12) (14C-2)
depends only on the coordinates of the electroglative to the nuclei. We will again
compute an upper bound EfR,g) by constructing the expectation valuetbivith a trial
wave function. Since

e

Hi - Hi + 47780RAB

(14C-3)

are just Hamiltonians for thel;  molecule (14-50) it seems reasonable to take as
our trial wave function a product of two functions of the type shown in the first line of
(14-51):

Po(ra, 1) = 2[1"'715("-\’/\3)] [a(ry) + a(rDI[alr2) + ¥a(r D) Xsingier  (14C-4)
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1 T2 2
Tia Tam
Figure 14C-1 Coordinate labels
y in the discussion of the,H
A Rup B molecule.

The electron spin state is a singlet, since the spatial part of the wave function is taken to
be symmetric. In this trial wave functioeach electron is associated with both protons
that is, the trial wave function is said to be a produchofecular orbitals The descrip-
tion in terms of molecular orbitals is sometimes calledMemethod.
N

The calculation ofy,|H|y,) yields
(//g> ¢ (14C-5)

n
B 47re ORAB

¥

where E(R,g) is the energy of thél;  molecule calculated in (14.56). The first-order
electron—electron repulsion contribution can also be calculated, and when the total energy
so computed is minimized with respect to the separd&ignit is found that the binding
energy and internuclear separation are given by

=i =i e e
<Hl 47T€0RAB> + (Hz 47T80RAB> + Areglin + drreRag

&

47T80I’12

e

47780I'12

= E(RAB) + E(RAB) + <‘/fg

— R - +<¢g

47780RAB

E,= —2.68 eV

R=0.85A
The experimental values are

E,= —4.75eV

R=0.74 A

Evidently the approximation is not a very good one. We noted in our discussiorHjf the
molecule that the trial wave functions (thk's) are inaccurate for small proton—proton
separations, and the fact that M@'s are too spread out in space shows up in the num-
bers above. The trial wave function also has some undesirable features f&,jarfee
product in (14C-4) may be rewritten in the form

[ary) + Pe(r DI(Palro) + ¥a(r2)]
= [Pa(r Jialr2) + a(r Dia(r2)] + [Wa(r Jba(r2) + Yalr 2)is(r )]

The first term is called an “ionic” term, since it describes both electrons bound to one
proton or the other. The second term, the “covalent” term, is a description in terms of
linear combinations of atomic orbitals (LCAQO). Our trial wave function thus implies,
since the two terms enter with equal weight, that for I&gehe molecule is as likely

to dissociate into the ions™Hand H™ as it is into two hydrogen atoms, and this is
patently false.

(14C-6)
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The Valence Bond Method

The last difficulty can be avoided with the use of vhkence bondalso called Heitler-
London) method, in which linear combinations of atomic orbitals are used. The singlet
wave function used as a trial wave function in the variational principle is taken to be

1

1/2
2[1+82(R)]} [WA(r Dl 2) + Yalr Dl D] Xsingier  (L4C-7)

P(ry, 1) = {
where, as before, thie,(r;) are hydrogenic wave functions for tik electron about pro-
ton A. We could, in principle, add a triplet term to our variational trial wave function.
However, a triplet wave function must be spatially antisymmetric and yields low proba-
bility for the electrons being located in the region between the protons. We saw in our dis-
cussion of théd; molecule that just this configuration led to the lowest energy. Although
it is not immediately obvious that the attraction is still largest in this configuration when
there ardwo electrons that repel each other in the system, it is in fact so. The results of a
variational calculation with theB trial wave function are

E,= —3.14 eV
R=0.87A

This is not a significant improvement over M results, for the simple reason that the
inadequacy of the trial wave functions for snil} carries more weight. There should be
no question about the quantitative successes of quantum mechanics in molecular physics.
More sophisticated trial wave functions have to be used; for example, a 50-term trial
wave function yields complete agreement with observations for hadtecule, but it
does not, as thBIO and VB functions do, give us something of a qualitative feeling of
what goes on between the atoms. In what follows, we will explore the relevance of these
approaches to a qualitative understanding of some aspects of chemistry.

The expectation value &f for the H, molecule in thé/B approach has the following
schematic form:

YIH[p) = 2(1 n SZ) (Yarther + Paothe |H|Yarther + PYaother)
_ 1 - - - - &
1+ [S2 <¢/A1¢IB2 Tt T, Aregl g daregtpy  Amegs  dmeglp
3 3
47780r12 47780RAB> lpAll/jBZ + lpAZ¢Bl>

whereT; is the kinetic energy of th¢h electron, and since

(Tl ez )d/Al Ell!fAl

Ayl p

11[/|H| ¢/> <lllAllrllBZ + l/jAleBl|H|lpAl¢BZ + ¢/A2¢/Bl>

2(1 21+ 9
1

2E, — -
1+ 9 !

4'77'80" B1 47780I’A2 47T80r12 47780R

A - €
47T€0r82 47TSOTA1 + 47T80r12 + 47T(90RA > ¢A2¢Bl>

lpAleZ>

& e2+e2+e2>

< (/jAll//BZ

2El -

+ <¢’A1¢’Bz
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_ 1 e e2
= 1+ 82 {<2E1 + 47TSOrRAB>(1 + SZ) <¢A1

|¢A1| Iwazl2
4778 S<dlAl ¢181> 47780f f

f l/jAlellpBleAZ}

Te

¢A1> (14C-8)

Ta

2

In obtaining this, liberal use has been made of symmetry. The terms that can make this
expression more negative are
¢Bl>

<¢A1 ¢A1> and 11 < <¢A1

The former is just the attraction of the electron cloud about one proton to the other proton;
the second is the overlap of the two electrons (weighted with).1lf this can be large,

there will be binding. The two electrons can only overlap significantly, however, if their
spins are antiparallel; this is a consequence of the exclusion principle. The region of over-
lap is between the two nuclei, and there the attraction to the nuclei generally overcomes
the electrostatic repulsion between the electrons.

In the MO picture, too, it is an overlap term—the result in (14-60)—that is crucial to
bonding, and again, bonding occurs because the electron charge distribution is large be-
tween the nuclei. Thus, although here the orbitals belong to the whole molecule rather
than to individual atoms, the physical reason for bonding is the same.

We note that in general there may be several bound states of the nuclei, correspond-
ing to different electronic configurations. For example, if in (14C-7) we take(the
wave function to be 8,4, eigenfunction, while the(r,) remains ai,q, eigenfunction, the
overlap may be such as to provide a second, more weakly bound state of the protons. We
are not going to pursue this, except to point out the important fact tHetRhis different
for each electronic state

Tey

The Importance of Unpaired Valence Electrons

An important simplification in the study of electronic charge distributions in molecules
occurs because we really do not need to take all electrons into account. In the construction
of orbitals, be it valence or molecular, only the outermost electrons, not in closed shells—
that is, the so-calledalence electrons-have a chance to contribute to the bonding. The
inner electrons, being closer to the nucleus, are less affected by the presence of another
atom in the vicinity* Furthermore, not all valence electrons contribute equally: if two
electrons are in a spin 0 state—we call thgaired electrons-they will not give rise to
bonding To see why this is so, consider what happens when an atom with a single va-
lence electron is brought near an atom with two paired electrons. There are two cases to
be considered (Fig. 14C-2).

(a) If the two electrons that are parallel exchange [i.e., are put into a form such as
(14C-7) with a minus sign between the terms], then they must be in a triplet

1t may happen in atoms that even the valence electrons are rather close to the nucleus. This is the case for the
rare earths. A consequence of the fact that the outer electrathari & shells lie close in is that the rare
earths are chemically less active than the transition m&tats20—30).
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Do - O

Atom with
paired electrons

(a)

GECENORo

Figure 14C-2 lllustration of why paired electrons do not give rise to bondiaglf parallel

electrons exchange, the wave function is spatially antisymmédyif.gntiparallel electrons

exchange, one term in the wave function has electrons in the same spin state, which may require
promotion to a higher energy orbit.

(b)

state, and hence the spatial wave function of this pair must be antisymmetric.
This reduces the overlap, and it turns out that the exchange integral gives a repul-
sive contribution to the energy.

When the two electrons that are antiparallel exchange, then one atom finds itself
some of the time with two electrons in the same spin state. The original atomic
state will frequently no longer be a possible one, and one of the electrons will
have to be promoted into another atomic orbital. Sometimes this may cost very
little energy, but usually this is not the case, and again bonding is not achieved.
Chemical activity depends on the presence of unpaired outer elecfmorex-

ample of this is the nonexistence of the H-He molecule. In He we have two elec-
trons in the § state; promotion of one of them into a fate costs a lot of
energy. It is for this reason that the atoms for which the outer shells are closed
areinert. Not all unpaired electrons are of equal significance. As noted before,
the unpaired- andf-electrons in the transition elements tend to be close to the
nucleus, and hence inactive. Thus, mamlandp-electrons in the outer shells
contribute to chemical activity. The pairing effect is also responsible for what is
called the “saturation of chemical binding forces.” Once two unpaired electrons
from different atoms form a singlet state (and cause bonding), they become
paired; an electron from a third atom must find an unpaired electron elsewhere—
that is, participate in a different bond. Another consequence is that molecules
have spin 0 in most cases.



Chapter 15

Time-Dependent
Perturbation Theory

15-1 FORMALISM

236

In previous chapters we were primarily concerned with the stationary states of atomic sys-
tems. Much of our information about atoms, molecules, nuclei, and elementary particles
comes from studies of transitions between energy levels or decays. Although most of our
interest will focus on electromagnetic transitions, which will be treated in separate chap-
ters, other transitions are also of interest. All of these processes involve time-dependent
perturbations, and we shall develop the formalism to deal with them.

As before, we start with an unperturbed system, described by a Hamiltonian H,. We
assume that we know the complete set of unperturbed eigenstates that satisfy

H0|¢n) = E510)|¢n) (15'1)

The kets |¢,) are taken to be time independent. The labeling may seem redundant: The
n-label describes all the quantum numbers that characterize the states. The ¢ part is just
there to remind us that these are eigenstates of the unperturbed Hamiltonian H,. We will
be interested in solving the Schrédinger equation

it y(0) = (Hy + AV@) o) (152)

The fact that our states depend on time means that we are working in the Schrodinger pic-
ture. We now apply the procedure we used for time-independent perturbation theory. We
expand the [(?)) in terms of the complete set of eigenstate |¢b,), except that we explicitly
insert the time dependence appropriate to these. We write

lg(0)) = 3, c, (e =" |¢,) (15-3)

n

The time-dependence is put in so that in the absence of V(f) the ¢, () would be constants.
If we now substitute this expansion into (15-2) we get

> [iﬁ ‘%(” + E‘n")c,.(t)]e"“”)”"l é,) = Hlj() = 3, [EP + AV(©D)]c, (e B¢,y (15-4)

that is,

> [iﬁ di;f’) - AV(r)cn(r)]e"'E‘f’”"|¢n> =0 (15-5)
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We now take the scalar product with {¢,,|, use the orthonormality of the unperturbed
cigenstates (¢,|d,) = 8, and divide out e =" This finally yields the infinite set of
equations

[ ()
ih i

=L, e, (D EE (B V(D)) (15-6)

We first try to solve this to first order in the parameter A. As an initial condition at # = 0,
we take the system to be in a particular state |¢;) so that [(0)) = |¢;) and thus

c,(0) =84 15-7)

Sometimes the initial state is specified in the distant past, as in a scattering process. In that
case (15-7) would read

Lim ¢, (f) = 6,4 (15-8)

——w

Departures from this at a later time depend on AV(#). To first order in A it is enough to
substitute (15-7) into the r.h.s. of (15-6). This yields the differential equation (for m # k)

de,(t) _

if =2 = AN G, [ VD) |6,) (15-9)

whose solution is
I
enl = A | ar (V) ) (1510
0

with @,; = (EQ — E®)/A. One can iterate this and obtain an expression to second order in
A, but the derivation is messy, and we do not need it in this book.!

The probability that at a later time ¢ a measurement of the state |()) yields the quan-
tum numbers of the state |¢,) is, according to the expansion postulate,

P, = (. Ju))? = |c,® (15-11)
Note that

S P =3 Kby = 2 (0|, X, [0 = (Pio)|ypn)) = 1

when account is taken of the completeness of the set of eigenstates |¢,) and the fact that
the |{(#)) are properly normalized to unity.

EXAMPLE 15-1
A particle of charge g in a one-dimensional harmonic oscillator of characteristic frequency o is
placed in an electric field that is turned on and off so that the potential energy is
AV(D) = gExe ™

If the particle is initially in the ground state, what is the probability that after time #, such that 1 >> 7,
the particle is found in the first excited state of the harmonic oscillator? What is the probability that
it is found in the second excited state?

ISee Supplement 15-B [www.wiley.conVcollege/gasiorowicz] on the interaction picture for a neater (but still messy)
approach to this subject.
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SOLUTION 1f we label the harmonic oscillator eigenstates by |n), with energy eigenvalues fiw(n + 1/2),
then our formula leads to

t

c,,(t)=[{—ﬁ f dr' & (n|x|0Ye "
2

-

Since ¢t >> 7, we may take the upper and lower limits in the time integral in (15-10) to be = . We
therefore get

E I oy i
C,(®) = %(ﬂ |x|0) f dt’ e”iont o1

E 1 e
= %i— {n|x|0) f dr e el

ET 2, 2.2
= Vi L (n]x|0)e 8
it
This means that

212

qET2
P

P"(Oo) = I(nlxlO)'Z(,’*”z‘”szlz

To calculate {n|x|0) we use (6-35), to get

- | & +
x= |5 ~A+A")

and recall that A|0) = 0 and A*|0) = [1). Thus Kr|x]|0)? = ﬁ &, and therefore

qusz

2.7
e w'r 42
mhw

Pl=

w3

We alsoseethat P, =0forn=12,3,....
Note the following

1. As 7 — © P, — 0. When the electric field is turned on very slowly, then the transition
probability goes to zero; that is, the system adjusts adiabatically to the presence of the field,
without being “jolted” into making a transition.

2. The potential, through its x-dependence, will allow only certain transitions to take place. In
other words, we see that there is a selection rule that operates here. If the potential were
proportional to x%, for example, then transitions to n = 2 would be allowed

15-2 HARMONIC TIME-VARIATION OF THE POTENTIAL
In a large number of examples, the potential has the time dependence given by
V() = Me™™ (15-12)

where M is an operator that does not have an explicit time dependence. Such a time de-
pendence may arise either as a result of the system being placed in an exiernal potential
that has a harmonic time dependence (for example an atom irradiated by a laser beam) or
because the potential describes an emission or absorption of a particle in the k — m transi-
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tion. In that case, the *w corresponds to the emission/absorption of a particle. For this
time dependence,

I
A 1wy’ [ Fior
6n®) = 2 (8, M1 [t ot
0
The integral is easily done:

lom™ — 1 ST SIN(w,y + w)i2
W,y + ) (W, + W)2

4
Jdt' eiw,,,Lt e:uut —
0

The absolute square of c,,(f) then yields

W+ w \2

. 'mk
sin —,—1
A? 2 2

2

(15-13)

The sinusoidal variation is characteristic of the transition rate for an atom in a laser beam.
We will discuss this matter in detail in Chapter 18.

For transitions involving the emission or absorption of a particle with energy E = fiw,
we are interested in the long-time behavior of the transition rate. Let us look at the form

_4 A
F(@) AZ sin”
with
EO — EO ¥ fw
A -=—
h
Figure 15-1 shows the behavior of this function. For large f it becomes strongly peaked at
A = 0, and away from A = 0 it oscillates very rapidly. This is the kind of behavior that

% 2

—_—

-6 —4n —2n 0 27 4n 6w A

t t t t t t

Figure 15-1 Plot of the function 1/A? sin” tA/2 versus A
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we associate with a delta function. In fact, if f{A) is a smooth function of A, then, for ¢
large,

i 1 2_t_A.. =1 J i i 2@
J fA) A2 sin” dA = f(0) | dA AZ sin”

= 21£(0) J dy % sin y = 277f(0)

that is, for ¢ large,

A G2 B 50 71 8(A) = 2SS, — E0 T hw) (15-14)

A? 2
Thus the transition probability in (15-13) after a long time grows linearly with ¢, and the
transition probability per unit time is

T = 22 K, JAMIGOI BED — EO F o) (15-15)

The delta function shows that transitions are only induced if
foo = B — £

This is a statement of energy conservation. If E? < EQ then the system is excited to a
higher energy state, and this is only possible if energy is supplied by the potential Me**".

Note that [See eq. (5-49)]
dH\ _ (oH
dt at

so that with a time-dependent potential, energy is not conserved. Here we see explicitly
how much energy a time-dependent potential can absorb or emit.

The result needs some discussion. For fixed, precise w, (15-13) gives a perfectly sen-
sible oscillating result. The probability for a transition oscillates with frequency ,, + o.
The reason we look at large times ¢ — o is that we are interested in transition rates for
atoms that emit a photon or for radioactive decays such as a-decay that occur in nuclet. In
such cases the reader may well feel swindled. First, the manipulations leading to (15-15)
are suspect. They involve limits such as “t large,” which are vague, and which clearly
cannot hold for all large ¢, since a transition probability that grows linearly with time must
sooner or later exceed unity. Second, the result for a perfectly reasonable quantity such as
a transition probability per unit time—that is, a transition rate—should not include a delta
function that is not a sensible smooth function.

The first difficulty is addressed in Supplement 15-A [www.wiley.com/college/gasiorowicz].
There we discuss a more accurate treatment of the decay probability, which gives rise to
the familiar exponential decay rate, whose outcome is the formula

N(@©) = N(O)e ™ (15-16)

The second difficulty involves the problem of the delta function. We discuss it in the
framework of two explicit examples: (1) the decay of an excited state of an atom, described
by |¢,) to another state, |¢b,,), accompanied by the emission of a photon of energy #ew, and
(2) a nuclear decay in which a nucleus described by |A) decays to a state |B), with the emis-
sion of a neutron. The neutron’s energy, because of the conservation law, must have the
energy £ = E, — Ep. This will manifest itself in the presence of 8(E, — E; — E). Never-
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theless, that is not the whole story. In each case, the energy of the emitted particle does not
specify the state of the emitted particle uniguely. We are always interested in the detection
of the final particle (photon or neutron, here) in some momentum range. If we are inter-
ested in the momentum range (p, p + Ap), then what we really want to calculate is

= AZ | () (15-17)
P

where the sum is over all states in that range. It is this sum that corresponds to an integra-
tion over the delta function, removes the infinite spike, and evaluates some function at the
location of the spike. To see this explicitly, we work this out for an arbitrary emitted
particle.

15-3 PHASE SPACE

Consider the emission of a particle, photon, or neutron. Far away the particle will have to
be described by a plane-wave of the form

U(r, ) = % T B (15-18)

Here V is the volume of the box in which the process takes place. This factor is there to
normalize the wave function. We take the box to be cubical, of side L and very large.
Under those circumstances the shape of the box does not matter. The specification of the
momentum in the box is most easily obtained if we use periodic boundary conditions, so
that

Yx+ Ly, 2) = P(x, 3 2) (15-19)

and so on. This implies that

etp,L/fL — etp‘ljﬁ — eip:L/fL =1

The momenta are therefore specified by

_2wh . _ 2wk . _ 2ah
5 hp pv—TnZ’ pz‘T"}

where n,, n,, and n; are integers, positive and negative. Thus the sum over an interval Ap
becomes a sum over integers

L=2>2e,m— f @n T, m) (15-21)

An, An, An,

The sum becomes an integral because in a large volume the triplet of integers n consists
of very large numbers, so that An, becomes infinitesimal. Next, we note that

_ (LY %
&n = dn,dn,dny = (R) dp, dp,dp, = 2277—71)3 &p (15-22)
The sum in (15-21) therefore leads to
vd’
T =27 | 222 (o, JAMIGI2 8D — EO + E) (15-23)
h Q2h)

We have chosen a definite sign for the energy E, since we are discussing emission.
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To evaluate this further, we take the volume element in p-space and write it in terms
of spherical (momentum-space) coordinates. Thus
d’p = dQ,p’ dp (15-24)

Here the factor d(), = sin 6, df,, d¢, is the infinitesimal solid angle about the direction of
p. For the rest, we are left with

27 1%
o =27 [ a0, & Vs [ 7 dolio Mg 6 + £~ EF)
2
=27 _v pdp 2 5O _ O (15
s f v (pdp 2)
=27 | 40 P 9P v |aM
7 [ a0, V(P gamtionr)

In (15-25) the integral is over whatever solid angle we want to include. This may just be
the solid angle subtended by a fixed detector; if we don’t care in which direction the out-
going particle goes, we integrate over the whole sphere and get 47r. The factor in the
parentheses is to be evaluated at the value of E, specified by the energy-conservation delta
function. Note that the volume factor V in the above expression is welcome; it just cancels
the square of 1/V'V that appears in the wave function of the outgoing particle.

If the outgoing particle is a photon, then the relation between energy and momentum
is E = pc, so that the phase space factor is

= =5="1, (15-26)

where we have used the relation E = #w. If the outgoing particle has energy given by
2
14

E= 2m’

then

p*dp m

—_— 2 —_— = = -
JE P p=mp mV2mE (15-27)
We may rewrite the factor that counts the number of states as follows:

14 pdp _ Vdp _d'n_
Qah)y  * dE  Quh)YdE dE

p(E) (15-28)

The factor is the number of states in the energy interval dE and is therefore called the den-
sity of states. We may therefore write the transition rate in the form

Tion = 27 KbulAM 1) "p(E) (1529)

If we have several free particles in the final state, (15-23) generalizes to

V 3
r,;,f = f H d pl;
h x (27h)

indep. momenta

(apio(E9 + T~ EP) (1530

The delta function again expresses energy conservation. Here all of the energy carried off by
the free particles is equal to the change of energy in the system, and the integration is over
independent momenta. Thus if a massive unstable article decays into three particles, there
are only two independent momenta, since the third is fixed by momentum conservation.
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Note, however, that the product of the phase space factors in (15-30) is over all the particles
in the final state. It therefore involves a factor V" if there are N particles in the final state.
This is needed to cancel the square of the 1/V'V factors for the N particles. Equivalently, we
could have written (15-30) as an integral over all momenta, with an additional delta function
that includes a statement of momentum conservation. The rate is then given by

T,

vd
-2 ([ [m P |<¢f|AM|¢,->26(E}°’ +3E - E&")) a(pf -2 n)
(15-31)

In the case of atomic transitions, the mass of the atom is so much larger than the (photon
energy/c?®) that we may treat the nucleus fixed in space. Under these circumstances, mo-
mentum conservation becomes irrelevant.

The number I'; ,;represents the probability for the transition i — f divided by the time
during which the perturbation acts. This time must be long so that the transition probabil-
ity is proportional to ¢, but it cannot be too long. If we ask for the probability that the ini-
tial state remain intact, we get

PWy=1-— tz_ L
f#i
where the sum is over all accessible states—that is, states not forbidden by energy conser-
vation or selection rules. This expression ceases to make sense for long enough times,
since all probabilities must be positive. As indicated above, we show in Supplement 15-A
[www.wiley.com/college/gasiorowicz] that the above just form the first two terms of the expan-
ston of

P(t)y=e (15-32)

where I' = E F,-%f. From the above formula we may derive a liferime for the initial state,
defined by /*

TET (15-33)
Given that the initial state has a finite lifetime, one would expect that its energy would be
indeterminate, limited by the uncertainty principle for energy and time. We thus would
expect its energy to be uncertain by AE = fi/7. In atomic transitions, for example, this is
seen when the intensity of the spectral lines corresponding to the emitted photon fre-
quency wy is not completely sharp, but is given by

I'72
(w - w0)2 + F2/4

Iw) = (15-34)
The width of the line is I, and this is a measure of the uncertainty of the energy. The line
shape is called a Lorentzian line shape. In the limit that I' — 0, we get, as a consequence
of the formula

=0 (0 — wg)"+ 71

= 7 6(w — wy) (15-35)

the line shape represented by the energy conservation delta function. We will apply the
results obtained in this chapter to the discussion of atomic transitions in hydrogen in
Chapter 17.



244 Chapter 15 Time-Dependent Perturbation Theory

PROBLEMS

1.

A hydrogen atom is placed in a time-dependent electric field pointing in the z-direction, with magni-
tude E(¢) given by
E®H=0 t<0
= Eoe R t>0
What is the probability that as + — o the hydrogen atom, if initially in the ground state, makes a
transition to the 2p state?

Consider a particle in an infinite well, with V(x) = 0 for 0 =< x =< g and V(x) = @ everywhere else.
The potential in the range 0 = x = a changes by an additional term

Vix) = A(x - %) sin wt

(a) Calculate the probability that a particle in the ground state (n = 1) makes a transition to the first
excited state (n = 2).

(b) What is the probability that it makes a transition to the second excited state (n = 3)?

(c) What happens to these results as w — 0?

Repeat the above calculation with sin wt replaced by e In part (c), consider the limit 7 — .
Note that in both cases (c) shows that for a very slowly varying perturbation transitions become
strongly suppressed. See Problem 6.

Consider a particle in the nth state of a one-dimensional harmonic oscillator, whose spectrum is
E, = hw(n + 3).
Suppose the system is perturbed by
V(=0 t<0
= Ax cos wte” ™ t>0
Calculate the probability of a transition to the mth state. For what values of m are the transitions al-

lowed? Discuss any special features that arise when w, — w and/or a — 0. (Hint: Use the creation
and annihilation operator method to calculate the matrix element.)

Suppose a particle of rest mass M decays into two particles of rest mass m,; and m,, respectively. Use
the relativistic relation between energy and momentum to compute the density of states p that ap-
pears in (15-29). [Hint: There is only one independent momentuin—say, p—and what is needed is

d%p )
Ol Eiiia — E
(277_ ﬁ)(’ ( initial ﬁ;al ]

states

In this problem the adiabatic theorem is to be illustrated. The theorem states that if the Hamiltonian
is changed very slowly from H, to H, then a system in a given eigenstate of H; goes over into the
corresponding eigenstate of H, but does not make any transitions. To be specific, consider the
ground state, so that

Hybg = Eothg
Let V(r) = f(r) V, where f(¢) is a slowly varying function, as shown in the graph.

fi6)
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If the ground state of H = Hy + Vis |w0), the theorem states that
[{woly() — 1

The steps to be carried out are the following:
(a) Show that

& EL—EQ ik

1 v E—E gy €
fa't ") B

for times ¢ such that f{t) = 1. Use the fact that

dfit')
ar

E,—Ej

<" —— A1)
h
Either construct an example of a function f(¥) or use integration by parts; that is, write
iwt' _ L i iwt'
¢ iw dt’ ¢

in the preceding.
(b) Calculate s(¢) using (15-3) and (15-10). Compare this with the formula (11-15), which here
reads

2 <¢m|V] ¢0)

E.(o) E.(O) I ¢m)

|W0) = |¢o)
and thus show that

Kwol gy — 1

Nuclei sometimes decay from excited states to the ground state by internal conversion, a process in
which one of the 1s electrons is emitted instead of a photon. Let the initial and final nuclear wave
functions be

Gfr Iy, . .. Ty) and X710 3V ORI )

wherer; (i = 1,2,. .., Z) describe the protons and r,, ... r, the neutrons. The perturbation giving
rise to the transition is just the nucleus—electron interaction

Z
e2

v=-> —¢
=l dAzeg|r — 1

where r is the electron coordinate. Thus the matrix element is given by

J'a'_4 J'a'_4 ¢ ﬂp-rlﬁi &2
I r r
1 AP A meg|r — 1| btfioolr)

(a) What is the magnitude of p, the free electron momentum?
(b) Calculate the rate for the process for a dipole transition in terms of

d= 2 f &’ry - d’r, pirgy

by making use of the expansion
rer;

11
[r—r] T r



Supplement15-A

Lifetimes, Linewidths,
and Resonances

In this supplement we do three things:

(@) We discuss a somewhat improved treatment of transition rates that shows how
the exponential decay behavior comes about, following the general approach of
V. Weisskopf and E. P. Wigner.

(b) We show how the Lorentzian shape for the linewidth comes about.

(c) We show that the scattering amplitude for a photon by the atom in its ground
state peaks strongly when the energy of the incident photon is equal to the
(shifted) energy of the excited state.

To simplify the problem as much as possible, we consider an atom with just two lev-
els, the ground state, with energy 0, and a single excited state, with &nérgg two
states are coupled to the electromagnetic field, which we will take to be scalar, so that no
polarization vectors appear. We will only consider the subset of eigenstaigsmfsist-
ing of the excited statg,, for which

H0|¢1> = E|¢1> (15A-1)
and of the ground state one photong(k), for which
Holg (k) = e(k)[b(k)) (15A-2)

and limit ourselves to these in an expansion of an arbitrary function. This is certainly jus-
tified when the coupling between the two stafigsand ¢(k) through the potentidV, is

small, as in electromagnetic coupling, since then the influence of two-, thregshoton

states is negligible. Note that

(dalp(k)) = 0 (15A-3)

even when thé& is such that the energiegk) andE are the same. The states are orthogo-
nal because one has a photon in it and the other does not, and because for one of them the
atom is in an excited state, and for the other it is not.

The solution of the equation

o d
if g [W(®) = (Ho + V) w(®) (15A-4)
may be written in terms of the complete set

W (®) = a)lp)e =" + f d’k bk, ) [p(k)e =" (15A-5)
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When this is inserted into (15A-4),
L oda i
i7i at € F |py) + Eae =" [y)

win [ @ PR e o) + [ dke(i) bik, D% [g(k)

= Ea(t)e ™" [py) + f d3ke(k)b(k, e [p(k))
+alge = gy + [ dblk, e O [g(k))
results. If we take the scalar product with|, we get

it %‘ = a(t)(d|V| 1) + f d% bk, t) e O (¢, [V] (k)

SinceV, acting on a state, is supposed to change the photon number . 0vie,) =
0. With the notation

e(k) — E = hw(k) 15A6

(balVIb(K)) = M(K) (154-6)

the equation becomes
i % = J d3k b(k, t)e ®t M(k) (15A-7)

If we take the scalar product withp(q)|, and again use photon counting to set
(p(q)|V|o(k)) = 0, we get, after a little manipulation, using a normalization that

(d(@)]p(k)) = 8k —a) (15A-8)
the equation
i D _ o) g0 (g (15A-9)

Sinceb(k, 0) = 0 if the excited state is occupiedtat 0, a solution of this equation is

t
b(k, t) = % M*(K) f dt’ €MV a(t) (15A-10)
0

t
da(t) _ _if 3 2 —iw(k)tf NN 4
at - 2 d*kM(k)[> e O dt'a(t’)ée

¢ (15A-11)
= —% f d*KM(K) |2 f dta(t’)e ek
0

This is a complicated equation, and we will make some approximations to learn about
the behavior ofa(t). We note that the oscillating exponential will average out to zero
unlesst — t’ is small. We therefore make the approximation #{#) can be replaced

by a(t). This turns a complicated integral equation into a simple ordinary differential
equation.

t
S1 dalt) _ _if 3 2f ) ai(K)(t—t') .
e L] | dre (15A-12)
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With the substitutiont — t' = sthe integral ovet’ becomeg}dse '*®s,  We now look at
the behavior o#(t) for larget. We use the fact that

fdse‘i“’(k)sz Lim | dse@®-ios = |jm 1
o oot H(w(K) — e
) o+ 4 o+ I(w(k) —ig) (15A-13)
| w(k) +ie
es0+ | w¥(K) + &2
and the relation
. &
= 15A-14
l_—lj)rl w® + &° mo(w(k)) ( )
to obtain for the right hand side of (15A-12)
L RN EPALICL ]
ﬁzf d*k|M(K) |2 §(w(K)) ﬁfd k Fo) (15A-15)
The solution of (15A-12) is therefore
a(t) = a(0)e "2 1am (15A-16)
where
r= %727 f %M (K) 2 8(w(K)) = %77 kM (K) P S(fw(k)  (15A-17)
and

IM(k)[?
)

The probability of finding the system in its initial state after a long time is
el = la@®)|® = e™ (15A-19)

This is the expected exponential decay form, Wittoinciding with the second order per-
turbation calculation of the decay rate.

Another quantity of interest is the probability that the sté(¢)) ends up in the state
|b(k)) ast approaches infinity. This is given Big(k, )>. This can be obtained from
(15A-10). We can approximate this by using (15A-16). With the simplifying notation
I'72 + i Alf, we get

A= f ok (15A-18)

-1 f ~z+iw()t — M*(k) 1
bk, @) = = M*(K) dt & TRy
(Ok) (15A-20)
M*
" ho(k) — A+ iAl/2
The absolute square of this is
M(K)|?
bk, @)|? = M) (15A-21)

(ho(k) — A + (AT/12)

yields the Lorentzian shape for the linewidth; that is, the photon energy is centered about
the (shifted) energy of the excited level, with the width describetif§. The energy
shift is small, and usually ignored.
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The same form appears in the scattering problem. Consider the scattering of a “pho-
ton” of momentunk; by the atom in the ground state. The state of the system is again de-
scribed by (15A-1), (15A-2), (15A-7), and (15A-9), except that initially, which here
means at = —«, the state is specifically given é&;), so that

b(g, t) = 8(q — k;) att = —o (15A-22)
Hence the integration of (15A-9) gives

ba, t) = 8(q — k) + % M*(q) f dt’ a(t’)ew@" (15A-23)

The quantity of interest is the amplitude for a transition into a final state in which the pho-
ton has momenturky att = +oo; that is, it is

(DK p(+)) = b(k; + =)
= 5(k, — ki) — % M*(k,) f dt’ a(t’)e (15A-24)

(w5 = w(ky)

using the previous equation.

The calculation of this quantity is rather tedious, and does not teach us any physics.
The final result, though, is interesting. For scattering away from the forward direction, so
thatk; # k;, we find the result

—2miM(k)M*(k,) 8(haw; — Fra)

b(k, ) = (15A-25)

(k) — E+im f &K M (K)|2 (k) — e(k))

The formula as it stands has been approximated by the neglect of a small real contribution
to the denominator, whose effect is to shift the energy of the excited atonk B +

AE. What is of interest to us is that when the energy of the incident photon approaches
that of the excited state of the at@inthe amplitude peaks very strongly. We have an ex-
ample ofresonant scatteringThis is a quantitative justification of the remarks we made

at the end of our discussionaftoionizationin chapter 14.
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The Interaction Picture

For the discussion of systems involving only two or three levels, it is particularly conve-
nient to use a description of the time evolution of the system that lies between the
Schrédinger picture and the Heisenberg picture, both of which were discussed in Chapter 6.
Let us start with the Schrddinger equation, which reads

SO) = =4 HIvO) = = (Ho + HY(O) (15B-1)
We can write this in the form
(1)) = U(t)[44(0)) (15B-2)
where
%U(t) = —% (Ho + HYU(1) (15B-3)

The initial condition idJ(0) = 1.
The procedure calls for the definition of a new state végf)) defined by

[4(0)) = " () (15B-4)

It follows that
S0) =+ Holy ) + é“o”ﬁ(—}b)(Ho + H)ly(t)
= éH°ﬁﬁ(_;L)H1eiH°ﬂh|¢’|(t)>

If we now define
V(t) = oy, g Hoh (15B-5)

we end up with the equation

d _(_i
dth.(t)>—< h)V(t)|¢|(t)> (15B-6)

Solving this equation is not trivial, and in general the best one can do is to find a solution
in terms of a power series ¥f{t). The formal procedure for solving this in a way that in-
corporates the initial condition

|44(0)) = |¢p) (15B-7)

is to write

l(1) = Ui(t) o) (15B-8)
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Equation (15B-6) takes the form

au® _ i

- %V(t)U|(t) (15B-9)
SinceU,(0) = 1, we can convert the differential equation into an integral equation

Ut = 1- 'g f dt’ V(t)U,(t") (15B-10)
0

This can be solved by iteration. In the first step we repladd theder the integral by 1.
In the second step, we take tgt) so obtained and insert it on the right-hand side, and
so on. We thus get

. t . 2t t'
Ut) = 1—% ! dt (t') + (—;L) ! dt V(t') { dt V(t") + -+ (15B-11)

This is a nice compact form, but working out the integrals in the second term is still very
tedious. That is all we have to say about this, other than to say that the first-order expres-
sion is very handy for dealing with two- and three-level systems, as we shall see in Chap-
ter 18.



Chapter 16

The Interaction of Charged
Particles with the
Electromagnetic Field

The most important application of quantum mechanics dealt with in this book involves
the interaction between electrons (or other charged particles) and the electromagnetic
field. In this chapter we deal with the formulation of the Schrodinger equation in the
presence of a general electromagnetic field, and then study the special case of electrons

in a constant, uniform magnetic field.

16-1 CLASSICAL ELECTRODYNAMICS
Maxwell’s equations read
VB, n=0
V-E@, 1) = alo p(r, 1)

JE(r, 1) .
Vv X B, 0 - L 500 = e, o)
c
, b
VxE(r,r)+aBg )9
These equations lead to
Ip(x, 1) . _
y +Vejir,n=0

which expresses charge conservation. If we integrate (16-2) over an arbitrary volume V,

then this reads

%f(ﬂrp(r, f) = —den-j(r, f
1% S

which states that the rate of change of charge in the volume V is equal to the net current

flowing out through the surface § that bounds the volume V.
A point electron of mass m, and charge —e obeys the Lorentz force equation

m,— = —e[E(r, ©) + v X B(x, 1)]

246
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The transition to quantum mechanics requires the construction of a Hamiltonian. To do
this, it is necessary to introduce the potentials for the electromagnetic system. We intro-
duce A(r, £) and ¢(r, 1) as follows

B, ©) =V XA@, D
_OA(r, 1)

E(r,r) = T

— Vo, 1) (16-4)

so that the first and last of the equations (16-1) are automatically satisfied. The potentials
are not uniquely defined. The first of the above equations is unchanged if we make a
transformation 1o a new vector potential

A, =A@, — Vg, (16-5)

since V X Vg(r, 1) = 0. The electric field will be unchanged if, in addition to making the
change in (16-5), we change ¢ to ¢’ according to

&', ) = d(r, 1) + 0"”5;; J (16-6)

This invariance, known as invariance under gauge transformations, gives us the freedom
to define the potentials in various ways, to suit out convenience. The Maxwell equations
now read

_v2 _9 (v, -1 R
Vi(r, 1) — - (Vo AX, 1) = g, p(r, 1) (16-7)
and
1 PAMD) ] o)
V X (V X A(r, t)) + ?—atz— + ?V —0t-_ = [.Lo.](r, t) (16—8)

where we have used gquo = 1/c%. This may be rewritten as

A, ¢ Id(x, { .
—V2A(x, ) + é%—) +V (V-A(r, ) +# ‘i’zt )> = ujt, ) (16-9)

If the charge distribution is static—that is, p(r) is independent of time—it is convenient to
choose the function g(r, t) such that

VoA, =0 (16-10)

This choice is given the name of Coulomb gauge. In this case we have
1
Vi(r) = 2, P (16-11)

a time-independent scalar potential. The equation for the vector potential in this gauge
reads

1 FPAQ, D

—V?A(r, ) + =
@0 & ot

PRGN (16-12)

When the charge distribution is not static, it is more convenient to choose the so-called
Lorentz gauge, for which

ad(x, t) —0

o (16-13)

VAR D+ &
C
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This leaves the equation for the vector potential (16-12) unaltered. The scalar potential
now also obeys a wave equation. A technical point worth noting is that the vector identity.

VX(VXA =—V?A+V(V:A)

used to obtain (16-9) is only valid in cartesian coordinates. This means that VA (r, £) as it
appears, must be calculated in terms of x, y, and z.

The transition to quantum mechanics requires a Hamiltonian formulation of the equa-
tion of motion. In the absence of interaction with the electromagnetic field, it is easily
seen that the Hamiltonian equations

dx _ oH
dt  Jp;
b o (16-14)
dr -dx,-
with
p2
H=5—+Wn (16-15)
yields
d*x; Y
m, d; =— 0)(; ) (16-16)

The Hamiltonian for the interaction of an electron with an external electromagnetic field,
represented by the potentials (A(r, £), ¢(x, 1)), is taken to be

1

H= 2m,

(P + eA(r, D)’ — ed(r, 1) (16-17)

The Hamiltonian equations of motion are

dx; oH 1
E - apl - me (pt + eAi(r, t)) (16_18)
and
dp; ~ oH 1 A, I
dr = dx,- = E(pk + eAk) a—x’ + eaXi (16-19)
From this it follows that
dzx,-_i + oA _dp,-+ dAi+dAi@
m, dt2 - dt (pl i(r'- t)) - dt € It axk dt
dx, \ A o¢ OA; FA; dx,
_€ Mk k bl el ik
N me(me dt) ox; +eax,-+e ot +e¢9xk dt
(16-20)
B d(;b+ 9A; + @ dA,-_d_Ak
“Aox, T o )T € ar \ox, o
= —eE; + e(v X (— V X A)),
= —eE,- - e(V X B),

This confirms that the Hamiltonian in (16-7) correctly describes the classical motion.
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THE SCHRODINGER EQUATION FOR AN ELECTRON IN
INTERACTION WITH AN ELECTROMAGNETIC FIELD

The Schrodinger equation takes the form

o(r, t)

ih T

=H)= [ﬁ (—ihV + eA(r, D) — ed(r, t)] n(r, 1) (16-21)

where we have replaced the operator p by —ifiV. Let us first check what happens to this
equation when we make a gauge transformation on the potentials, such as (16-5) and
(16-6). In terms of the primed potentials the equation becomes

: ag(r,
i i"’%i) = [51’7 (—ilV + eA'(r, 1) + eVa(r, )’ — ed'(r, 1) — eigt—’)] W, 1)

This looks like a different equation. We now show that by making an appropriate change
from 1 to a newly defined ¢’ we can restore the equation to its original form, and thus
show the gauge invariance of the Schridinger equation. Since we want to preserve the
absolute square of the wave function, we define

Y'(r, 1) = X0 Y(r, (16-22)
We see that

%—é_ —iA g —_% —iA, g !
at—m(e Y = latl,l/-l-e 1

and
— VY = —ikV(e ) = —R(VAW — e VY

We see from this that we recover the original Schrodinger equation in terms of A’, ¢", /',
provided we choose

A, ) = %g(r, ) (16-23)
To continue, we assume that the scalar potential is independent of time. We work in the
Coulomb gauge specified by

VeAr,t)=0 (16-24)

Thus (16-21), which has the form

Lo R ieh , ieh o . e .2
lﬁ—&t———z eV n,l/———meA Vl,l/———me(V A)!,[I+2 EAl,l/ ey
becomes
7 % — __fi 2 —_ i_ . _ez_ 2 —
ih ot~ 2m, Vo m”: AV + 5 eA Y — edp (16-25)

Note that for a Coulomb potential,

Ze
daeyr

o(r) = — (16-26)

In what follows we discuss the interaction of an electron with a constant magnetic field.
This is a rather rich subject, with many important physical applications.
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Since the magnetic field is constant, we may write

P, 1) = e hy(r) (16-27)
The Schrodinger equation becomes
_ I oy, e, AN — otk =
o VY — DAV + 2o A%y — edy = E (16-28)

16-3 THE CONSTANT MAGNETIC FIELD

For a constant, uniform magnetic field B, we may take'

A=-lrxn (16-29)
It is simple to check that V X A = B. Thus, in the Schridinger equation above, the sec-

ond term becomes

_@(_lpr)'V¢=—ieﬁB'rXV¢= “-BeLy  (1630)

m, 2 2m2 2m
This is a consequence of the relation
—ihr X Vi =1 X p, b = Ly

The term quadratic in A takes the form

e _1 : _ & 2p2 _ n ., _ B 2
2m2< 2rXB) g = gme(rB T-B) ¢ = 8m, & +y¥Hy (1631
if the z-axis is defined by the direction of B, so that B = (0, 0, B). This term looks like a
two-dimensional harmonic oscillator potential.
Let us compare the magnitudes of the two terms. In making our estimate we choose
(L, of order #, and (x* + y?) to be of order a, where aj is the Bohr radius. This means
that
eB%all8m, eBai (1.6 X 107°C)0.5 X 10 ©m)?
= = — B(tesla)
eBhI2m, 4h 4(1.05 X 107« 5)
__ B(tesla)
10

For B or the order of 1 tesla, the quadratic term is negligible. The term linear in B is also
small compared with typical atomic splittings. Comparison with the Coulomb energy
yields

eBh/2m, o _ Bftesla)
mc’a¥2  (mca)? 23 % 10°

The quadratic term can become important under certain conditions. One of them is when
the magnetic field is very strong. Fields as large as 10° T may exist on the surface of neu-
tron stars, and such fields overwhelm the electric fields due to the electrostatic attraction
between electrons and nuclei. In such an environment the structure of atoms is radically

"This choice is not unique, since we may add the gradient of any function A without changing B. This choice is
convenient for our purposes.
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altered. The other condition is when the (x> + y?) term in the interaction is of macroscopic
size. This happens for motion of an electron in a synchrotron. Here both the radius of the
orbit and L are huge on an atomic scale.

If we wanted to take spin into account, we would only have to alter the term linear in
B in the Schrodinger equation so that L « B is replaced by (28 + L) « B. In what follows,
we ignore the spin.

The presence of (x> + y?) in the potential suggest the use of cylindrical coordinates. With
x=pcos¢
)= psin (16-32)

we follow the procedure outlined at the beginning of Supplement 7-B [www.wiley.com/
college/gasiorowicz] to arrive at

9 cosp O S0P 9
ox ap P d¢d
(16-33)
9 sm¢>i+ s 9
Jy J [
and hence
F P 19 1 &
V=2 oS 16-34
9 dp* Pop  p*ad’ ( )
If we now write
l,ll(r) — um(p) eimd) eikz (16-35)
We find that the differential equation satisfied by u,(p) is
dzum 1 dum m2 e2B2 2 zmeE eBﬁm 2
+ - — —_— —_— . - = -
47 | Pdp > Unm 472 P, 72 72 k“)u,=0 (16-36)
If we introduce the variable
_ |eB ~
x= oz P (16-37)
we can rewrite the equation in the form
dzum 1 dum m2
? ;E ?um xzu,,, + )\um =0 (16—38)
where
_ Am, 1%k
A= “Bh (E 2me) 2m (16-39)

It is fairly straightforward to determine that (a) the behavior of u(x) at infinity, determined
from
2
d_% —Xu=0
dx

is u(x) ~ e 2. and (b) the behavior of u(x) near x = 0, determined from

d’u  1du m?

dt  xdx xuzO
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is u(x) ~ 2. We thus write
ux) = 2 e G(x) (16-40)
and determine the differential equation obeyed by G(x). A little algebra leads to

d&’G  (Aml+1 _ \dc A _
dr,+< S 2| H+a—2-2mhG=0 (16-41)

This can be brought into the same form as (8-27) if we change variables to

y=x (16-42)
The equation then takes the form
d*G |m| + 1 dG A —2-2|m|
-+ — — - — = —
¥ ( y 1 y Iy G=0 (16-43)

We can now proceed as in Chapter 8. Comparison with (8-32) shows that we must have

1, 1+|m|_

7 s =" (16-44)
as an eigenvalue condition, with n, = 0, 1, 2, 3, ... . This implies that E — #A2k*/2m,, the
energy with the kinetic energy of free motion in the z-direction subtracted out, is given by

_ % _ eBh
. 2m, n, + 1+ |m| + m) (16-45)
and
G(y) = L) (16-46)
Classical Limit

We limit our discussion to the classical limit. We first review classical theory. Recall that
we found the velocity in the form

_pteA
V=" (16-47)
With A = —3r X B we find
meer=rXp+erX<—%rXB>
(16-48)
=L —%[r(r-B) — r’B]
We take the z-component of the equation to obtain
m/r X v), =L, + % 2 +y?)
that is,
mpv = L, + % 7 (16-49)
The force on an electron is given by F = —ev X B, so that for circular motion we
have

v?
My = evB (16-50)
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This, with (16-49) yields, after a little algebra,

%mevz - %’L: (16-51)

and
e 16-52
[ eB ( = )

We now return to the expression for the energy, (16-45). Because of the smallness of
#, the energy can only be of macroscopic size for reasonable B, if (21, + 1 + [m| + m) is
very large. We have two cases: (a) If m < 0, this implies that n, is very large. Now n, de-
termines the degree of the polynomial Ll,?'"(y)—that is, the number of the zeros in the func-
tion™—and if that is very large, the function cannot be large for some small range of y
where the classical orbit would be located. (b) If m > 0, the coefficient is (2n, + 1 + 2m),
and this can be large, with n, small, provided that m is large. The energy now is

21,2
-k o (é) Fim (16-53)

2me e
in agreement with the classical result. Note that
L, =#m (16-54)

is positive, as expected.

We can also show that the radius of the orbit, as determined by the peaking of the ra-
dial probability distribution, corresponds to the classical value. Let us take n, = 0. In that
case LE’,""(y) is just a constant, and the square of the wave function is according to (16-40),

P(x) = 33 ¢~ (16-55)
This has a maximum where
9P — @fmpit — 21ty e = 0

that is, at

x=V|m| (16-56)
which yields
2 172
r=\_g hm (16-57)

This problem provides a beautiful illustration of the correspondence principle.

16-4 LANDAULEVELS
The choice A = (—yB/2, xB/2, 0) is not unique. The choice
A = (0. Bx,0) (16-58)

2See the discussion at the beginning of the section on the Degeneracy of the Spectrum in Chapter 8.
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leads to the same magnetic field. It differs by a simple gauge transformation from A =

—r X B/2:
B 3B ) _ _ (9 9 o)(»B

With this choice of vector potential, the Hamiltonian operator for an electron in a constant
magnetic field takes the form

2rlne (p + eA)? = Zrlne (pf +(p, + eBx)2 + pf)
_ 1 2 2 249 2p2,2 (16-60)
_2me(p’+py+pz+ eBxp, + e"B°X")

It is clear that [H, p,] = 0 and [H, p,] = 0, so that we can construct functions that are si-
multaneous eigenfunctions of p,, p, as well as H. For simplicity we choose the state to be
an eigenfunction of p, with eigenvalue zero—that is, no motion outside of the x-y plane. If
we write the eigenvalue of p, as fik, then the simultaneous eigenfunction takes the form

P(x,y) = €9 v(x) (16-61)
where v(x) is a solution of the equation
1 (_;2d% o 4 BV - :
2me< f 2t €B (x + eB) ) v(x) = Ev(x) (16-62)

This is just the equation for a harmonic oscillator whose equilibrivm point is shifted from
x = 0 to —x, where x, = Aik/eB. We may thus write the solution as

Pix, y) = P y(x — xp) (16-63)

where u(x) is the eigensolution of the harmonic oscillator centered at x = 0. Note that a
comparison with the usual potential 5 m,w*x* shows that the frequency is

w="25 (16-64)
and the energy eigenvalues are
E= ﬁw(n + %) n=0,12... (16-65)

The energy levels labeled by n are called Landau levels.
If the electron is confined to a strip whose x-dimension is L, and y-dimension is L,,
then the boundary condition in the y-direction,

W(y) = d(y + Ly) (16-66)
implies that
eBx,
7 L, = 27n* n*=0,1,2,... (16-67)
Since
O0=x=<1L, (16-68)
we deduce that
o=nr<=B 11, (16-69)

2ah
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We can easily check that A/eB has the dimensions of an area. (A quick way is to see that
veB appearing in the Lorentz force has the dimensions [MLT ~%]. Therefore eB has the di-
mensions [MT™!]. With # having dimensions of J - s—that is, [ML*T '], we get our re-
sult.) If we define a magnetic length by

h

Iz = B (16-70)
. 256 X 10710
(whose value is [; = =————m)
s V B(tesla)
we can write
% LILZ

(16-71)

n —
2l
Since the area of the sample is L,, L,, the number of states per unit area of a full Landau

level is therefore

_ 1
27l}

(16-72)

hg

The energy spacing of the Landau levels is

_eBh _ h?
me

fw (16-73)

mJdp
The occupation of Landau levels is of great importance in the theoretical understanding of
the Quantum Hall Effect. We present a very much simplified discussion of this topic.

16-5 THE INTEGRAL QUANTUM HALL EFFECT

Consider a two-dimensional sample as shown in Fig. 16-1. The B field points in the
z-direction and an electric field E is applied in the y-direction. Electrons will flow in the
negative y-direction, with a current density proportional to the electric field and the con-
ductivity, so that

Jy = 0ok, (16-74)

The conductivity is given by o, = n.e*7/m*. Here n, is the electron density, m is the ef-
fective mass of the electron in the material, and 7, is a quantity with the dimensions of
time, which can be interpreted as the average time between collisions of the electron with
imperfections in the lattice.? In the presence of the magnetic field the electrons experience
a Lorentz force F = —ev X B. Since the current is related to the velocity by j = —n.ev,
the extra force due to the magnetic field is

_JXB
F= 7,
This is equivalent to an additional electric field E' = —F/e, so that the current density is
changed to
. ixB
J= 0y E — n—ee (16-75)

3For a brief discussion of conductivity, see Bernstein, Fishbane, and Gasiorowicz, loc. cit.
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The components of this are

oyJ,B ety .
o= e = —m—;j J,B (16-76)
and
oJx8 _ €7y
Jy= ok, + ne — ook, + - JB
¢ (16-77)
€Ty
o~ (e
This leads to the following expressions for the current:
ook,
j, = ——————— 16-78
SR +(eTBIm*)* ( )
and, after some manipulations,
nek
. ety 1
= - (16-79)
J B ( 1 + (er,B/m* )2)

The density of electron—that is, the number of electrons per unit area, n,—may be written
in terms of the maximum number of electrons that can be accommodated in a Landau
level

n, = fng = f-22 (16-80)
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This lead to

ﬁ =0
E, 1+ (eroB/Im*)

_ (16-81)
e _ ¢ e (1 - 1 )
E, " 2wh 1 + (eToB/mX)?

The density of electrons and the magnetic field B are under the control of the experimen-
talist. If n, is fixed and B is varied, then the ratios in (16-81) can be measured as a func-
tion of B. Equivalently, if B is fixed and n, varied, the ratios can be measured as functions
of n,. It was found by von Klitzing, Dorda, and Pepper in 1980 that the values of B such
that f takes on integer values f = 1, 2, 3, ... lead to (a) vanishing values of j /E,, and
(b) values of |j,/E,| = f(€/2mh). A simple-minded explanation of the effect is that, when
the Landau levels are filled, an electron cannot undergo elastic scattering, since it cannot
recoil into another state of the same energy. It cannot be thermally excited into a higher
(empty) Landau level, since at low temperatures (0.1 K) and large magnetic fields (B =
10 T), kT << eBh/m*. Effectively 7, — 0, and the observed result follows from (16-81).

This is an oversimplified discussion, since it does not take into account a very large
number of effects that occur in the non-ideal case. For example, some electrons are
trapped at imperfections in the crystal lattice, Landau levels are not sharp because of ther-
mal and impurity effects, and electron—electron interactions have been completely ne-
glected. Nevertheless, when all of these complications are taken into account, it is still
true that at critical values of B, j,/E, is an integral multiple of €*/2ah, to an accuracy of
better than one part in 10 million.*

16-6 AN ADDITIONAL COMMENT ON GAUGE INVARIANCE

The relations between the electric and magnetic fields and the vector and scalar potentials
appear to suggest that when the fields vanish, so do the potentials. This is not as simple a
statement as appears on the face of it. Let us consider a constant magnetic field pointing in
the z-direction

B =kB
confined to a cylindrical region 0 =< p < a. We may use Stokes’ theorem
§ df+ A =2mpA, = f dS+B = mp’B
surface

to see that A in cylindrical coordinates only has a component in the ¢-direction, and that
forp=aq,

1
Ay =7 Bp (16-82)

If we take our circular path about the field outside the radius a, we get

2mpAy = wa’B

“The precise quantization actually follows from gauge invarjance, as has been pointed out by R. Laughlin and
B. Halperin. A presentation of this argument may be found in C. Kittel, Introduction to Solid State Physics, 6th
Ed., John Wiley, New York, 1986.
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so that for p = q,

_ Bwd _ 9 .
+= 2mp _27Tp (16-83)

where @ is the uniform magnetic flux contained in the cylinder p < a. We see that in the
outer region the vector potential does not vanish even though the magnetic field does. In
the region in which the magnetic filed vanishes the vector potential may be written as the
gradient of a function g(¢),

_ 14dg(¢)
Ay = P dd (16-84)
When we set this equal to 2 we get
27p’
g= (%) ¢ (16-85)

where ¢ is the polar angle. In classical electromagnetic theory we can make a gauge
transformation that sets Ay, = O—we just add to A the gradient of —g. In quantum me-
chanics this has some additional consequences. As noted in the material leading up to eq.
(16-19), the Schrodinger wave function for an electron acquires an additional phase fac-
tor, which is

eiA — eieg/fz — ei(ed>/21rﬁ)¢ (16—86)
The phase factor has no consequences for |{i(r, #)|* but there are circumstances in which it

is measurable. This was first pointed out by Y. Aharanov and D. Bohm, and is discussed
in some detail in Supplement 16-A [www.wiley.com/college/gasiorewicz].

PROBLEMS

1.

A particle of mass m in a three-dimensional harmonic oscillator of potential energy mw?’r?/2 has a
spectrum given by

E=tw@n, + 1+ 312)

where n, is a radial quantum number (n, = 0, 1, 2, 3,...) and [ is the orbital angular momentum
(=0,1,23,...). Suppose the particle has charge g and the harmonic oscillator is placed in a
weak magnetic field B. Sketch the spectrum for the three lowest energy states.

Consider a particle of mass M attached to a rigid massless rod of fixed length R whose other end is
fixed at the origin. The rod is free to rotate about its fixed point.

(a) Give an argument why the Hamiltonian for the system may be written as
_L2_(RXp)y
a2
with I = MR~
(b) If the particle carries charge g, and the rotor is placed in a constant magnetic field B, what is the
modified Hamiltonian?
(c) What is the energy spectrum for small B?

Calculate the wavelengths of the three Zeeman lines in the 3D — 2P transition in hydrogen, when
the latter is in a field of 10* gauss.
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Consider a charged particle in a magnetic field B = (0, 0, B) and in a crossed electric field E =
(E, 0, 0). Solve the eigenvalue problem. (Hinr: The proper choice of gauge is important.)

Consider an electron confined to a region between two cylinders of radii a and b, (b > a), respec-
tively. Inside the cylinder of radius a there is a constant magnetic ficld B lined up along the direc-
tion of the axis. The field vanishes outside the inner cylinder. Write down the Schrodinger equation
in cylindrical coordinates. Write down the conditions that determine the energy eigenvalues. Show
that the energy eigenvalues depend on the flux @ inside the inner cylinder, even though the electron
wave function is constrained to lie in the region in which B vanishes. (Note: For an explicit solution
you need to know something about Bessel functions. For a brief summary, see Supplement 16-B)
[www.wiley.com/college/gasiorowicz].



Supplement16-A

The Aharanov—Bohm Effect

Let us return to the description of an electron of chargeand masan, in a time-
independent magnetic field. The system is described by the Hamiltonian

H= ﬁ (—ih V + eA(r))? — ed(r) (16A-1)
and the time-independent Schrédinger equation reads
His(r) = Ey(r) (16A-2)
In the absence of a vector potential the Hamiltonian reads
Ho = ﬁ —if V)2 — ed(r) (16A-3)
and the Schrédinger equation reads
Hotbo(r) = Ei(r) (16A-4)

We can show thabrmally the solution of (16A-4) and (16A-2) are related by a simple
phase factor. Let us write a general expression

P(r) = €40 yi(r) (16A-5)
It follows that
(—iA V + eA) y = eh VAE® iy, + € (—ih V + eA) (16A-6)
We now observe that if we chooAesuch that
eh VA +eA =0 (16A-7)
then
(—ih V + eA) ¢ = € (—ih V) iy (16A-8)
When this is repeated, we obtain
Hy = € Htlp = € By = Eif (16A-9)

What we have just shown is that we can relate a solution of the Schrodinger equation with
a vector potential(r) to one of the Schrodinger equatisithout a vector potential by
performing thegauge transformatioshown in Eqg. (16A-5). This depended, however, on
our ability for find a gauge functiaf(r) that satisfies Eq. (16A-7). This can only happen if

B(r)=VXA({r)=—-hAVXVA(r)=0

You may wonder why we bother to go through this, sinBe=f 0, we did not have to write
out the Schrodinger equation in the form (16A-1). The point is that in quantum mechanics it
is the potentials that matter, and there are circumstances where their presence creates physical

W-75
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Path 1

Path 2 Figure 16A-1 The integrals [ A(r') » dr’

along path 1 and path 2 are generally not the
same, since the difference is equal to the
magnetic flux® enclosed by the closed loop.

effects even when the magnetic field vanishes. We can write out the dependence on the vec-
tor potential by noting that Eq. (16A-7) can be solved lyeaintegral

A(r) = —%Jdl’-A(r’)

which starts at some fixed poidtand goes to. In terms of this (16A-5) takes the form

(r) = efi(e/ﬁ)fgdl’-A(r’)dio(r) (16A-10)

Is the line integral in the phase is independent of the path taken bévamein? Let us
consider two paths as shown in Fig. 16A-1. The difference between the line integrals is

foqu—fdloA: ;ﬁ dl+A (16A-11)
2 1 counterclockwise
By Stokes’ theorem we have
3gd|-A: ” ds-VxA=”ds-B:<b (16A-12)
encl surface S

This shows that for all paths that do not enclose any magnetic flux, the integral in the
phase factor is the same, so that the phase factor does not depend on the path taken. The
important point is that there may be situations when there is a local magnetic field, and
paths that go around the flux tube are not equivalent.

In 1959 Y. Aharanov and D. Bohm pointed out a previously overldoksect of
the quantum mechanics of a charged particle in the presence of electromagnetic fields—
namely, that even in a field free region, in whigh= 0, the presence in a field elsewhere
can have physical consequences becAuse0.

Consider, for example, a two-slit diffraction experiment carried out with electrons, as
shown in Fig. 16A-2. Suppose that there is a solenoid perpendicular to the plane in which
the electrons move, located as in Fig. 16Ay2(way from the slits. The interference pat-
tern at the screen depends on the difference in phase between the wave functions for the

IActually the A-B effect was discovered in an earlier paper by W. Ehrenberg and R. E. Siday (1949). Since the
effects of potentials were not of central interest in the paper, their important remarks on this subject were
completely overlooked.
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electrons passing through the two slits. In the absence of a magnetic field the interference
pattern emerges from the relative phaseg, @ndy,,in

b=+, =RES+ REF =% (R + €& IR, (16A-13)
In the presence of a solenoid, (16A-13) is replaced by

ie ' , ie ' ,
Yp=e YA ey ATy,
e ,l ° 2, (16A-14)
— e—g{ '« A(r') ésl(Rl + R2e|($—$)+|e¢/ﬁ)

If the solenoid is placed as in Fig. 16Aap(then no flux is enclosed by the paths
of the electrons and there is no change in the interference pattern. If the flux is placed
betweenthe slits, as in Fig. 16A-Bj, then there is an additional contribution to the
phase difference betwegn andi,, so that the optical path difference is changed by a
constant that depends on the enclosed flux. This has the effect of shifting the peak inter-
ference pattern from the previous center, by an amount that depends on the enclosed
flux. The first experimental confirmation of the effect is due to R. G. Chambers in
1960. The definitive experiments were done by A. Tonomura and collaborators in 1980.

The A-B paper generated a certain amount of controversy, because many people be-
lieved that since only electric and magnetic fields were “physical” nothing could depend
on vector potentials. As was pointed out by M. Peshkin and others, the existence of the
A-B effect is intimately tied to the quantization of angular momentum, arabgisnce
would raise serious questions about quantum mechanics.

Consider a particle of chargee confined to a very thin torus with radipdying in
thex-y plane. A solenoid with radius<< p is placed along theaxis. The magnetic field
B inside the solenoid points in the positzdirection. The vector potential in a conve-
nient, cylindrically symmetric gauge is

1

A:_EI'XB
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that is,
A =A=0 (16A-15)
A, = 3pB
The Hamiltonian operator has the form
1 2
2me( iV + eA) + V(p)
1 .
= ﬁ (—ﬁZVZ — 2iehA -V + ezAz) + V(p) (16A-16)
#2 < 15,17 ) ienB g , €°B%°
= — A+t =—=|-=2=—+ + V
2me ap®> Pap  p?ap? 2m, d¢ 8m, )
Now
_h 9 i
L,= 96 (16A-17)
so that the Hamiltonian operator takes the form
2 2 L2 eB 2 2
i (a +1¢9>+ : ,eBL &8 V)
2m, dp> Pp 2mp?  2m 8m,
(16A-18)

2 eBr?\2
S i G 2 N S R ) RV
2m\gp?  Pdp) " 2myp? 2
Let us now tak€(p) such that the electron is confined to a torus, so narrow that we
may treaip asconstant In that case the Hamiltonian becomes

2
H=—1_ (LZ + eq’) (16A-19)
aside from a constant. The eigenfunctionskl @ire eigenfunctions af,. With
Ly = mh o (16A-20)
wherem=0, = 1, =2, ..., we findhe energy eigenvalues to be
2 2
E=_1 (m + eq)) (16A-21)
2myp 27 h

It is clear that the energy depends on the flux, even though the electron wave function
nowhere overlaps the external magnetic field. To avoid this one would have to abandon
quantization of angular momentum when g plane has “holes” in it, or one would

have to abandon the Schrédinger equation, or the measurability of energies (or rather en-
ergy differences) in the presence of such confined fluxes. There is no question of the cor-
rectness of this effect.

There is an interesting sidelight to the A-B effect. Consider a ring made of a super-
conductor placed in an external magnetic field, at a temperature above the critical temper-
ature T, below which the material becomes superconducting. When the temperature is
lowered the superconductexpelsthe magnetic field (Fig. 16A-3) except for a thin sur-
face layer so thaB = 0 inside the material (this is the so-calMeissner effegf and

2Chapter 21 in thEeynman Lectures on Physics, Voldtintains an excellent discussion of these macroscopic
manifestations of quantum mechanics.
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T>T, . T
< T,

Figure 16A-3 A superconductor at temperatire> T, (the critical temperature) acts like any other
metal, and magnetic flux lines can penetrate it. When the temperature is lower&d<umtjlthe

ring becomes superconducting, and expels magnetic flux lines. Some of these become trapped
inside the ring. It is the trapped flux that is found to be quantized.

magnetic flux is trapped inside the ring. The wave function of the superconductor is
single-valued, and this implies that the phase factor that appears in (16A-10), when taken
around a path that is inside the superconducting ring and encircles the flux region, must be
unity. This implies that

gl =1 (16A-22)
Thus the flux inside the ring ggiantized with
% = 2mn (16A-23)

This is almost right. The only modification that must be made is that the superconductor
consists of &ondensatef “correlated electron pairs,” so that the appropriate charge that
appears in eq. (16A-23) i®2and the flux quantization reads
_ 2ah )
b= e N (16A-24)
wheren is an integer. The effect has been measured and the prediction (16A-24) was con-
firmed.
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A Little About Bessel Functions

The solution of the equation

with nintegral, are known as Bessel functions, for the regular solutions
n o« 02/2)2
%@ = ( > 2+
and Neumann functions for the irregular solutions
_2 ¥z 1 = (|z/2)2I C1fz\ " (- I - 1!
Nn(z) - WJn(Z) |09 2 77( ) E ||(n + |)| mN\2 EO 2
1

|
(logy = 0.5772...) am:(Em+ r}})
m=1 m=1

They have the asymptotic behavior

J(2) ~ <7$Z>1/2 cos<z — %T - Z) [1 +0 <%)
NA(2) ~ (ﬁZ)m sin(z - %T - Z) [1 + 0(

A detailed discussion of their properties may be found in any book on the special func-
tions of mathematical physics.

W-80



Chapter 17

Radiative Decays

17-1 TRANSITION RATE

260

In Chapter 16 we discussed the Hamiltonian that describes the interaction of charged par-
ticles with an electromagnetic field, and studied in some detail the interaction with a
constant, uniform magnetic field. In this chapter we discuss radiative transitions, with
emphasis on what are usually called electric dipole transitions. Our starting point is eq.
(16-17), with the choice of Coulomb gauge specified by

VeA=0 17-1)
This implies that in the operator
L p+eAy =L (—itV + Ay
2m, 2m,

We may write the cross term in the expansion of this as

L 2iehA-V)=L2A.

2me m, P

(17-2)

We shall be interested in the emission and absorption of single photons, and we will see
later that this implies that we can neglect the term e’A%/2m, in the Hamiltonian.
We will use time-independent perturbation theory. Writing

H=H,+ AV(® (17-3)

we will take for H the Hamiltonian for the atom (e.g., the hydrogen atom), and take
AV = mieA-p (17-4)
A(r, 1) = Ay(r)e ™ + AJ (r)e™” (17-5)

The perturbation is harmonic in time, and we can take over a great deal of material from
Chapter 15. In particular, the first term will correspond to an increase in the energy of the
system described by Hy—that is, the absorption of a photon—while the second term will
represent the emission of a photon.

Away from the source of the electromagnetic field, we find from (16-12) that

2
—V2Ay(r) — %5 Ay(r) = 0 (17-6)
c
whose solution is
Ay(r) = Aye™™ (17-7)
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with k? = w?/c%. We chose the sign of the exponent so that the space-time dependence is
e &%) This may be used without loss of generality, since the direction of K is not spec-

ified. With this solution, the electric and magnetic fields are
E= —%1% = iwAEL® " — jwAfe T
B=VXA=—-ikX Aoei(""_“”) + ik X Afe ilermen

(17-8)

Note that the equation V « E = 0 implies that
k*A;=k*Aj =0 17-9)
The energy density of the electromagnetic field is

_fog2, 1 p
U=FE +5 B

_ %0 2a LA+ +,
) [w (Ao Ao +A0 Ayl (17-10)

+ﬁ[(k>< Ao (k X AD) + (k X A * (k X Ag)]
0
+ oscillating terms
If we average over time, the oscillating terms drop out. If we use (17-9), the vector identity

BXA) kXA + kXA (kX Ay =K(Ag* Al + Al * Ay

and
1 ,2_ 2,2_ 2
T k ck W
we end up with
U= gw’(Ag= A + Aj = Ay 17-11)

We may treat the electromagnetic field semiclassically. What this means is that we do rnot
treat A and A" as operators, but we nevertheless ascribe to the electromagnetic field en-
ergy the property that it is carried by photons of energy fiw. In this case, (17-11) may be
rewritten as

U= 280(1)2 |A0|2 (17‘12)

If the radiation is enclosed in a volume V, then the total energy of the electromagnetic
field is

f d*rU = 2e00? |Ag* V (17-13)
\ %

Let us now assume that this energy is carried by N photons, each of energy fiw. We may
then set the right-hand side of (17-13) equal to Nhiw. This then gives us the magnitude of A,

The direction of A, is specified by the polarization of the electric field. We denote it
by the unit vector €. It must satisfy

gee=1
kee =0 (17-14)

Actually there are fwo directions of polarization that are perpendicular to k. In a semiclas-
sical treatment, the magnitude of the vector potential comes from expressing (17-13) in



262 Chapter 17 Radiative Decays

terms of photons. The net result is that for N photons of angular frequency w the vector

potential has the form
Aj=¢ /Z;Z’ZV (17-15)

This needs modification because there are two polarization states, which we label by A,
with A = 1, 2. If we put in the suppressed notation, which indicates that the number of
photons also depends on k and on A, we write

2
_ﬁ_ E e® [AA(k)e+i(k-r ) 4 A}T(k)e—i(k-r - mr)] (17-16)

A(r’ t) - ZaowV A=1

In the semiclassical approximation we have, as indicated above,
Ay(k) = Af (k) = VN, (k) (17-17)

If we treat photons quantum mechanically, as outlined in Supplement 18-A [www.wiley.com/
college/gasiorowicz], the A and A" are operators, like the harmonic oscillator lowering and
raising operators. These act on N photon states as follows:

AK) [Ny(K)) = VNEK)|Ny(K) — 1)

17-18
AFK) [Ny(K)) = VNy(K) + 1|Ny(k) + 1) (17-1%)

We see that for N,(k) > 1 the semiclassical approximation will give the same result as
the proper quantum treatment of photons.

Let us now consider a special situation. We start from an excited state of a hydrogen-
like atom, |¢,,), with no photons present. There is a transition that leads to a lower energy
state of the atom |¢,,), with the emission of a single photon. This corresponds to taking the
photon states in (17-18) with N, = 0. The vector potential operative here is now

A, = /Z%va gMeiler—wn (17-19)

The time dependence goes into the appearance of the energy-conservation delta function
[see (15-14) on p. 240]. We are therefore left with the need to evaluate the absolute square
of the matrix element of the rhs in (17-4), and this must be multiplied by 27/# to get the
transition rate. We therefore need to calculate

27 & e 3 eRrg®ap | g z
fi " Me \| 2800V op| ¥n

17-2 CALCULATION OF THE MATRIX ELEMENT

Our task is to calculate (¢,,le ™" € * p_ |¢,). We begin by estimating the magnitude of
the matrix element. For a typical atomic state,

2 o
= —TE— [ple ™ D « poyl d) [ (17-20)

mieqwV

e°p=|p| = Zmca (17-21)

This is not enough, since there is an oscillating factor e ** appears, and that can change

the estimate considerably. With
f

r =
m,Zac
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and

o _ mdZocl _ moZey

Ikl =% 2ic 2%

we get kr = Za/2. This means that for Za << 1 we can set the exponential factor equal to
unity. It simplifies matters that in the expansion

—iker _ C (_i)" PSRN
e —;0 Py (k*r1)

the successive terms are estimated to decrease as Za.
The leading term may be rewritten as follows:

i, 4
‘< dt

)

—;i— [HO’ l']

<¢m|8(A) ° popld)n) = G(A) ¢ <¢m

¢"> (17-22)

EQ — E©
z-mee@)-{T <¢m|r|¢n>}

—imw (p,|€® * r|d,)

mee(A) * <¢m

In the final analysis, we need to calculate the matrix elements of the operator r. This
arises from the approximation in which we replaced the oscillating factor by unity. The
approximation is called the electric dipole approximation. A justification for this name
comes from the fact that in this approximation, with (17-8),

€ = .
m, A(r,)ep=€eE(, )1

and this, in fact, is the potential energy of a dipole, with moment d = —er, in an electric
field E.

For hydrogenlike atoms, the matrix element in (17-22) involves an initial state &,
which we shall characterize by the quantum numbers (1, I,, m;) and a final state |¢b,,) with
quantum numbers (1, lf, my). We will therefore want to calculate

(Bl €V = xlps) = f r*dr f dOR, (DY, 0, 9)E® TR, ()Y, (6, ¢)
; (17-23)
(MR, (1) X f dQyy,, 0, 9e® 1, ©, ¢)

o

= J-radrR*

nely
0

The radial integral will be discussed for a special case in a later section. At this point we
concentrate on the angular integral.

17-3 ANGULAR INTEGRATION AND SELECTION RULES

The angular integral involves the quantity

eM et = &% sin 0 cos ¢ + & sin 0 sin ¢ + £ cos 6 (17-24)
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In what follows we leave off the A superscript for simplicity. It will reappear at the end. A
look at the table of spherical harmonics shows that

NES XN

sin e = ¥ 87“ Y, .16, ¢) (17-25)

. 477 —& T ig, &+ gy
E°r = ? £ZY10 + T Yl,l + —\/_2— Yl,—l (17-26)

The angular integration in (17-23) therefore involves

cos 6

so that

f dQY ., 6, 9) Yy, (6, @) Yy, (6, ¢) (17-27)

Let us first consider the azimuthal integration. It involves

(17-28)

2

J- dQDe_lmf‘p ey MY = gt 8m=mf7m,
0

The Kronecker delta gives us the first selection rule. It requires that in dipole transitions
we must have

m—nm;=m=1,0,—1 (17-29

We saw this selection rule earlier when we discussed the transitions in the Zeeman effect.
Actually we can say more: If the photon momentum direction k is chosen to define the
z-axis, then the transversality condition in (17-14) implies that the € must lie in the x-y
plane. This means that m above can only be equal to *1, and our selection rule states that

my—m; = *1 (17-30)

As a special case, consider the final state to be the ground state, with lf =m; = 0. In that
case, m = m;. For example if m; = 1, then m = —1, and hence the polarization for the ra-
diation is (g, + iay)/\/f. The implication is that if the atom in the initial state is polarized
along the z-axis with m; = 1, then in a decay to a state with zero angular momentum, an-
gular momentum conservation, specifically that of the z-component, requires that the out-
going photon carry off the initial angular momentum. Thus the photon must have its spin
aligned along the positive z-axis, its direction of motion. The component of spin of a par-
ticle along its direction of motion is called the helicity. In the special case under discus-
sion, the helicity of the photon must be positive. This is equivalent to the statement that
the photon has a left-circular polarization, which is what the term (g, + iay)l\/f implies.

The 6 integration gives rise to another selection rule. Again, in the special case that
I, = 0, the final wave (angular) function Yy, = 1/V47 leads to the integral

1 1
dQ —Y, m (0’ ) Y, m; (07 ) =—=39 ’am-,fm (17-31)
J a0 00 0.0 G0,

which implies that the initial state must have [; = 1. In hydrogen, the dominant transition
to the ground state will be np — 1s.

More generally, when neither the initial or final [ vanish, we still get a selection rule.
We do not have the machinery at our disposal to work this out, but the result is simply a
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consequence of the rules of addition of angular momentum and of angular momentum
conservation. The initial angular momentum is /;. In the final state the angular momen-
tum is the sum of that of the atom [ and, in the dipole approximation, the angular mo-
mentum of the photon reflected in the wave function Y, ,. Our rules of addition of
angular momentum, stated in Chapter 10, tell us that the total angular momentum in the
final state is one of [, + 1, I, |I; — 1|. This must be equal to . We can thus rewrite the se-
lection rule for the orbital angular momentum as

L=1L+1L]L—1|
This is the general form of the electric dipole selection rule
Al=*1,0 (17-32)

Note that if the initial and final states both have I = 0, then the integral has the form
[ dQy,,, (6, ¢) = 0. Thus, there are no zero—zero transitions. There is a further constraint
that comes from parity conservation. Since r is odd under reflections (x — — x and so on),
there is an additional selection rule that states

The atomic state must change parity (17-33)

Since the parity of a spherical harmonic Y}, is (—1)/, this implies that the [-value of the
state must actually change. For example, 3p — 2p transitions, allowed by the rule (17-32),
as stated, cannot actually take place. Thus (17-32) should really be replaced by

Al = +1 (17-32)

To the extent that the only coupling of the electromagnetic field to the atoms is
through the perturbation

AV() = - A(r, 1) * p

there is no spin dependence in it, and thus if the initial state is an “up” state, then the final
state will also be an “up” state. In other words, the spin cannot flip over in a transition.
This is equivalent to a selection rule

AS=0 (17-34)

as mentioned earlier in connection with the spectrum of helium.

The selection rules stated above are not absolute. The conservation laws of angular
momentum and parity (for electromagnetic processes) are absolute, but (17-32") is only
approximately true. Transitions between states that involve changes of [ larger than one
cannot take place through the electric dipole mechanism, but they can occur as long as
there is a nonvanishing matrix element.

(dle ™ € poplep)

For Al = 2, the first power of k * r in the expansion of the exponential will give a nonvan-
ishing contribution. We may write

kereep= %(e-pk-r +e*rpek) + %(e-pk-r —gerp*k)
=%(e°pk°r+e-rp-k)+%(k><e)°(r><p) (17-35)
The first of these terms is called an electric quadrupole term. The second is clearly related

to an L * B term, and it is called a magnetic dipole term. For these transitions, whose ma-
trix elements we estimated in the material following (17-21) to be Za times smaller than
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the electric dipole terms, we will have Al = 2 and Al = 0, respectively. Since the opera-
tors in (17-35) are even, there will be no parity change in the atomic states taking part in
these transitions. These matrix elements are smaller than the leading ones, but when elec-
tric dipole transitions are forbidden, then these are the ones that matter. For example, tran-
sitions 3d — Ls, forbidden for dipole transitions, can go via the electric quadrupole
mechanism. Actually, it turns out that a two-step dipole transition 3d — 2p, 2p — ls is
much more probable than a direct quadrupole transition, even though in the two-step
process two photons are emitted in succession.

The spin selection rule AS = 0 is also not sacred. In addition to the coupling in (17-4)
there is the coupling discussed in connection with the anomalous Zeeman effect,

€g
> S+ B(r. 1) (17-36)

m

AV(t) =

The matrix elements for the AS # O transition-inducing process can be estimated. We
compare it with the electric dipole matrix element

€g
— X
2me fl |k 6‘| |k| ﬁw meCZ(Za)z
~EEL B MY g, (17-37)
2¢1heg]  Alpl Iple mci@ew
m, \P°€

We see that it is suppressed, just like the magnetic dipole matrix element, which it
strongly resembles.

As an example where the coupling (17-36) plays an important role, we consider a
process important in low-energy nuclear physics, the photodisintegration of the deuteron

y+d—=p+n

The deuteron is a weakly bound state of a proton and a neutron. The lowest bound state in
any sensible potential will be a state of orbital angular momentum zero. Since the neutron
and the proton both have spin 1/2, the deuteron can be a singlet state or a triplet state. Experi-
ments show that the total angular momentum is J = 1, so that deuteron is a S, state. An elec-
tric dipole transition must lead to a final *P state, since Al = 1 and the spin does not change.
In general, particles will be likely to be in a relative angular momentum L state only if

|p|a= AL (17-38)

where |p| is the magnitude of the relative momentum and a represents the range of the
forces that involve the two particles. For the energies of the magnitude of the deuteron
binding energy this strongly supports the L = O assignment. Let us consider the interac-
tion analogous to (17-36):

—ﬁ &S, + £.5,)*B (17-39)

where M is the nucleon mass (M, = M,) and g, and g, are the gyromagnetic ratios for the
proton and neutron, respectively. This interaction can lead to a transition between the *S,
bound state and the unbound 'S,, n-p state. The interaction (17-39) may be rewritten in the
form

e |&ten & & o ol
o [ 5 (S, +8,) +F5=(5,—S)|*B (17-40)
The initial spin state is a total S = 1 state, and we know from our discussion of the addi-
tion of two spins in Chapter 10 that this state is symmetric in the » and p spinors. The final
state is an § = O state, antisymmetric in the # and p spinors. Thus the first term, consisting
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of the sum of the spin operators, is symmetric, and it cannot therefore act on a symmetric
state and lead to an antisymmetric one. Thus ony the second term contributes. The coeffi-
cient in front is actually quite large since g, = 5.56 and g, = —3.81.

There is one selection rule that is sacred, and that is the one forbidding zero—zero
transitions (referring to toral angular momentum j = 0) in one-photon processes. A gen-
eral way of arguing the absoluteness of this selection rule is the following: The matrix ele-
ment, a scalar quantity, must involve the photon polarization linearly, and must therefore
be of the form € * V, where V is some vector that enters into the problem. If the initial and
final states are j = O states—that is, have no directionality associated with them—then the
only vector is K, the photon momentum. However, € * k = 0, so that there is no way of
constructing a matrix element. It must therefore not exist."

17-4 THE 2p — 1s TRANSITION

Let us now specialize to the transition 2p — Ls in (17-23). We need to evaluate the radial
integral

[ 3 pk f 3 z\"* _z 1 (zV? _zn
fdrr Ri(r) Ry (r) = {drr 2 @l ¢ 0 ﬁ a_o) re o
0

1 (Z)4f 4 —3Zri2a 1 (2)4 (Zao)sf 4 —x
=—|= drv'e o= —\|>=] | = dxx" e (17-41)
a q
Ve \% 0 Ve \% 3z 0

_ 24 (2Y
_\/6(3)2 o

The angular integral is

dQYF ee1rY, =Lfdﬂ 4m ey, +_8‘—_'_i£yy +_£‘+i£yY Y
00 Lm /—477_ 3 z41.0 \/E 1.1 \/E 1,—1 Lm
1 —&, + i£y8 g+ igy
T\ T B O O (17-42)
The absolute square of the product of (17-41) and (17-42) is
2\’ (@) _ 1 1
96(5) |7 ) X3 |8t + 5Gmi +8n-1)ex + 5) (17-43)

To get the rate, we must multiply by 277/f and the phase space factor. Combining equa-
tion (17-20), (17-43), and (15-29) we get

2 10 2 2
__me 2 2 2V (%Y1 2,1 2, 2 V o*
dar mfaowvmew [96 (3) (Z)] 3 I:Smoaz + 2 Oy + 8, -1)ex T ay)] 2y hC daQ),

The fact that the factors V cancel is always a good check on the calculation. The result is

o & [ a 2215 2, 1 2 2
dl' = EE? 7 F 5m06‘Z + ‘2* (5,"1 + 5,,.1.,1)(&‘Jr + 6‘,.) ko (17-44)

"The relation & * k = 0 is independent of the choice of gauge, and is a statement about the transversality of the
electromagnetic field.
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For the 2p — 1s transition, the angular frequency of the photon emitted is

2
_1{L oo L) _3me
—ﬁ[zmec (Zax) (1 4) -

The differential rate needs to be integrated over the photon directions. This is not trivial.
since the polarization vector € is constrained to be perpendicular to the photon direction k.
The result is simplified if the initial [ = 1 state of the excited atom is unaligned—that is, if
all three m states (m = 1, 0, —1) are equally populated. In that case the rate, averaged
over the three initial m states, is

(17-45)

1
dr =% S dr, (17-46)

m=—1
Now

1
P [5,,,083 + 2B+ 8, )+ 85)] =2+l +li=1 (1747
so that for this case, the integrand becomes independent of the photon direction. The re-
sult should also be multiplied by 2. As noted before, there are two polarization states for
the photon, denoted by the (suppressed) label A. Since we are detecting both polarization
states, we sum over A. In the case under consideration nothing depends on A, so that we
merely double our result. More generally we work with

2
2, [(nle™™ e e x|, )P (17-48)
A=1
If we insert the factor of 2, integrate over d{} (which here gives 47), and use (17-45), we
end up with
2\ smc’ 9 4 —1

This result differs by a factor of about 25 from our initial rough estimate, which shows
that detailed calculations are necessary for obtaining the numerical coefficients. Neverthe-
less, dimensional considerations and a proper counting of powers of & do give us an order
of magnitude guidance to the size of physical quantities in atomic physics.

It is worthwhile to notice that we can obtain the intensity of the radiation by multiply-
ing the rate by the photon energy. We obtain

dl(w) el x » 2 w?
= 8 .r —_—
Q) “’ngowv E ()] @ )3

2
w
3 Z [<e® e r)[*

(17-50)

24 4776‘

This, however, is just the classical formula for the intensity of light emitted by an oscillat-
ing dipole, of dipole moment

d = &, |r|g,) e ™ (17-51)

This is yet another illustration of the correspondence principle. In this calculation we paid
no attention to spin; this is relegated to Supplement 17-A [www.wiley.com/college/gasiorowicz).
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PROBLEMS

1.

Work out the part of the matrix element in deuteron photodisintegration that only involves the spin;
that is, calculate

Kirge [g—;—g S, -8 B] X
where
Kingter = % OPXD — X2 X)
and

I, 1 t) n n
Xtriplet = (+p) +)s \/i (X(f)/\/(—) + X(f)/\/(+))’ X(—p)/\/(—))
For B use V X A and (17-19).

Show that the first term in (17-35) leads to Al = 2 transitions, by evaluating the term between a
state ¥,,,(6, ¢) and the ground state (I = 0).

Consider a transition from the first excited state in hydrogen to the ground state. Assume that the ex-
cited state is polarized, that is, it is in a state m = 1. Work out dT” for this case.

Calculate the 2p — 1s transition rate for a harmonic oscillator. In this case we are given that the en-
ergy eigenvalues are £ = fiw(n + 2) and the energy quantum numberr = 2n, + L, =0, 1,2,...;
€=0,1,2,....



Supplement17-A

Spin and Intensity Rules

The inclusion of spin does not change things very much. It is true that the initial states and
the final states can each be in an “up” or “down” spin state, but since the interaction in
atomic transitions is spin independent, only “ep™up” and “down”— “down” transitions
are allowed. Hence the transition rates will not only be independent (e we saw in
Chapter 17) but also o, and hencem. With the inclusion of spin-orbit coupling, there
will be small (on the scale of thgp 2- 1s energy difference) level splittings. For example,
then = 1 andn = 2 level structure is changed, as shown in Fig. 17-Al. The spectral line
corresponding to the transitiop 2> 1sis split into two lines, 2P,, — 12S,, and 2P, —
12S,,. For the split states, the radial integral and the phase space are almost unchanged, and
hencethe ratio of the intensity of the two lines can be determined from the angular parts of
the integral alone—that is, purely from angular momentum considerations.

The following table lists the wave functions for the states in question.

Odd Parity Even Parity
J m =1 =0
3/2 32 Yy —
3/2 12 V213Yyx, + V1U3Yyx —

32 —12  V13Y, iy, + V23Yix —
32 —32 Y, —

1/2 12 V13Yyx. — V213 Yy Yoox-
12 —12  V2BY,_ i, — V13- Yoox—

In the squares of the matrix elements, the radial parts are common to all of them. Thus,
in considering the rates fé, — S, we must add the squares of the transition matrix ele-
ments fom =32—->m=12m=32->m=-1/2,... m = -32—->m = —1/2,
while the rate for th®,,, — S;;, involves the sum of the squares of the matrix elements for
m=12->m=1/2,... m=—1/2—m= —1/2. This can be done directly by techniques
that are quite sophisticated and beyond the scope of this book. One can, however, work out
these quantities in detail, using the fact that the spin wave functions are orthonormal.

SRR el =
32— —1/2 0 sincexix_=0
12— 1/2 (V213 Ypolr <€ Yo)2=0  (Am= 0)
12— —1/2 [(V1IBYy4r « | Yoo) |2 = C/3
-12— 1/2 [(V1BY,_4|r » €| Yoo) 2 = CI3 (17A-1)
—1/2— —1/2 (V213 Yylr <& Yo)2=0  (Am= 0)
-32— 12 0
-3/2— —1/2 (Y, _q|r = €| Yoo) 2= C

W-81
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2 71;.3/2
2s
% 278, 22%p,
Figure 17A-1 The splitting
Is of the 2 — 1sspectral line
1251, by spin-orbit coupling.
If we sum the terms we get
SR= % (17A-2)
Similarly,
Py, — Sy, /175 2 _
rq=1/2er‘q=1/2 |< 1/3Y10|8 r YOO>| =0
1/2— —1/2 [{(—=V2I3Yy|e * 1| Yo |> = 2C/3 (17A-3)
_1/29 1/2 |< V 2/3Y1’,1|8°I’|Y00>|2= 2C/3
_1/29_1/2 |<_ \/1/3Y10|8'r|Y00>|2:0
Again,
SR= % (17A-4)
Thus the ratio of the intensities is
R(P;.— S, 8C/3 2 (17A-5)

R(P1, — Si) ~4CI3

The reason fosummingover all the initial states is that when the atom is excited, all the
p-levels are equally occupied, since their energy difference is so tiny compared to the
2p — 1senergy difference. We also sum over all the final states if we perform an experi-
ment that does not discriminate between them, as is the case for a spectroscopic measure-
ment. In our calculation of thep2— 1s transition rate, weaveragedover the initial
m-states. There we were concerned with the problem of asking: “If weNat@ms in

the 2 states, how many will decay per second?” The averaging came about because of
the fact that under most circumstances, wertoms are excited, aboht3 go into each

one of them = 1, 0, —1 states. Here, the fact that there are more levels iRgthstate

than there are in the,,, state is relevant. There will be altogether six levels, (four with

j = 3/2 and two withj = 1/2), and there will be on the averag atoms in each of the
states. The fact that there are more atoms i the8/2 subset of levels just means that
more atoms decay, and that therefore the intensity will be larger.
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Selected Topics on Radiation

In our discussion of radiative transitions, which involved the emission or absorption of a
single photon, it was possible to treat the electromagnetic field semiclassically. We were able
to treat the vector potential A(r, #) as an external field, though its magnitude was adjusted so
that the total energy associated with the electromagnetic filed corresponded to that carried by
a single photon, as seen in Eq. (17-16). In this chapter we will be dealing with lasers, and
this means that we will be dialing with multiple-photon states. To do this properly we must
treat the electromagnetic field quantum mechanically. A simplified version of this is outlined
in Supplement 18-A. The result is that we treat the electric field as an operator in the form

Er 1= % k};, g—;‘(’) £,(K)—iA,(K)e o0 + jAF(K)e T HTen} (18-1)
Here A, (k) and A, (k) are annihilation and creation operators for a photon with wave num-
ber k and polarization A. They act exactly as the energy lowering and raising operators for
the simple harmonic oscillator, as discussed in Chapter 6. In particular, the electric field
operator acting on a state containing N identical photons (say, all with the attributes (k, A))
will be enhanced compared with the one-photon case by a factor VN(k, A) + 1, and the
square of the matrix element will contain a factor N(k, A) + 1. This means that when a sys-
tem emits a photon of a certain kind, and N photons of that kind are present, then the emis-
sion rate is proportional to N + 1. The part involving the factor 1 in this is described as
spontaneous emission, while the factor proportional to N is described as induced emission.
We saw this explicitly in Supplement 1-A [www.wiley.com/college/gasiorowicz]. Induced emis-
sion plays the central role in the operation of the laser.

18-1 LASERS

270

Induced emission finds its most dramatic technological application in the production of
coherent, monochromatic, highly directional electromagnetic radiation by means of light
amplification through stimulated emission in a device called the laser.! The basic compo-
nents of a laser are the following:

1. A lasing medium in which there are at least two energy levels, separated by an en-
ergy gap, such that the atoms in the upper level can make a transition that is stimu-
lated by the presence of photons of the right frequency.

2. Some mechanism for repopulating the upper level for repeated operation.

3. A suitable cavity in which the stimulating photons can be contained and that also
contains the lasing medium.

'The phenomenon holds for radiation of all frequencies and was indeed first studied in the microwave region.
The device was called the Maser.
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Conditions for the Operation of a Laser

Consider a material in which we focus on two energy levels with energies E, and E;
and E; > E,. We will label the number of photons purely by their frequency, suppress-
ing the direction of k and the polarization A, since we are talking about identical pho-
tons. The number of photons N(») will change with time. The number will increase,
because of stimulated as well as spontaneous emission. If the number of emitting atoms
in the upper level is N|, then the rate of emission involves the spontaneous rate (single
photon emission) multiplied by (N(z) + 1) and the transition rate, denoted by A,,. The
decrease is due to stimulated absorption, proportional to the number of absorbing
atoms, Ny, A, and N(v). There is a further loss of photons due to leakage, which is
proportional to the number of photons N(v). The leakage losses are described by the
last term in the equation below, and the cavity must be designed to make 7, as large as
possible. We write

dN N
S) — NN + DAy~ NN —

= N(v){(Nl — NpAg — Tlo} + NA, (18-2)

(in writing the above we have neglected the fact that different levels may have different
degeneracies—for the purpose of our discussion this is not relevant) We see from this
equation that the number of photons will decrease with time unless

N —N,>0 (18-3)
In thermal equilibrium we have

& _ e*E,IkT

— ,—E—EYKT — ,—hvlkT
e e 18-4
Ny, ¢ EHiT ( )

which is always smaller than 1. Thus a laser must operate in a nonequilibrium mode, and
we must create an excess population of atoms in the upper level—that is, a population in-
version. On way of doing this is described below.

Optical Pumping

A way of setting up a population inversion is to use a material in which the process in-
volves transitions between three levels. Figure 18-1 shows a three-level system. The lev-
els have energies E, > E, > E,. The goal is to create a population inversion in level 1
relative to level Q. The state with energy E, must have the property that it is possible to in-
crease its occupation number by some mechanism, and it must decay readily to state E,
but not to E,. The pumping of atoms into this excited state is accomplished by a variety of

2
Fast decay
A Metastable
Pumping 1 state
transition

Figure 18-1 Schematiac picture of
Laser transition pumping transition, followed by fast

decay to a metastable state, from which
0 laser transition occurs.
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means, one of which is by subjecting the material to a powerful source of incoherent light,
as is done in a ruby laser. In that material, the level E, is metastable: Selection rules slow
down spontaneous transitions to the ground level, so that there is time for a large build-up
of level 1 atoms by the decay of level 2 atoms.? There are of course many types of lasers
and many pumping mechanisms. In this way one may create lasers in different parts of the
electromagnetic spectrum. By selecting materials in which the laser transition terminates
on a set of closely spaced vibrational molecular levels, one may actually construct tune-
able lasers.

The Cavity

The production of a collimated, narrow beam of photons requires a cylindrical structure
for the cavity, with only slightly transparent mirrors at the ends. The mirrors are there to
keep the photons inside the cavity to build up the number of photons n(v,). The losses
depend on the value of 7.

We can estimate 7, the “lifetime of photons in the cavity,” as follows: Assume that
the radiation only travels back and forth in the cylindrical cavity of length L. If rn* is the
refractive index of the medium, then the traversal time is n*L/c. If the reflection coeffi-
cient of the mirror is r (== 0.99), then after & traversals, the intensity of the light is reduced
to ¥, so that, withr =1 — ¢,

Ik/IO = (1 - E)k = e_kg

The intensity is reduced to 1/e of its original value after k = 1/e = 1/(1 — r) traversals.
Thus the lifetime of the radiation in the cavity is

7o = kn*Llc = n*Lic(1 — r)

The reflection coefficient can be brought closer to unity if the cavity is terminated with
Brewster angle windows (which almost perfectly contain one state of polarization of the
radiation), beyond which identical spherical mirrors, separated by a distance equal to their
common radius of curvature, are placed (Fig. 18-2). Note that the linewidth of the radia-
tion is

Av = U7y = c(1 — n*L

which is very small compared with ¢/2n*L, the frequency separation of two adjacent
modes in a cavity of dimension L. Thus a nearly monochromatic beam is produced.

I l External
\reflector
1

External Laser gas [7
reflector — } >
— I gl - E ﬁ 7 /

o ®) O
dc high
voltage

Figure 18-2 Schematic sketch of a gas laser.

The reader may find more details in Modern Physics by J. Bernstein, P. M. Fishbane, and S. Gasiorowicz,
Prentice Hall, Englewood Cliffs, N.J., 2000.
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18-2 THE COOLING OF ATOMS

In this section we describe one application of lasers that is directly related to the study of
atoms—namely, their use to slow down atoms and in this way to reduce the Doppler
broadening of spectral lines.

Spectral lines can be broadened in several ways; atoms are generally not observed in
isolation. In a gas of atoms, there will generally be collisions, and the time between colli-
sions 7, if shorter than the mean life of the state under consideration, determines the
width of the spectral line, because 7, is effectively the lifetime of the state, and #/7, is then
larger than the natural width of the line. Collision broadening can be reduced by reducing
the density (equivalently, the pressure) of the gas of atoms under consideration. There is
also Doppler broadening. When an atom is moving with speed v, then the frequency of
the radiation emitted by the atom is shifted by Aw = (v/c)w. If for v we take v, =
V3kT/M,,,, the root-mean-square velocity of atoms in a gas at temperature 7, then for
hydrogen, for example, Aw/w = 0.3 X 107° VT. This is much larger than the natural
value of Aw/w, which for the 2p — Ls line is = 3 X 107%. Thus to overcome the Doppler
broadening, the atoms need to be cooled. This is done by placing the atom in a laser beam.
Consider an atom moving in the positive z-direction with a velocity v. Let the energy dif-
ference between the two levels for which a transition occurs be %w, and let the frequency
of the (monochromatic) laser beam be w. We shall take w a little different from w,, and
take the detuning parameter 6 = w — wy < 0. If the laser beam propagates along the
z-axis in the positive z-direction, then the atom “sees” a red-shifted beam, since the
origin of the beam appears to be moving away. Thus, the frequency as seen by the atom is
(1 — v/c). This means that the amount of detuning of the laser beam away from the reso-
nant frequency is w(1 — v/c) — wy = 8 — wv/c. For § < 0, the magnitude of this is larger
than the magnitude of §, and the probability of absorption of the photons is decreased,
since the frequency of the light absorbed is farther out on the resonance curve. On the
other hand, with another laser beam propagating in the negative z-direction, the detuning
18 (1 + v/c) — wy = 8 + wv/c, so that the frequency of the light absorbed is closer to the
peak of the resonance (with wv/c = |8] one would be at resonance). Thus the probability
of absorbing a photon is larger. This means that the atom experiences a net force in the
negative z-direction. The atom re-emits the photon, because it decays, but the emission
has no preferred direction associated with it, and on the average, it is spherically symmet-
ric.® Thus there is a net loss of momentum for the atom along the z-direction. If there are
three pairs of lasers, aligned along the x-, y-, and z-axes and pairwise of equal intensity,
then all of the degrees of freedom are covered.

To make this more quantitative, we calculate the radiation pressure force exerted on
the atom by the beam. We assume that there are only two levels that are relevant in the
atom. This is a good approximation when the frequency of the oscillating electric field is
close to the frequency associated with the energy of excitation of the state above the ground
state. The rate at which momentum of magnitude Zw/c is absorbed was calculated to be

r= Zﬁ—“|(1 ler + E|O)[? 8(E, — E, — #w)
o (18-5)
= [{1]er * E[O)* 8w — )

*We assume that the intensity of the laser beam is not very large. so that the excitation and the subsequent decay
are events that are well separated. Later in this chapter we shall see situations in which the system oscillates
rapidly between the ground state and the excited state. In that case, the emission is coherent with the excitation,
and directional information is not lost.
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where the dipole moment operator er gives rise to the transition. We now take into ac-
count that the delta function needs to be modified because of the finite linewidth of the ex-
cited state, so that

172
6 pu— —> 18-6
(e — ) (wo — w)* + ([12) (15-6)
where I is the spontaneous decay rate. This means that the radiation pressure is
Ap _ tw fiw 2 2 I/2
F = — = — = — — o 1 _7
A= ¢ X (rate) =~ e [(1]er = E|0)| (oo o) 1 (27 (18-7)
We introduce the dimensionless quantity
1|er < E|0)[
y_ Ktler-El0) 155
172y
in terms of which
2
p=to,p 02 (18-9)

€7 (wy— w)? + (/20

For a weak field—that is, for I small—the force is very small. For a very large field—that is,
for large J—the induced decays overwhelm the spontaneous ones, and under those circum-
stances the atom oscillates rapidly between the ground state and the excited state.* In particu-
lar, the emitted photons are coherent with the absorbed photons, so that the atom does not
absorb any net momentumn. It turns out that the optimum laser intensity is such that/ = 1.

For an atom moving in the same direction as the beam, there is the additional Doppler
shift detuning, so that

fiw T2

F==—"IT 18-10
¢ (wy — @ —wvfc)? + (T/2)? ( )

If now a standing wave beam is considered, or, equivalently we ad a laser beam with the
same frequency w traveling in the negative z-direction, we get a force in the opposite di-
rection, with the frequency blue-shifted to e(1 + v/c). Thus the net force on the beam is

ho @2y @y
Fra ¢ IT 2 7 2 2
(wy — o —wvlc)” + (T'12) (wy — o + wvlcy + (17/2)

To the lowest order in v/c, one gets

p _ hell (127 408
e C 84 (I12)2 8 + (I12)°

Since & << O—that is, the laser frequency is chosen to be a little below the resonance peak
wy—the force is in a direction opposite to that of v; that is, it is a frictional force, of the
form F,, = —pBuv. The force depends on the amount of detuning, and it is largest when
dF/dé = O—that is, when |8| = @, — @ = ['/2V/3. The atomic motion in all three dimen-
sions must be slowed down, and for this purpose three pairs of lasers are used. to create an
environment commonly called optical molasses.

The maximum frictional force for I = | is therefore

(18-11)

. |27 ke
F 4020

“See Section 18-3.
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The atoms are also subject to a random force due to the random encounters with the pho-
tons that make up the laser beam. They thus behave like particles in the fluid undergoing
Brownian motion. The details of the cooling process are beyond the scope of our discus-
sion, but the prediction of the semiclassical argument just presented is that the atoms will
be cooled down to a temperature given by
ho

=%
where k is Boltzmann’s constant. This is generally in the range of 2 X 107* K. A deeper
examination of the details of the process, which takes into account the degeneracy of the
excited levels and the polarization of the photons, shows that one should expect to be able
to cool atoms to a temperature of order 4 X 10> K, which agrees with what has been
found experimentally.” In fact, recent improvements in the technology of laser cooling of
atoms have yielded atomic temperatures of 4 X 1077 K. When atoms are cooled to such
low temperatures, measurements of the natural linewidth become possible, and this has
had a large impact on the testing of quantum electrodynamics predictions.

18-3 THE TWO-LEVEL SYSTEM

Consider an atom in an external time-dependent electric field, which induces transitions
between two levels that we label |a) and |b). Their energies can be expressed in terms of
angular frequencies w, and w,, so that E, = hw,, E, = fiw, with E, > E,,.

The operator Hy has the property that

Ho|a) = E,|a)
(18-12
Ho|b) = E,|b) )

Since |a) and |b) form the complete set of states, we may use them to give a matrix repre-
sentation of H,. The matrix is diagonal in the basis that uses the energy eigenstates, so that

_f(thow, O
H,= ( 0 ﬁwb) (18-13)
The system is perturbed by an external oscillating electric field. We write

H, = eEyx cos wt (18-14)

with the choice of polarization such that E points in the x-direction. Because of parity
conservation, {alxJa) = (b|x|b) =0, so that H, only has off-diagonal elements. Let us intro-
duce the notation

W = eEc{a|x|b) (18-15)
Note that W has the dimensions of an energy. This leads to
_ 0 W cos wt

H = (W* cos wt 0 ) (18-16)

We shall use the interaction picture described in Supplement 15-B [www.wiley.com/college/
gasiorowicz]. Briefly, the procedure is to solve the equation satisfied by

[i(D)) = ™™ |y(r)) (18-17)

>This is discussed in nontechnical detail by C. N. Cohen-Tannoudji and W. D. Phillips in Phys. Today, 43(10),
33 (1990). This article also contains many references.
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The equation has the form

L 1y, = ~L v o) (18-18)

with
V(1) = e F, o~ Holh (18-19)

To obtain V(¢) in (18-19) we need to calculate ™", With H, diagonal, this is very simple

and we have
iw,t O
iHth | €
€ - 0 eiwbt

The calculation of V(z) = €i otfh He iHeith is just a matter of multiplying three 2 X 2 matri-
ces. The result is

0 Wel®—9* cos wi
Vi = (W* e e cog wt 0 ) (18-20)

The expression can be simplified somewhat. We can write
ei(w,ﬁwb)[ cos wf = % (ei(wu—wb + w)t + ei(wa—w,,—w)t)

Experimentally the w is tuned to the energy difference between the two levels. This
means that w, — w, — @ = A is small. The first term above oscillates very rapidly, and
contributes nothing when averaged over time. As in our discussion of paramagnetic reso-
nance we drop these terms. Applying this approximation, called the rotating wave ap-
proximation, we get

_ 0 (WI2)e’™
V(@) = ((W*/Z)e_iA’ 0 (18-21)
Let us now write out (18-18) in detail. With |1,(¢)) represented by the column vector
t
|4i() — (Zg) (18-22)
our equation reads
i d‘;?) = %’ ¢ b(1)
L db(D) _ W N (18-23)
i ar 5 e a(

We differentiate the first of these, and using the second equation, we get, after some
minor rearrangements, the equation

d*a(r) _iA

da , WP
dr? dt

17z G0 =0

If we substitute a(r) = ¢** into the above, we find that
W _

0 -a0 -7 =0
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2 wl?
Q=%i /%+ |4ﬁ|2 = o, (18-24)

We now get our solutions as follows: Choose

a® = a,. " + a_e™! (18-25)

The roots of this are

Then the equation for b(z) is obtained by differentiating a(r). A little algebra leads to the
result

2he i 2hw .
b(f) = ——"a.e = S5 g eT 18-26
@ w] T (18-26)

Let us suppose that the system is initially in the upper state, so that a(0) = 1 and 5(0) = 0.
This is satisfied if

a, +ta_=1
w,a, tow.a =0
or, equivalently
e __o
“T o=, TR
B w, o, (18-27)
4 = Tw_—w, 2R
where
_ar v
R = 7 + pre (18-28)
This results in
2w, w . )
b(f) = = (e wt — giwut 18-29
® 2|WIR ( ) ( )

We may use this to calculate the probability that at a time ¢ the system is in the lower
state.

w0 | ., s
12 <|W|2)2
4ﬁ2 2 W 2
- , st (24 |4ﬁ|2t (18-30)
4 447

w2 2 |w|?
TN o
|W|? + #2A 4 4%

With perfect uning, the frequency of the eternal field matches the energy difference be-
tween the levels, so that then A = 0. In that case
2 W]

P(7) = sin = sin? rt (18-31)
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The system returns to its original state after a time 7 = 277/r. Thus the angular frequency
for the flopping is given by 27/T = r. This frequency is known as the Rabi frequency.

In our discussion we have treated the external electric field classically. It appeared in
the form

W = eEy(blx|a)

If we treat the electromagnetic field quantum mechanically, then E; is an operator, and the
above quantity is to be replaced by

Wy = &N + 1|E|NXb|xa) = VN + 1W (18-32)

as discussed in Supplement 18-A [www.wiley.com/college/gasierowicz]. In the above we have
explicitly assumed that we have N photons in the upper state, and N + 1 photons in the
lower state. This changes the Rabi frequency by a factor of VN + 1 to r'VN + 1. If the
initial state has N + 1 photons and the final state N photons, then it is the lowering opera-
tor that plays a role, and the frequency is rVN.

The study of single atoms in a cavity in which there is only one mode of an oscillat-
ing electric field present has been made possible through the invention and construction of
radio-frequency traps by H. Dehmelt and collaborators. The oscillations predicted above
have been experimentally established.

18-4 THE THREE-LEVEL SYSTEM

The three-level system (Fig. 18-3) has many interesting features. The three levels, A, B, C
with energies fiw, > hw, > Ao, is placed in a pair of electric fields. One of them is char-
acterized by a frequency w, close to the difference w, — w,, the other by a frequency w,
close to the difference w, — .. The perturbing Hamiltonian is thus

H, = eE\x cos wt + eE,x cos w,t (18-33)

If the state vector (in the interaction picture) is represented by

a(
@) = b (18-34)
c(t)
A A l
0, C
1
C
B B Yy
{a) (b} {c)

Figure 18-3 (a) Three-level system, driven by lasers with angular frequencies w, and w, creating a
dark state |A) by a coherent superposition of the two lower states. (b) Three-level system arranged
so that the probability of exciting an atom in the |B) state to the |A} state is very small, leading to
transparency to photons of frequency w,. (c) Phase relation between states |B) and [C) is so
arranged that the amplitudes for the transitions to |A) cancel.
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then our task is to calculate the amplitudes for the occupation of these three states, a(?), . . .
The details of the calculation in the simplifying limit of perfect tuning, so that

W =W, — W,

w,=w,— W, (18-35)

are relegated to Supplement 18-B [www.wiley.com/college/gasiorowiczl. We find that different
initial conditions allow for interesting phenomena. The calculation shows that:

1. If the states |b) and |c) lie together, and the field strengths are chosen such that
eE(b|x|a) = eE)c|x|a) (18-36)

then, with a(0) = 0, b(0) = —c(0) =1/ V2 we find that a(t) = 0 for all times. This
means that the state A is never excited. It is therefore called a dark state.

2. If we consider a situation in which E, >> E,, one can show that with the initial
conditions a(0) = b(0) = 0, the state A is very unlikely to be excited bya C— A
induced transition. This means that for light of the frequency w, — w, the proba-
bility of a photon absorption is very small, and this in turn means that we get elec-
tomagnetically induced transparency at that frequency.

3. We do not discuss this in Supplement 18-B [www.wiley.com/college/gasiorowicz], but it
is possible to arrange the phases of the external fields such that we can get lasing
without creating a population inversion.

Basically the idea is that the probability of transitions from A to B and C is the sum of the
probabilities P(A — B) and P(A — C). On the other hand, the probability of transitions
that populate A is proportional to |b(#) + c(#)|* and it is possible to arrange that the two
amplitudes interfere. This means that photons are not absorbed by the states B and C (Fig.
18-3).6

18-5 OBSERVATION OF QUANTUM JUMPS

The invention of the traps in which single ions could be studied allows for a variety of
new techniques to study atoms. One ingenious idea was first proposed by H. Dehmelt and
observed by several experimental groups in the past decade. The principle of the experi-
ment is the following: Consider a three-level system, consisting of the ground state |0)
and two excited states |1) and |2). Transitions between the states |0) and |1) are allowed,
while those between [2) and the ground state are forbidden (but not absolutely forbidden),
so that the state |2) is metastable. A strong light source (laser) tuned to the angular fre-
quency w,o = (E; — Eg)/f is now directed at the atom, as is a weak light source tuned to
the frequency w,, = (E, — Ey)/h. The number of transitions between the ground state and
the allowed excited state is very large. Effectively the strong laser field excites the elec-
tron to the state |1) at a very rapid rate, and the electron decays to the ground state also at
a very rapid rate. Thus a continuous signal of light emitted by the atom is observed. This
is just a manifestation of the Rabi oscillations discussed in Section 18-4. Very occasion-
ally the electron is excited by the weak laser to the state |2). Since the electron now finds
itself in a metastable state, the time until it decays to the ground state may be as long as
seconds. During that time there is no fluorescence—that is, the atom is dark. When the

SMuch of this material is described in more detail in the excellent book Quantum Optics by M. O. Scully and
M. S. Zubairy, Cambridge University Press (1997).
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Figure 18-4 A typical trace of fluorescence from showing the quantum jumps. The atom is
definitely known to be in the shelf level during the low fluorescence periods. (From W. Nagourney,
J. Sandberg, and H. Dehmelt, Phys. Rev. Lett. 56, 2797 (1986), by permission.)

electron finally does decay to the ground state, it is immediately excited by the strong
laser field to the allowed excited state, and rapidly decays, giving rise to a resumption of
the fluorescent radiation. Effectively the fluorescence monitors the quantum jumps be-
tween the ground state and the metastable state (Fig. 18-4).

Let A, and A, be the spontaneous transition rates for |1) — |0) and |2) — |0), re-
spectively. The conditions on the transitions imply that A, >> A,,. If the energy densi-
ties of the laser beams are U, and U,, respectively, then the rate equations for the
probability that the atom is in the excited state |1) (assuming no degeneracies so that all
the g; are 1), is

dp,

T —P A (1 + NU) + PAgN\U, (18-37)

Here N, is the number of photons with frequency w,, present. The equation describes the
loss of probability due to spontaneous and stimulated emission, and its buildup due to
stimulated absorption from the ground state, the latter proportional to the probability P,
that the electron is in the ground state. Similarly the rate equation for the probability that
the atom is in the metastable state |2).

dp,

g = DAt NUo) + PoAyNoUs (18-38)

where N, is the number of photons with frequency w,, that are present.

The probabilities add up to 1, so that P, + P, + P, = l. If the laser coupling the
ground state to the excited state |1) is intense, so that U, is very large, then equation (18-
37) implies that P, = P, after a very short time. Under these circumstances, we may ask
for the probability that the metastable state is excited. If we call this P_(= P,), and write
the probability that it is not excited as P_(= 1 — P, = P, + P, = 2P;), we have

dpP,
dt

=-T_P, +T,P. (18-39)
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with I', = 3 A,)N,U, and T'_ = Ay(1 + N,Uy). Since P, + P_ = 1, the equation for P_
follows automatically. We may view these equations as representing a two-level system
in which the upward transition rate is I", and the downward transition rate is I'_

Experimentally interesting quantitics are the probabilities that in the time interval
from ¢ to t + T no transitions have occurred. and that at the end of the interval the electron
ends either in the excited state, P, or in the ground state P,_. A little reflection shows
that once the experiment starts and the laser beam intensities are independent of time.
these probabilities only depend on the length of the time interval 7. We can write rate
equations for these probabilities, and these are

dp

d;* =-T_P,, (18-40)
dpP,_
d—; =-T,P, (18-41)

The “initial conditions” for these equations require that we know Py.(T = 0). Suppose
that the intensity of fluorescence turns off at some time 7. We choose that time to de-
note T = 0, so that P,, (T = 0) = 1. The solution to the equation with this initial con-
dition is

Py (T)=e 1T (18-42)

This is the probability that the signal is still “off” after a time 7. Similarly one can show
that if the fluorescence has just turned on, then the probability that it is still on after a time
interval T is

P (Ty=e "7 (18-43)

A statistical analysis of the distribution of on and off times as shown in Fig. 18-5 can be
used to measure A,. For very long lived states, direct measurements of A, are very diffi-
cult, since the rate at which photons are emitted is very small, and they can be emitted in
all directions, so counting them is a very slow process.

It is interesting to note that quantum mechanics usually involves the study of a
large ensemble of identical systems. In this case, one is studying a single atom and the
ensemble is replaced by rebuilding over and over again that single member of the en-
semble with identical initial conditions. This is generally not possible when radiation

50 |- -
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is emitted into a continuum of states, but it is possible in the special case of a single
mode electric field.

8-6 THE MOSSBAUER EFFECT

An atom (or any other quantum system) can act as a very accurate clock, since its transi-
tions are signaled by radiation of a very well-defined frequency. If the only limitation
were the natural linewidth, great accuracy could be obtained.

Unfortunately, as stated in our discussion of the cooling of atoms, the motion of
atoms leads to the broadening of lines by the Doppler effect. One might think that the use
of a liquid or solid source would eliminate this effect, but then broadening caused by the
effect of neighboring atoms is just as harmful. Let us consider nuclear transitions. A nu-
cleus such as ,;Ir'®" emits a y-ray of energy of the order of 100 keV, with a lifetime of
10~ '%s. This corresponds to

Aw _ AE _Hlr . 107%107"°
w E E 10°x16x107"

= 0.6 X 1071 (18-44)

There will, unfortunately, be a recoil shift of the line. The y-ray carries off momentum
hw/c, and the nucleus, to conserve momentum, must recoil with the same momentum.
This gives rise to a recoil energy

P, fecoi 2
ag =T L ("T“’) (18-45)

and thus a decrease in the energy radiated. The fractional change in frequency is

AE _ ho _  107'MeV)
ho  2Mc* 2 X940 X 191(MeV)

=3 x 1077 (18-46)

The observation of radiation of this energy cannot be carried out with the conven-
tional, extremely accurate spectroscopic methods, but must utilize a detector that is ex-
tremely “well tuned” to the radiation. This is best done by using the same material (e.g.,
,Ar'!) as an absorber. The absorption will be very much enhanced at the “resonant” fre-
quency at which the radiation is emitted, but here, too, there will be a recoil shift. The
overall shift is thus Aw/w = 6 X 107" Thus, the “fine tuning” does not work, since the
line is shifted by far more than the width, which is of the order of 107 '° . One could
try to compensate for the recoil by moving the emitter with the recoil velocity. This is
given by

Preooil _ ﬁw/c _ ﬁw — -7
Me - Me 2 ME 6x10 (18-47)

v_

c
that is, v = 1.8 X 10 m/s. This presents technical difficulties, but it has been achieved
with an ultracentrifuge.

A major breakthrough came with the discovery by Mossbauer in 1958 that under cer-
tain conditions there is a high probability of recoilless emission. The emission is not re-
coilless, of course; however, the recoil is not taken up by the nucleus, but instead by a
large part of the crystal that the nucleus is imbedded in. Since the mass of the nucleus is
10? times smaller than that of the crystal, the recoil energy is completely negligible. To
get some intuition about what is happening, let us consider the nucleus as moving in a
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harmonic oscillator well, with characteristic frequency wq. The energy levels of the oscil-
lator are

E, = fw, (n, + n, + n, +3) (18-48)

The harmonic well is just an approximate description of the crystalline forces that are re-
sponsible for the properties of the lattice. If the forces that tie the nucleus to its neighbors are
strong—if the “springs” are stiff—then wj is large; if the “springs” are soft, then wj, is small.
In terms of level spacing, a “stiff spring” has widely separated levels—that is, a
low density of states—whereas a “soft spring” has a high density of states. Let us now con-
sider the matrix element for a transition from a nuclear state described by ¥(r;, r, . . . Iy)
to a nuclear state described by WA(r,, 15, . . . ry), and we take the interaction to be

g 2 P AT (18-49)

protons

The matrix element then is proportional to
M) f d’ry, . AYEE, T D e P e R YTy, ..., Ty (18-50)
k

If we introduce the center-of-mass coordinate R = (1/N) 3.r; then (a) the interaction term
takes the form

— L iR E Eep e ¥ (18-51)
M protons

where p; = r; — R, and (b) the nuclear wave function decomposes into a product describ-
ing the internal motion and the motion of the nuclear center of mass in the harmonic po-
tential

\P(r17 IO ) rN) = lrl’n nn (R) ¢(pl7 e pNﬁl) (18'52)

xyt

Thus the matrix element (18-50) becomes
& [ Ry @) g, ®)

X f dpy,....d° PN—[‘I’}':(PD <o PN-1) E Eopre P dlpy, ..., py-1) (18-53)

protons

We may write this in the form
M = Miera f d’RYR) e % (R) (18-54)

where we have set n; = 0, since the initial state is in the ground state of the lattice. The
probability that the radiative transition leaves the nucleus in the lattice ground

2

M [* f ’RYF(R) e yy(R)

Po(k) =

2

|Minl|2 E

ny

f d’RY(R) e " y(R)

2

= f d’RYF(R) e yg(R) (18-55)
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In the last step we replaced the sum in the denominator by unity, using completeness.” To

calculate this, we use the normalized ground-state wave function of the oscillator. We
found in Chapter 6 that the one-dimensional ground-state wave function is

— naw, 1 —mw 2k
Yo(x) = <—Trﬁ ) e
Hence, for three dimensions we have
mo, 3/4 "
Yo(R) = () drs(y) () = (ﬁo) ek (18-56)

We thus calculate

Mywy\*? f A Re~MroRh ,-ikR z
h

where M), is the mass of the nucleus. We get

M 3
o= ("25)
— e—flzk2/2MNfuu0 (1 8-57)

—recoil energy/level spacing

2
f dSRe—MNwolﬁ[R+ik(ﬁleNwO]Z e—kzﬁ,/4MNwO

= e

since Py = fik and Aw, is the level spacing in the lattice. Thus, if the level spacing is
large—that is, we have a stiff spring—recoilless emission becomes more probable. The
model of the lattice that was used here, that of each nucleus moving in its own harmonic
potential, is the Einstein model of a lattice, and the frequency w, is the so-called Debye
Jrequency, so that we should really replace w, by wj, which is related to the Debye tem-
perature 7, by

fwp = kT, (18-58)

A more accurate treatment of the lattice using the Debye model for its description merely
changes the exponent by a factor of 3/2.

It is not quite correct to say that the whole crystal recoils; instead, in a time 7 equal
to the lifetime of the transition (1.4 X 1077 s for Fe’), only a region of the crystal of
magnitude

L=v7

where v, is the velocity of propagation of a lattice disturbance, (i.e., the velocity of sound)
absorbs the recoil. Now a reasonable estimate of v, is given by

awp
%= o

"The formal proof is quickest. We have
El(njlelk'kl())lz = E(Ole—.k-nlnjan e""R|0)
ne ny

Using
1= 2 |"f>("f|
one gets
(O] ™R ¢R|0) = |
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where q is the lattice spacing. Thus

L _wpT
TR

2ar

and with wp = 10" s7!, the number of nuclei absorbing the recoil, ~(L/a)® is still
€normous.

The preceding estimates, combined with the uncertainty relation, may be used to
show that it is not possible to determine whether it is a single nucleus that “really” recoils.
To measure the recoil energy #%%/2M), takes a time of the order of

-~__ N
(h*k*12My)

The condition for the Mossbauer effect to occur 1s that

A%?
2My

< ﬁwD

Hence
1

At>>55

During that time the disturbance will have traveled a distance

awp, a
d= USAI"‘ZAI>>E
that is, over a distance covering many nuclei.

The question arises of how did we manage to get away from the problem of recoil
and momentum conservation by talking about the energy states of the nucleus in the crys-
tal lattice? Where does it say that the crystal absorbed the momentum? The quantum me-
chanical answer is that, it we want to talk about momentum, we should work in a
momentum representation. This, however, is complicated, since it is difficult to describe
the crystal forces in that representation. What one must do is to decompose the crystal
motion (the crystal is just a lot of oscillators with nearest neighbor “springs”) into normal
modes and quantize these. The quanta of the lattice motion, analogs of photons, are the
phonons. Recoilless emission then means a transition in which phonons are not emitted.
The resulting formula is very similar to (18-57). Under these circumstances, the recoil
broadening is infinitesimal compared to the natural linewidth. There is still Doppler
broadening because of the thermal motion, but this can be handled by cooling the emitter
and absorber.

Recoilless emitters provide us with a superb clock, and research utilizing the Moss-
bauer effect has been done in many fields, such as solid-state physics and chemistry. We
will mention just one application, the terrestrial measurement of the gravitational red
shift. It follows from the equivalence principle that a photon will have its frequency
shifted by

= (18-59)

Aw _ 8%
w2
if it falls through a height x. This can be compensated by a recoil of velocity v.

vt =2gx (18-60)
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(If the photon and the absorber were to fall freely together there would be resonant
absorption.) If the absorber or the source is allowed to oscillate rapidly—one uses a
transducer—and the absorption curve is correlated with the oscillations, it is possible to
check the gravitational shift. Since the velocity, for a separation x = 20 m, is of the order
of ~20 m/s, the experiment is feasible, and was carried out by several groups. Within the
errors, the effect is confirmed. For example, for Fe*’ the predicted shift is Aw/w = 4.92 X
105, and the experimental shift found by Pound and Rebka is (5.13 + 0.51) X 107, A
similar experiment in which the energy shift of the y-ray emitted by Fe’” accelerated on a
rapidly rotating turntable was measured again yielded results in agreement with the equiv-
alence principle.



Supplement18-A

Quantizing the Electromagnetic
Field Without Frills

Our goal is to express the electromagnetic field in terms of photons. In terms of the vector
potentialA(r, t) we write

B(r,t) =V XA(r,1)
_OA(r, 1)

E(r,t) = ot

(18A-1)

As elsewhere in the book, we work in the galigeA(r, t) = 0; we have also made the
choice(r) = 0, possible in the absence of charges.
The energy carried by the electromagnetic field is

H=3 f d3r (E2(r, ) + B, 1) (18A-2)
Let us now expand(r, t) in a Fourier series in a cubical box of voluke: L3. We write
ALY = =3 1(s, WA (e @0 + A (e (18A-3)
Vvia

This will obey the wave equation provided that

w? = k% (18A-4)
The gauge-fixing condition implies that

kes®W(k)=0 (18A-5)

This means that theolarization vectore®(k) (A = 1, 2,) are perpendicular to the direc-
tion of propagation of the wave that is, the polarization tsansverse

Let us now calculate the energy in terms ofAhtk) andA; (k) . We get for the first
term involving the electric field,

L[S 100 1(@) £, (9 e @[-wAT K + iwA, (e )
k,A g\’

X [~iw’ Al(@)e @Y + i’ A(q)e@ ) (18A-6)

We use the notation’ = |g|c. The values ok andq are determined by the fact that we
are expanding in a box, and we choose periodic boundary conditions. Thus in any direc-
tion we require that

ghx = gkixtL) (18A-7)

W-83



W-84 Supplement 18-A  Quantizing the Electromagnetic Field Without Frills

so thatk,L = 27n,, and so on. Thus the summations are over intagers, n; = 1, 2,
3,.... We dmot need to sum over negative integers, since these are contained in the
A" terms. Now

\%f dreitrar — g
. (18A-8)
Vf d¥rear = 5,

We also choose
&y (K) e ey (k) =8 (18A-9)

so that the two polarization directions corresponding+ol, 2 are perpendicular to each
other. This yields the result

&
Hg = 50 g f2(k) w?(A(K) A (K) + A (k) A (K)) (18A-10)
The second term, involving, requires the calculation of

\1/2 2 fK) F@)(k X &,(K)) = (@ X &,(a)
k,A A’

(18A-11)
X [iAg (k) e7trmen — A, (k) €€ IAY (@)e T — A (q) €T
The integration over all the spatial coordinates again yields
%f d3reikrar — @
(18A-12)

1 ik—q)r _
Vj d¥elkar =5,

The vector identity
(k X &,(K)) * (k X &, (K)) = K?&,(K) * £1.(k) — (K * e2(K))(k * £,,(K)) (18A-12)

with the help of the tranversality condition andk) « ¢,.(k) = §,,. yields k,,.. This
means that the part &f involving B, when multiplied byc?, yields the same factor as the
E2term. We thus get

H =g 2 (K) o®[A (K) Al K) + A (K) A, (K)] (18A-13)
KA

The form looks very much like the sum of terms in the simple harmonic oscillator. In fact,
had we chosef{k) such that

1

gof3(K) 0 = 5 fiw
that is,
_ h
f(k) = Zeqw

we would have obtained

=

H =3 5 ho [AK) AL(K) + AL (K) AK) (18A-14)

kA
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Let us now assume that tAg(k) andA, k) areoperatorsthat obey the same commuta-
tion relations as the operatgksandA* for the simple harmonic oscillator problem; that is

(ALK, AL@)] = 8, Siq (18A-15)
Then we get
H =2 fo (A () A K) +2) (18A-16)
kA

Actually the second terid, ,iw/2 is infinite. We sweep this problem under the rug by ob-
serving that all energy measurements are measurements of energy differences. We thus
concentrate on

H = fiwA (K) AK) (18A-17)
kA

We may now go through the same steps that we did with the harmonic oscillator. For each
value ofk and\ we have creation and annihilation operators, and for each vakueraf

A we have states of zero, one, two. photons. The zero photon state, aeuum state

is |0), defined by

A(K)0y=0 (18A-18)
A state withn photons of momenturtik and energyiw is given by
1 a+fpyyn
— (A7 (k)"0 18A-19
\ﬂ( v (K))"|0) ( )

What we have done is to decompose the electromagnetic field into modes, each of which
represents photons. Thus
JA(r, 1) 1
E(r,t) = =—
9= \F\/g
will annihilate or create a single photon.
As a check we can calculate the momentum carried by the electromagnetic field. We
need to calculate

B ¢, () (i (k) €10 + A, (k)& 1] (18A-20)
0

P= aof d3 (E(r, t) X B(r, 1)) (18A-21)
Using the expressions obtained above, we find, after a page of algebra, that
P =Y fk(Af(K) AK) + 1) = D ik A (K) A(K) (18A-22)
kA kA
The last step follows from the fact tigtk = 0 by symmetry. We may thus interpret the

productA; k) A, (k) = N, (k) as the operator representing the number of photons of mo-
mentumk and polarization.
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Detalls of the Three-Level System

The three-level system has many interesting features, so that we discuss it in some detail
The system of three levels, B, C with energiesiw, > fiw, > fiw, is placed in a set of
electric fields. One of them is characterized by a frequenafose to the difference,

— wy, and the other by a frequenay, close to the difference, — .. The perturbing
Hamiltonian is

H, = eEx cosw;t + eExX cosw,t (18B-1)

In matrix form, the only nonvanishing elements are taken ¥@/lfp) and(alx|c), which
can be taken to be real. We introduce the notation

Wi, = eE(a x|b)
Woap = eE2<a|X|b>
W, = eE(alx|c) (18B-2)

and so on. With this notation the matrix representatidfy, dfas the form

0 Wi, COSwit + W, COSw,t W, COSwqt + W, COSw,t
W, COSw4t + W, COSw,t 0 0
W, COSw it + W, COSw,t 0 0
(18B-3)

We next need to calculagd'™"H,e ¥ To get this we pre-multiply the matriAd for

. et 0 0
gt = o0 gt 0 (18B-4)
O O eiwct

and post-multiply it by the hermitian conjugate matrix. Some algebra yields the matrix

0 X Y
Vit)=(Xx* 0 0 (18B-5)
Y 0 0

with

X = (Wy,p COSw;t + Why, COSw,t) €@t
Y = (Wy,e COSwit + Why, COSw,t) €@t (18B-6)

W-86
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We now again apply the rotating wave approximation, with- w, — w, = 8;, andw, —
w, — w, = &, being the only terms that we keep in this approximation. This means that in
XandY we decompose the cosines, and only keep the terms below:

l .
X = E Wlabéalt
Y = % W, 894 (18B-7)

Let us take the state vector as represented by the column vector

a(t)
|4 (t)) = | b(®) (18B-8)
c(t)
The set of equations to be solved is
ih— da(t) =1 Wlabéﬁlt b(t) + %WZace“sZ‘ c(t)
db(t) 1 ist
ih—— it "~ 2 Wyt a(t) (18B-9)
i7i gay _ 1 W,,e 4 a(t)

da 2
Let us write

B(t) = €°b(t)

C(t) = %ic(t) (18B-10)
In terms of these, the equations become
H da(t) Wlab 2ac
i% a9t = B(t) + 5 C(t)
dB(t) + #8,B(t) = 1ab A(t) (18B-11)
it —’ dc(t) + 78,C(t) = WZ“ A(Y)

dt

Let us now assume the time dependefitéreall the terms. We then get from the various
equations

—#0a(0) = Wzlab B(0) + W2a° C(0)

—#(Q — 8,) B(0) = Wlab

a(0) (18B-12)

—H(Q — 8,) C(0) = W22 a(0)

This leads to a cubic equation fOr, as might have been expected. The equation re-
duces to

QQ - 8)(Q - 6,) = (Wlab> Q-8 + <W23°> Q-8) (18B-13)
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We can greatly simplify matters by assumpggfect tuningso thats, = §, = 0. In that
case the equation has simple rofts= 0,Q) =r, Q) = —r, where

_ Wlab 2 W2ac 2
r—\/< 2ﬁ> +| 5 (18B-14)

att)=a,+a, " +ae™
b(t) = by + b, " + b_e " (18B-15)
ct) =cy+ c,€ +ce™

Thus we have

The nine parameters will be determined by the equations (18B-12).
We now write the solutions in terms of the eigenstates corresponding to the different

eigenvalues
a(t) 3 a,\ a\
bt) | = by |+ (b, |€"+ b |e™ (18B-16)
c(t) Co (o c_

To find the normalized eigenstates we proceed as follows:
Q = 0: We havea, = 0, andWy,, by + W,,. ¢, = 0. The normalized solutions is

therefore
a 0
by | = | W,u/2hr (18B-17)
Co —W,/2hF

This is normalized to unity sinceW3,. + W2, = 4472,
ForQ = r, we must satisfy
W,

—fra, = Zlab b, +

W2ac
2

Cy

W,
—firb, = zlab a, (18B-18)

W,
—hrc, = a,

The first equation is automatically satisfied if the other two are, which is to be expected,
sincea, is to be determined by normalization. A little algebra shows that

a, 1 1

b, | = —= —W/2hr (18B-19)

c.] V2\ w2

The case fof) = —r is easily solved by just changing the sigm.dfve get

a_ 1 1
b_ | = == Wyn/2hr (18B-20)

c | V2\w, /2

It is easy to check that the three eigenvectors are mutually orthogonal.
The general solution is

a(t) 2N a ) a _
b(t) = Qp bo + o b+ e"t + a_ b, eﬁm (188'21)
c(t) Co (o c_
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and the coefficientsy, a,a_) are determined by the initial conditions. At titne 0 we

have

1 1

a0)=—a, + —a_

©) V2 ' V2
W2ac Wlab Wlab

b(0) = g — a, + a_ 18B-22

O =2 ™ ovam T avonr (168-22)
Wlab WZac W2ac

c(0) = ay — a, + a_

O =2 ™ ovam oo

Dark States

Consider a configuration in which th® and thelc) states lie close together (Fig. 18)3
and

Wlab = W2ac (188'23)

We now take our initial state to be

-1 _ i
[ (O)) = \/é(lb> [©) (18B-24)

This implies thag(0) = 0; b(0) = —c(0) = 1/V/2. We now solve ford, e, «_), and get

an = Wlab + W2ac — Wlab
° 2V 2hr \ 2hr
_ WZac - Wlab _
ahr

o, = —oa_

0 (18B-25)

This implies thag(t) = 0 for all times. Thus the staf@ is neverexcited, and is therefore
called adark state The reason it is inaccessible is that the amplitudes for exciting from
the|b) and|c) states interfere destructively.

Electromagnetically Induced Transparency

Consider, next, a situation in which tla¢ and|b) states are strongly coupled by an elec-
tromagnetic field, whil¢a) and|c) are weakly coupled. What this implies is that

|Waap| > [Was| (18B-26)

One can show that under these circumstances theatatevery unlikely to be excited,
and this means that photons cannot be absorbedchpy-da) transition.
We take for our initial conditioa(0) = b(0) = 0. This implies that

a_ = —a,

W2ac
o, = a (18B-27)
N 2W,, |

Furthermore, sinca(0) = b(0) = 0, we must necessarily haj¢0)| = 1. Since

C(O) = W1 baO
al
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we may choose for convenience

W,
ap = 2;? (18B-28)
Now, at a later timg¢ we get
=% g iy = Woae -
a(t) 3 € —e™ =i o sinrt (18B-29)
Thus the probability of finding the system in the sfatat a later time is
_ 2 Wgac .
P.t) = |a®) P = ——=2—— sirtrt (18B-30)

2 2
W2ac + Wlab

Because of the condition (18B-26) the probability of exciting the &ais very small.

This, however, implies that photons cannot be absorbed through the mechanism of excit-
ing statea), so the material becomésnsparentat the frequency corresponding to this
energy difference.
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Collision Theory

Atomic and molecular structure was largely explored through spectroscopy. When it
comes to trying to understand nuclear forces and the laws that govern the interactions
of elementary particles, the only technique available is that of scattering a variety of
particles by a variety of targets. In some sense, spectroscopy is also a form of
“scattering.” The atom in the ground state is excited by some projectile (it may be
electrons in a discharge tube or collisions with other target particles, as in heating up of
the gas), and then an outgoing photon is observed, with the atom going into the ground
state again, or possibly another excited state. We do not usually describe these processes
as “collision processes” because the atom has very well-defined energy levels, in which
it stays for times that are enormously long compared to collision times,' so that it is
possible to separate the “decay” from the excitation process. In particular, the
characteristics of the decay are not sensitive to the particular mode of excitation. In nuclei
and also in elementary particles, there exist levels, but frequently the lifetime is not
sufficiently long to warrant a separation into excitation and decay, especially since
accompanying the “resonant” scattering there is also nonresonant “background”
scattering, and the disentangling of the two is sometimes complicated. In this chapter
we will therefore discuss the process as a whole.

19-1 COLLISION CROSS SECTION

The ideal way to talk about scattering is to formulate equations that describe exactly what
happens: An incident particle, described by a wave packet, approaches the target. The
wave packet must be spatially large, so that it does not spread appreciably during the ex-
periment, and it must be large compared with the target particle, but small compared with
the dimensions of the laboratory; that is, it must not simultaneously overlap the target and
detector. The lateral dimensions are, in fact, determined by the beam size in the accelera-
tor. There follows an interaction with the target, and finally we see two wave packets: One
continues in the forward direction, describing the unscattered part of the beam, and the
other flies off at some angle and describes the scattered particles. The number of particles
scattered into a given solid angle per unit time and unit incident flux is defined to be the
differential scattering cross section. We will not follow this approach directly, but will
instead use some of the material developed in Supplement 8-B [www.wiley.com/college/
gasiorowicz] obtain the differential cross section. We will, however, keep the wave-packet
treatment in mind as we interpret our formal results.

IRecall that the lifetime of a 2p hydrogen state is 1.6 X 107° s, which is large compared to the characteristic
time ag/ac =2 X 107" s,

287
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In our discussion of the continuum solutions of the Schrédinger equation in Supplement
8-B [www.wiley.com/college/gasiorowicz] we concluded that: (a) A solution of the Schrodinger
equation in the absence of a potential is the plane wave form ¢’**, which describes a flux

%k %k _
= S vy — g Vg = (19-1)
If we choose k to define the z-axis, then the large r behavior of this solution may be writ-
ten in the form of an incoming + an outgoing spherical wave

—i(kr—imi2) ei(kr— i7l2)

T = ZL ; Q@+ 1), [ = — - ]P,(COS 6) (19-2)

(b) The conservation of particles forces us to the conclusion that the presence of a radial
potential can only alter this to a function, whose asymptotic form is

i ad —i(kr—Iml2) B l(kl'—lﬂ'/2
r) = 2— E @+ i f S,(k) P(cos 6) (19-3)
subject to’
|Sik)| = 1 (19-4)

The asymptotic form (19-3) may be rewritten, with the help of (19-2), as

ikr

s,(k) ! pcos 0)] &

Yr) = X + [E Q@+ 1) (19-5)

corresponding to a plane wave + an outgoing spherical wave. Note that we are working
with the effective one-particle Schrodinger equation, so that m is the reduced mass and 6
is the center of mass angle between the direction of k (the z-axis) and the asymptotic point
r, where presumably the counter will be set up. When the target is much more massive
than the projectile, there is no distinction between the laboratory angle and the center-of-
mass angle. Note also that we could, of course, have set up a solution that has the asymp-
totic form of a plane wave + an incoming spherical wave, since it is the first term in
(19-3) that could be modified by a coefficient satisfying (19-4). However, the solution that
describes the scattering is the one involving the outgoing wave. Let us calculate the flux
for the asymptotic solution (19-5).

R

2im

j= {[ () lkr] v [ e* + £(6) e:kr:I — complex conjugate} (19-6)

where we have defined

£6) = ,23 2 + Dfy(k) Py(cos 6) (19-7)
with
J(K) = [S(k) — 1)/2ik (19-8)

“See the discussion followmg (8B 3). $,(k) is the standard notation for €2%® defined in (8B-6). See Supplement

8-B [www.wiley.
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Calculating the gradient gives
L | PP | P T IO

ikr

ikr
+ 1f(6) (ik € ¢ > )] — complex conjugate}

ﬁ . . " e*ikr(lfcose) A eikr(l—coso) A 2 1
= o | K+ ikfHO) ———— + ki f(0) —— + iki,|f6)| =
R ikr(1—cos@) " IFRO) pikr(1—cosb) i
— 1,f(0) € + 1, 16) e — complex conjugate
72 90 72

We have used k * r = kr cos 0, in the exponential factors. 7, is the unit vector in the r
direction.

In carrying out this calculation we have left out the 1/7° terms, since these are domi-
nated by the 1/r? terms for large r. We will be interested in the flux at a detector, which is
located at a distance r from the origin, where the potential that gives rise to the scattering
is localized, and thus in large r. Thus the flux is

j—@+QWmW

;lk l I:f*(e) —ikr(1—cosf) +f(0 etkr(l cosG):I

+ ;L_% I:f*(e) o~ ikril—cost) + £(6) €411 COSG):l (19-9)

_ % % I:f(e) eikril=cos) _ fx(g) e—ikr(l—coso)]

10 If(6) k1 —cos0) _ If*(6) o~ ikr(1—cos)
21m 2| 00 i

This rather involved expression simplifies considerably when we consider that 6 # 0,
since one never does a scattering experiment directly in the forward direction,’ and that in
a measurement one always integrates the flux over a small but finite solid angle. Thus in
the last four terms of this expression we should replace €*' =9 py

f sin 6 d@ d¢ g(8, ¢) &' O (19-10)

where g(6, ¢) is some sort of smooth, localized acceptance function for the counter. Now,
as r — o, we have an integral over a product of a smooth function and an extremely
rapidly varying one, and this vanishes faster than any power of 1/r. This is what is known
in the mathematical literature as the Riemann-Lesbegue lemma, and it is illustrated in
Problem 7. Thus, only the first two terms remain, so that

K ik {OJ&

1= m
m ' m )

(19-11)

*How could one tell scattered from unscattered particles?
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In the absence of a potential, only the first term is there; it represents the incident flux. Ina
wave-packet treatment, £ik/m would be multiplied by a function that defines the lateral di-
mensions of the beam. Thus, if we ask for the radial flux, i, - j, then that term gives a con-
tribution #k - §,/m = hk cos 6/m, but only within a finite region of the z-axis (see Fig.
19-1). Since the counter is put outside of that region, this first term does not contribute to
the radial flux in the asymptotic region, so that only the second term in (19-11) con-
tributes, and

.tk |fOF
joi =0k,

r m r2

(19-12)

Thus the number of particles crossing the area that subtends a solid angle d{} at the origin
(the target) is
- 0)[*
e 0]

r m r2

r2dQ (19-13)

Notice that the factor of r* drops out. This justifies the dropping of the 1/7° terms in
(19-9), since these would contribute terms of order 1/kr to the number of particles. The
differential cross section is this number, divided by the incident flux, 7k/m; that is,

do = |f(0)|* dQ (19-14)
If the potential has spin dependence, there may be an azimuthal dependence, so that more
generally,

do 2

a0 _ -15

20 = 6, 9| (19-15)
The total cross section is given by

_ do
ouk) = | dQ} 0 (19-16)

If we now use f(0) as expressed in terms of S (k). and express the latter in terms of the
phase shift S(k) = €*®®, so that

1) =

)

> (21 + 1) 2™ sin 8,(k) P{cos 6) (19-17)
=0

%Detector
Outgoing \/\
scattered wave /

beam

Figure 19-1 Schematic layout for scattering experiment. The scattering angle is the laboratory
angle.



19-1 Collision Cross Section 291

then
O = f dQ [ > (21 + 1) €% sin §,(k) P/(cos 0)]

I:% > @ + 1) e ®® gin §,(k) Py(cos 0)]
and using

f dQP (cos 8) Py(cos 6) = 27— 5, (19-18)

! ! 2A+17"
we get
O = —727 2 21 + 1) sin® 8,(k) (19-19)

It is an interesting fact that

Im f(0) = (21 + 1) Im[e®® sin §,(k)] P(1)

(19-20)

»p—l »p—n
IMs TVl

21+ 1) sin’ 5k = ’;T -

This relation is known as the optical theorem and it is true even when inelastic processes
can occur, as they do in nuclear and particle physics scattering processes. It is a very use-
ful relation and in wave language it follows from the fact that the total cross section repre-
sents the removal of flux from the incident beam. Such a removal can only occur as a
result of destructive interference, and the latter can only occur between the incident wave
and the elastically scattered wave in the forward direction. This explains why f(0) appears
linearly.

This hand-waving argument does not explain why it is the imaginary part that is in-
volved, but this can be shown to be generally true.*

Elastic and Inelastic Scattering

The requirement that |S,(k)| = 1 followed from conservation of flux. Actually, in many
scattering experiments there is absorption of the incident beam; the target may merely get
excited, or change its state, or another particle may emerge. Under these circumstances
our discussion is unchanged except that

S,(k) = k) e*°® (19-21)
is to be used, with
0=qnh)=1 (19-22)
because we are dealing with absorption. The partial wave scattering amplitude is now

Sik)—1 k) > —1  7;5in 28, ey 1 — 7, cos 28,
2k 2ik T : 2k

fitk) = (19-23)

4See L. 1. Schiff, Progr. Theor. Phys. (Kyoto), 11, 288 (1954).
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and the total elastic cross section is

o, = 4 ; 2 + DIA® P

— 77 — 27, cos 26, (19-24)

4k?

=4772(2l+1)1
1

There is also a cross section for the inelastic processes. Since we do not specify what the
inelastic processes consist of, we can only talk about the fotal inelastic cross section,
which describes the loss of flux. If we look at a particular term in (19-3), the inward radial
flux carried by

i e—ikr

% T Pycos 0)

()

(Recall that Yy = Pfcos 8)/\V4r). The outward radial flux is (hk/m)(|S(k)[> 47r/4k?), so
that the net flux lost is (Ak/m)(r/k?)[1 — ni(k)] for each l-value. Hence, dividing by the
incident flux, we get

is

ot = k—”; ; @+ D1 — 72k (19-25)

Thus the total cross section is

Ot = Ol + Oinel

= %2 @+ 1)1 + 5 — 200828, + 1 — 1D (19-26)
Il
- i—? S @1+ 1)1 — mycos 25)
It also follows from (19-23) that

Imf(0) = D, (2l + 1) Im fk)
1

— m 0828, g (19-27)

1
—;(2l+ D = 5 %

so that the optical theorem is indeed satisfied.

If n(k) = 1, we have no absorption, and the inelastic cross section vanishes. When
7,(k) = 0 we have total absorption. Nevertheless there is still elastic scattering in that par-
tial wave. This becomes evident in scattering by a black disc. The black disc is described
as follows: (a) it has a well-defined edge; and (b) it is totally absorbing. Since we will
consider scattering for short wavelength—that is, large k-values—condition (a) specifies
that we only consider partial waves I << L, where

L =ka (19-28)
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Shadow ‘T\N\

region

Figure 19-2 Black disc scattering and the shadow effect.

and « is the radius of the disc. Condition (b) specifies that n,(k) = O for the relevant values
of I = L. Thus

_ T _ T g2 _
Tioel = 13 24 Q+1n= e L’ =7d® (19-29)
and
T L
0a =15 > @+ 1) =7d (19-30)
=0

so that the total cross section is
Ot = Ol + Cinel = 27Ta2 (19'31)

The result looks peculiar; on purely classical grounds we might perhaps expect that the
total cross section cannot exceed the area presented by the disc; we might also expect to
see no elastic scattering when there is total absorption. This is wrong; the absorptive disc
takes flux proportion to 7@’ out of the incident beam (Fig. 19-2), and this leads to a
shadow behind the disc. Far away, however, the shadow gets filled in—far enough away
you cannot “see” the disc—and the only way in which this can happen is through the dif-
fraction of some of the incident wave at the edge of the disc. The amount of incident wave
that must be diffracted is the same amount as was taken out of the beam to make the
shadow. Thus the elastically scattered flux must also be proportional to 7a®. The elastic
scattering that accompanies absorption is called shadow scattering for the above reason. It
is strongly peaked forward. The angle to which it is confined can be estimated from the
uncertainty principle: An uncertainty in the lateral direction of magnitude a will be ac-
companied by an uncontrolled lateral momentum transfer of magnitude p, ~ #/a. This,
however, is equal to p6, so that
h 1

This agrees with the optical result 6 ~ A/a. These features are observed both in nuclear
scattering and in particle scattering at high energies, since the central region of nuclei and
of protons is strongly absorptive, and the edges of these objects are moderately sharp.
(See Fig. 19-3.)



294  Chapter 19 Collision Theory

T T T T T T T T T T T T
Optical
point
ol |
X
- N3 4
xX
10° +— \§S(< -]
107" ]
T f 1
5
g 02| ]
£
3 = |
=S
1073 ]
| f{/g-{\ﬁ\l -
ol Y -
- \ =
8
1075 |— t
sl 11411y
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28
0 (deg)

Figure 19-3 Angular distribution of 1000 MeV (1 GeV) protons scattered by '°O nuclei. The
angular distribution shows the dips that characterize diffraction scattering. The departures from the
shape of Frauenhofer scattering in optics is due to the fact that nuclei are not sharp, nor are they
totally absorbing. The curve is the result of a theoretical calculation that takes these effects into
account. (From H. Palevsky ct al., Phys. Rev. Lett. 18, 1200 (1967), by permission.)

19-2 SCATTERING AT LOW ENERGIES

The phase shift expansion (19-17) may be used to express the differential cross section in
terms of the phase shifts
47 _ LIS o1 4 1) ™ sin 5,0k) Py(cos 6)| (19-33)
dQ} K2 |4
We expect, on grounds of correspondence with classical theory, that the angular momen-
tum involved in the scattering is bounded by pa where p is the center-of-mass momentum
and « is the range of the forces. Thus we expect that

pa _
=< 7= ka (19-34)
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With the sum in (19-33) limited, one can try, by fitting the differential cross section mea-
sured at a number of angles to form like

do _ & n g
0= ngoA,,(cos 6) (19-35)

to determine the phase shifts for a finite number of /-values. There are ambiguities—for
example, the cross section is unaltered when all the phase shifts change their sign—but
these can be resolved with the help of theory, continuity from low energies, and other
tricks of the trade. The hope is that one can learn something about the interaction from
the phase shifts, which form empirical data somewhat closer to the theory than the cross
sections do.

The connection between the phase shifts 8(k) and the potential V(r) is via the
Schrédinger equation; the radial equation will have a solution that asymptotically be-
haves as

R,(r) ~ % sin [kr - %T + 8,(k)] (19-36)
aside from an amplitude factor in front. Thus, given V(r), a straightforward way to calcu-
late 8,(k) is to integrate the radial equation numerically to values of r that are far out of the
range of the potential, and to examine the asymptotic behavior. This is, in fact, what one
does, but this does not give us any insight into the properties of the phase shifts. To learn
more about the phase shifts, we consider the square well potential. We found in Supple-
ment 8-B [www.wiley.com/college/gasiorowicz], Eq. (8B-13), that
_C

tan &,(k) = B (19-37)
where the ratio is obtained by matching the internal to the external radial wave function
(8B-12)

jika) _  ji(ka) + (C/B) nj(ka)

iy 19-38
“ka) " jika) + (CIB) ngka) (19-38)
In this equation

W2 = Zﬁ—’;’ E+Vy) K= 2;:,2)5 (19-39)

and the ' denotes differentiation, with respect to the argument. V;, > 0 for an attractive po-
tential. Thus

ki; (ka) j{xa) — Kjka) j,(xa)

tan 8,(k) = kn| (ka) j(ra) — knka) j; (ka)

(19-40)
This is not a particularly transparent expression, but it simplifies in some limiting cases.
(a) Consider the case that
ka <<l (19-41)
We do not insist that ka << L. With the help of the formulas (8-65) and (8-66) we get

20+ 1 (ka)ZIH lj(ra) — Kajl,(Ka)

tan 6,(k) = > ; 7
[1.3.5...@1+ 1] (I + 1) j(ka) + kaj(ka)

(19-42)



296 Chapter 19 Collision Theory

after a little algebra. One can show that for large I, this drops faster than ¢/ even if
ka >> 1. The behavior

tan 8(k) ~ K**! (19-43)

for ka — 0 is not restricted to the square well potential, but is true for all reasonably
smooth potentials. It is a consequence of the centrifugal barrier, which keeps waves of en-
ergy far below the barrier from feeling the effect of the potential.

(b) For certain values of the energy, the denominator in (19-40) will vanish, so that at
these energies the phase shift passes through 77/2, or more generally through (n + 1/2) 7.
When the phase shift is 77/2, then the partial wave cross section

42l + 1)
2

ok) = sin? 8,(k) (19-44)

has the largest possible value. One says that when tan §/k) rises rapidly to infinity and
continues rising from — o0, we have resonant scattering. To justify this terminology, and
explain when resonant scattering occurs, let us consider a very deep potential, and also [
large, so that

ka>>1>>ka (19-45)
We may then use (19-42) for tan 8(k), and this will become infinite when

a+ 1 j(ka) + Kaj,' (ka) =0 (19-46)

Approximate
locations of
energies of
resonances

Figure 19-4 Sketch showing the square well potential with the centrifugal barrier tail. The dashed

lines represent the energy levels in an infinite square well of range a, and the approximate locations
of the scattering resonance energies are indicated on the right. The lower one will be much sharper

than the upper one.
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Since ka => 1, this condition is approximately equivalent to
a+1 1 . 1 _
xa  C0s|\Kka— o sin{ ke — 5| = 0

1 I1+1
tan (Ka —5 77) = (19-47)

that is,

Since the right side is very small, the resonance condition is

Ka—l7'r25n7'r+l+1

5 a (19-48)

Now this is just the condition (8-73') for the existence of discrete levels in a three-
dimensional box, so that resonant scattering occurs when the incident energy is just such
as to match an energy level. Since E > 0, these levels are not really bound states. As Fig.
19-4 indicates, these are levels that would be bound states if the barrier were infinitely
thick. It is not, but a particle being scattered at just the right energy still “knows” that
there is a virtual level there.

In Supplement 15-A [www.wiley.com/college/gasiorewicz] we discuss the scattering of a pho-
ton at an energy corresponding to a state that would be stationary in the absence of coupling
to the radiation field. There we have the same situation, and we also see a resonant behavior.

The Breit-Wigner Formula

As (19-42) shows, the phase shift is very tiny for ko small. Nevertheless, as ka changes and
goes through the resonance, 8, rises very rapidly, increasing by 7r; thus the partial wave cross
section (19-44) will exhibit a very sharp peak at the resonant energy. This behavior (Fig.
19-5) is very similar to the cross section for the scattering of electrons by He* at the energy
corresponding to the (2s)? excited state (Fig. 14-4). In the neighborhood of the resonant en-
ergy, the phase shift rises through 77/2 very rapidly. We may represent this behavior by

,y( k a)21 +1

E_—Eres (19-49)

tan §; =

5,46 |©

/2 /r
1
|
L E
Eg

sin? §;

Figure 19-5 The partial wave cross
g section corresponding to the phase
shift sketched in the upper insert.
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This leads to the partial wave cross section
_A4Am2+ 1) tan’§, _ 4m(2l + 1) [y(ka)** 112

k* 1+ tan’$, k*  (E = E) + [ykay™ '
This is the well-known Breit—Wigner formula for resonant cross sections. Again, the be-
havior is not a peculiarity of the square well potential, but is characteristic of all potentials

that have a shape such that metastable states can simulate bound states above E = 0 in it.
We just note for completeness that

(19-50)

0y

l+itand,
_ ¥t _1 1—itan§,
=" = 2ik (19-51)
tan &, _ y(ka)* Ik

TkKI-itand) E-E,. — ivika)®

If there is nonresonant scattering that is appreciable, then the scattering amplitude is of
the form

Jl) = k) + 1 (k) (19-52)

S-Wave Scattering for a Square Well

At low energies, the scattering is primarily in S-states, so that we may concentrate on [ =
0. It is simpler to derive the phase shift directly than to work out (19-40). The solution in-
side the well that is regular at r = 0 is

u(r) = rR(r) = Csin kr (19-53)
and this is to be matched onto
u(r) = sin (kr + 8) (19-54)
the solution outside the well. The continuity of (1/u)(du/dr) at r = a implies that

Kk cot ka = k cot (ka + 8)

that is,
_ (k/k) tan ka — tan ka
tan & = 1 + (k/x) tan ka tan ka (19-53)
Note that if we define
tan ga = %tan Ka
then
_ tanga —tanka _
tan & = 1+ tangatanka tan (ga — ka)
that is,
& =tan! (% tan Ka) — ka (19-56)
We have, following (19-39),
2mV,a®
(ka) = (kay? + T2 L (19-57)
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with V, > 0 for an attractive potential. Thus, at very low energies, using tan x = x for
x<x 1, we get

tan § ~ & = ka (taﬁ—;a - 1) (19-58)

When ka goes through 71/2 (we imagine that we are slowly deepening the potential well),
which is just the condition that the well be deep enough for a bound state to develop [cf.
eq. (4-52)], then tan ka — % and (19-55) shows that

1

tand = ———
tan ka

—> @ (19-59)
that is, 8 goes through 77/2. In a sense, a bound state at zero energy is like a resonance.

As the well becomes a little deeper, we again have tan 8 ~ O(ka), and continuity de-
mands that the branch is such that

Ka

& =ka (M - 1) (no bound state)
(19-60)

§~m+ka (taﬂ 24— 1) (with bound state)

As the potential becomes still deeper, a second bound state can appear, ka goes through
377/2, and we have 8§ = 27 + ka[(tan ka/ka) — 1], and so on. There is a general result
known as Levinson’s theorem, which states

8(0) — 8(°) = Ngm (19-61)

where Nj, is the number of bound states, and (19-60) is an example of it.

Connection between Scattering Amplitude and Binding Energy

At very low energies the cross section only has the / = 0 contribution to it, and it is

2 2
o= 1—727 (ka)? (mm_Ka — 1) = 47d? (tan ka _ 1> (19-62)

Ka Ka

that is, it is a constant. There will, of course, be a correction of order (ka)2 to this result. If
we consider neutron—proton scattering, then we know that the potential must be such as to
give the right binding energy of the deuteron. If we let

_ k%
E= 2m
and
2mV,
k= _[—-a®+ ';:2 0
(effectively k> = —a? for the bound-state problem), then the matching of the wave func-
tion outside the potential u(r) = Ae™ to the solution inside B sin k7 at the boundary
gives
KCOtka = —« (19-63)

For k << k, we have

tan Ka __ [ tan ka _ 1
(K—a> =( Kd ) = Taa (19-64)
scatt deuteron
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Thus
1V _ 4
as4m2(1 *aa) =7 1+ 2a0) (19-65)

Thus making the low energy approximation expressed by (19-64) allows us to bypass the
problem of determining the potential and then calculating the cross section. The approxi-
mation only works when the binding energy is small. The quantity 1/« is the distance over
which the deuteron wave function spills over, and this is always much larger than the
range of the potential a for a loosely bound system. It is 1/« and not the range of the po-
tential that determines the scattering cross section at low energies.

Spin-Dependent Scattering

In the 1930s there was great interest in the form of the neutron—proton potential, since it
was hoped that this would give some fundamental clues concerning the nuclear forces in
general. Rudimentary experiments at low energies were fitted with a variety of potentials.
It became evident after a while that almost any reasonably shaped potential would work,
provided that one chose the appropriate depth and range. It was shown in 1947 by
Schwinger (and subsequently derived by Bethe in a simpler manner) that at low energies
it is always a good approximation to write

- 1,1 -
kcotd = a7t > 1ok (19-66)
where A is called the scattering length, and r, is the effective range. The cross section at
threshold determines the scattering length

o = 47A? (19-67)

and the energy dependence determines the effective range. The relation between these pa-
rameters and the parameters describing the potential vary with the shape, but a two-
parameter fit to the data is always possible. This effective range formula shows that if we
want to probe the shape of the potential, we must go to higher energies.

The binding energy of the deuteron is 2.23 MeV. Thus, remembering that in our dis-
cussion m is the reduced mass—that is, m = M,2—

1_ [ K _ ke _ & M,
o 2mE - \MPE McV E
1055 X 107%J - 5 /938 MeV 15
= =43x10"m
(1.67 X 107% kg)(3 X 10* m/s) V 2.23 MeV

AT _ 23X 107 m? = 2.3 barns
04

and

A more accurate determination leads to the prediction that the cross section at threshold is
four barns. The measurement, carried out with neutrons at thermal speeds, yields 21
barns!

The explanation of this disagreement came with the realization that the spin of the
neutron and the proton had not been taken into account. If the potential were spin inde-
pendent, then all spin states would scatter the same way; that is, it would not matter
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whether the spins of the particles are “op” or “down.” If the potential does depend on the
spin, a possible form could be

V(n) = Vi(n + o, a,Vy(7) (19-68)

In this case spin is no longer a good quantum number, and the states must be classified by
total angular momentum and total spin; that is, with I = 0, the four states divide up into a
38, triplet of states, and a singlet 'S,. These need not scatter the same way, so that there
are really two phase shifts, 8, for the triplet, and 8, for the singlet. There are no triplet—
singlet transitions, since the total angular momentum J must be the same in the initial
and final states. The total cross section is weighted by the number of final states in each
case (the cross section involves a sum over final states and is independent of the value of
the z-component of the angular momentum), so that
0=%0,+%0s (19-69)

For spin independent forces, o = 0, = 0.

The deuteron is a >S, state, so that the four barns are really predicted for o,. This im-
plies that

o, = 40 — 30, = 72 barns (19-70)
Since we are at threshold, this implies that
—28
4| = 12’2%— =24X10%m (19-71)

The earlier result implied that

—28
|4, = /% =47x10"m (19-72)

The question of the signs of A, and A, now arises. At threshold we have k cot § = k/§ =
—1/A so that 8, = —Ak and 8, = —Ak. Thus, the asymptotic wave functions have the
form

sin (kr + 8, ) =sink(r — A, = k(r — A,)) (19-73)

The two possible cases are shown in Fig. 19-6. We know that for the triplet state the wave
function turns over just before the edge of the well (since there is a bound state), so that it
must correspond to the situation A, > 0.

If A, were positive, too, one would expect a singlet bound state, with very much
weaker binding, since the internal wave function ties onto a much flatter asymptotic form.
In fact, the binding energy would be 70 keV. Such a bound state was not found, suggest-
ing that A, < 0.

This choice of sign was actually confirmed by the scattering of neutrons off the H,
molecule. As we know, the H, molecule can exist as ortho-H,, with the spins in a triplet
state, and para-H,, with the two proton spins in a singlet state. For neutrons at very low
energies, such that the wavelength is much larger than the proton—proton separation in the
molecule, the scattering amplitude for neutron-H,, scattering is just the sum of the ampli-
tudes for the individual scatterings. One may show that the amplitude off para-H, is dif-
ferent from the amplitude off ortho-H, and these separately involve linear combinations
of A, and A,. The fact that ,,,, = 3.9 bamns, while o,, = 125 barns can be explained in
this way. The calculation is complicated by a number of effects that must be taken into
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u(r)
{a) )}

-

(b)

a Z\

Figure 19-6 Sketch of the s-wave solution u(r) near threshold. Outside the range radius r = q, the
wave function has the form C(r — A). [This is not in conflict with (19-73), which is an expansion of
sin(kr + 8). We could equally well have taken the form of u(r) to be (C/k) sin(kr + 8), since the
normalization is arbitrary. It is, in fact, the interior wave function and the position of A that
determine the slope of the line.] The sign of A depends on whether the interior wave function has or
has not turned over cases (b) and (a), respectively. Since the wave function must turn over if there
is a weakly bound state (so that it can match a slowly falling exponential) and since one does not
expect the wave function inside the potential to be very sensitive to variations in E about zero, one
expects that for a potential that has a bound state with Eg small, A > 0,

account, for example, that the effective mass of the proton in a molecule is different from
that of a free proton, and that the molecules are not really at rest, but are moving with a
distribution appropriate to the (low ~ 20 K) temperature. The large discrepancy between
the two cross sections is not changed much by these corrections, and it can only be ex-
plained if A, is indeed negative.

19-3 THE BORN APPROXIMATION

At higher energies many partial waves contribute to the scattering, and it is therefore
preferable to avoid the angular momentum decomposition. A procedure that leads to a very
useful approximation both when the potential is weak and when the energy is high is the
Born approximation, in which we consider the scattering process as a transition, just like
the transitions studied in Chapter 15. The difference is that here we consider the transitions

continuum — continuum

If we work in the center-of-mass system, we have effectively a one-particle problem,
and this particle makes a transition from an initial state, described by the eigenfunction

1 ipr/h
Pr) = e® (19-74)
Vv
to the final state, described by

P(r) = %V P (19-75)



19-3 The Born Approximation 303

where p; and pare the initial and final momenta, respectively. The transition rate, follow-
ing the Golden Rule (15-20) is given by

27T Vd3pf 2 pf2 P,?
(271'ﬁ)3| il 8\ 2 ~

Ris= (19-76)

2m  2m

The delta function expresses energy conservation. If the particles that emerge have a dif-
ferent mass from those that enter, or if the target is excited, that delta function takes a
somewhat different form. It will, however, always be of the form 8[( pf/2m) E] where E
is the energy available for kinetic energy of the final particle. The matrix element Mj is
given by

M= vy = [ aw S v
fi = i = r——/—— r
= -‘17f d’r e” 7 V(1)
where A = % (s — p.)- We write the matrix element as
M = ‘l/f/(A) (19-78)

The integral in (19-76) can be rewritten in the form

27 Vprdpr 1 2 ( pi )
R, = dQ) V(A —FE

27 1 1 pres (PF N oo
T oV f dOpym =L 8(2m E>|V(A)| (19-79)

= 2ﬁ4 f dQp,m| V(A)[2

To get the last line, we noted that p,dp,/m = d(pf/2m) and carried out the delta function
integration. Thus, p; must be evaluated at p, = (2mE)"?, and we must not forget that m
here is the reduced mass in the final state.

This expression has an undesirable dependence on the volume of the quantization
box, but this is not really surprising. Our wave functions were normalized to one particle
in the box V, so that the number of transitions should certainly go down as V increases.
This difficulty arises because we are asking a question that does not correspond to an ex-
periment. What one does is send a flux of incident particles at each other (in the center-of-
mass frame; in the laboratory, one particle is stationary, of course). If we want a flux of
one particle per m? per second, we must multiply the preceding by V divided by the vol-
ume of a cylinder with 1-m’” base, and the relative velocity of the particles in the center-
of-mass frame in the initial state. The number of transitions for unit flux is just the cross
section. We therefore have

1
do = dQ) VA 19-80
7 4772ﬁ4 I relI pfml ( )| ( )
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Since in the center-of-mass frame the two incident particles are moving toward each other
with equal and opposite momenta of magnitude p,, their relative velocity is

_pp_ (1,1
lvrell - m2 = Di (ml + mZ) - mf.?d (19'81)

my

if m, and m, are their masses. Thus, if the initial and final reduced masses and momenta
are not the same, we have

do _ 1 ¥ 9 m® ’ i
dQ 4772 D: Mzed Mg ﬁ2 V(A) (19 82)
When the initial and final particles are the same,
2 2
do Mea | 1 1
_— = —_— 1 -
40 am? |7 V(A) (19-83)

When one particle is a great deal more massive than the other, m,.; — m, the mass of the
lighter particle. When we compare the above with (19-15) we see that

Mieq

ey V(a) (19-84)

0, ¢) = —

Actually, to determine the sign, one must go through a more detailed comparison with the
partial wave expansion. We will not bother to do this here.

As an illustration of the application of the Born approximation, we will calculate the
cross section for the scattering of a particle of mass m and charge Z, by a Coulomb poten-
tial of charge Z,. The source of the Coulomb field is taken to be infinitely massive, so that
the mass in (19-83) is the mass of the incident particle. For generality (and, as we will see,
for technical reasons) we take the Coulomb field to be screened, so that

Z.Z.e* ,—ria
Vir) = 4sz, e (19-85)
where a is the screening radius. We thus need to evaluate
~ Z Z 2 . —rla
Va) = —hﬂi‘; f drett € (19-86)
We choose the direction of A as z-axis, and then get
) e_,-/a 2 T ] A e—r/a
f d’r e7i87 = f do f sin 6 df f r? dr e”Areost —
0 0 0
© 1
=27 f rdr e f d(cos ) Ao
0 ! (19-87)

KWJ. dre (etAr _ e—i.’.\.r)

_27 1 _ 1 __ Amx
iAN\(a) —iA  (Va) +iA]  (1/d®) + A?

Now
2

2
= #(pf— p)? = 512— @p* — 2p;-p) = % (1 — cos 6) (19-88)
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so that the cross section becomes

do _ (21228)2 167

dQ 47t \ dmey | [(2pHBED(1 — cos 0) + (1/aD

om Z,Z,¢*
47e,

= 19-8
4p” sin® (6/2) + (Bla?) (19-89)

2

Z,Z,é*
47e,
4E sin® (6/2) + (K*12ma®)

In the last line we replaced p*/2m by E, and we used 3(1 — cos 6) = sin® (6/2). The angle
0 defined in (19-88) is the center-of-mass scattering angle. In the absence of screening
(a — o) this reduces to the well-known Rutherford formula. There is no # in it, and it is
the same as the classical formula. Had we left out the screening factor in (19-86) we
would have had an ill-defined integral. One often evaluates ambiguous integrals with the
aid of such convergence factors. _

The Born approximation has its limitations. For example, we found that V(A) was
purely real so that f(6) is also real in this approximation. This implies, by the optical theo-
rem, that the cross section is zero. In fact, the Born approximation is only good when ei-
ther (a) the potential is weak, so that the cross section is of second order in a small
parameter; this would make the use of it consistent with the optical theorem, or (b) at high
energies for potentials such that the cross section goes to zero. This is true for most
smooth potentials. It is not true for real particles; there it seems that the cross sections stay
constant at very high energies, and one cannot expect the Born approximation to serve as
more than a guide of the behavior of the scattering amplitude.

As a final comment, we observe that if the potential V has a spin dependence, then
(19-77) is trivially modified by the requirement that the initial and final states be de-
scribed by their spin wave functions, in addition to the spatial wave functions. Thus, for
example, if the neutron—proton potential has the form

V(r) = Vi(1) + 6p o V(r)

the Born approximation reads
M. = l d3 —iAr ¢+ Vi
Ty re ff N é&

where §; and £, represent the initial and final spin states of the neutron—proton system.

19-4 SCATTERING OF IDENTICAL PARTICLES

When two identical particles scatter, there is no way of distinguishing a deflection of a
particle through an angle 6 and a deflection of 77 — @ in the center-of-mass frame, since
momentum conservation demands that if one of the particles scatters through 6, the other
goes in the direction 7 — 6 (Fig. 19-7). Classically, too, the cross section for scattering is
affected by the identity of the particles, since the number of counts at a certain counter
will be the sum of the counts due to the two particles. Thus

o4(0) = o(0) + o(7 — 0) (19-90)
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Figure 19-7 Asymptotic
directions in the scattering of two
identical particles through a
center-of-mass angle 6.

In quantum mechanics there is no way of distinguishing the two final states, so that the
two amplitudes f(0) and f(7= — 0) can interfere. Thus the cross section for the scattering of
two identical spin zero (boson) particles—for example, c-particles—is

do _ P _
10 = O + flr — 0)] (19-91)

This differs from the classical result by the interference term
47— [fO)F + 1fm — OF + LP@)fcr — 6) + O — 01 (19-92)

and its leads to an enhancement at 77/2—for example,

do _ T 2
(dQ)m =4 f(2> (19-93)
compared to the result that would be obtained without interference:
dor) 1) (19-94)
dQ 72 2

When the scattering of two spin 1/2 particles is considered—for example, proton—proton
scattering or electron—electron scattering—then the amplitude should reflect the basic an-
tisymmetry of the total wave function under the interchange of the two particles. If the
two particles are in a spin singlet state, then the spatial wave function is symmetric, and

90 _ \16) + fim — OOF (19-95)
If the two particles are in a spin triplet state, then the spatial wave function is antisymmet-

ric, and

do,
a=lr® — - oF (19-96)
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In the scattering of two unpolarized protons, all spin states are equally likely, and thus the
probability of finding the two protons in a triplet state is three times as large as finding
them in a singlet state, so that

Q = é @ + l do-s
dQ 440 4dQ
=3f®) — fm — OF +3lf6) + f(mr — OF
=fOF + fm — OF — O+ — 6) + fXO)f (a7 — )]
For proton—proton scattering as well as for a—« scattering, the basic amplitude f(6) is the sum

of a nuclear term (if the energies are not too low) and a Coulomb term. Whether the identical
particles are bosons or fermions, there is a symmetry under the interchange 6 — 7 — 6.

(19-97)

Scattering by Atoms on a Lattice

Symmetry considerations also play a role in the scattering of particles by a crystal lattice.
If we ignore spin, so that we do not have to worry whether the electron does or does not
flip its spin (“up” — “down” or vice versa), then at low energies, the scattering amplitude
f(0) is independent of angle (S-wave scattering), and the solution of the Schrédinger equa-
tion by a single atom located at the lattice point a; has the asymptotic form

i iklr—a]
Y(r) ~ *E +f|i " (19-98)
Now
Kr — a;| = k(x> — 2rea, + a®)'?
2rea. 1/2
=krl|1— 5 - (19-99)
¥
=kr — ki, - a,

and since ki, is a vector of magnitude k and it points in the direction r, the point of obser-
vation, it is the final momentum k’. If we divide out the phase factor e **, the wave func-
tion has the asymptotic form

o, ikr
I,[f — ezk-r + feftk «a, eﬂ('a, eT +0 ( 1 ) (19—100)

P
so that the scattering amplitude is
f(O) = fe o= A=k —k (19-101)

The total amplitude is the sum of all individual scattering amplitudes when we have a sit-
uation in which we cannot tell which atom in the crystal did the scattering. This is indeed
the case for elastic low-energy scattering when recoil is not observed and spins are not
measured. Thus, for the coherent process we have

g = —ihea, ? -
10 fgn e (19-102)
If we have a simple cubic array of lattice points, such that
a; =a(ni, +ni, +nl) —-N=n,n,n <N (19-103)

(spacings are integral multiples of a in all directions), then

N

2 e—iA'a, — i 2 i e—iann,( e—iaAyn‘ e*iaA:n:

n=—Nn=—Nn=—-N
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We use
N
2 eian — e—iaN(l + eia + eZia + + e2iaN)
n=—N
i ia(2N+1) __ i(N+1) __ —iaN
v Tl T e (19-104)
e —1 e —1
_ eUD _ a0 sina (N + )
- gell _ gial2 - sin a2
to obtain the result
do _ P sin” o, (N +3) sin® a (N + 3) _sin’ a(N + D (19-105)
dQ sin? /2 sin’ a,/2 sin’ a,/2
where
a, =al, — 27y, (v, = integer), etc. (19-106)

We can make the generalization exhibited earlier, since a change o — o« — 27rv, with v an
integer, does not change (19-105). The expression (19-105) is not very transparent. How-
ever, when N is large, each of the factors becomes very strongly peaked when «,, . . . are
near zero. In fact, using

sin® Nu
24

—> 47N 8(u) (19-107)
u
a formula easily derived from (15-14) by a simple change of variables, we get

51% = |f]2 @m)? @NY? 8(ah — 2av) (19-108)

Now the total number of atoms is (2N)?, and hence the cross section per atom is

3
g_g e @) & (k, k- Zﬂ) (19-109)

a3 a

Thus the differential cross section is very small, except in the directions given by

K —k=2T, (19-110)
where it is strongly peaked. The conditions above are called the Bragg conditions, and the
integers v,, v,, v, are called the Miller indices of the Bragg planes.

The relations just derived can be generalized to more complicated crystals. They are
used to study crystal structure, using neutrons of X rays as incident particles, or using a
known crystal to study X rays that are emitted in atomic transitions involving energetic
photons.

19-5 AN INELASTIC PROCESS: THE PHOTOELECTRIC EFFECT

An interesting example of an inelastic scattering process is the photoelectric effect. It is of
interest in that it plays an important role in the absorption of radiation in matter in much
of the nonrelativistic energy region. The basic process is

v + (atom) —> (atom)* + e~
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Following the golden rule [cf. (15-23)] the transition rate for this process is

vd® 2
277 P M8 (ﬁw —E,— &)

@mh)? 2m
277 VdQ p?) ) ( p?)
M6 hw — E, — 25
@Quh)y (m Ml 5T (19-111)
277Vf mp, 2
= dQ M
f (217ﬁ)3| il

In this expression m is the electron mass, the delta function represents energy conserva-
tion, Ej is the magnitude of the binding energy of the electron in the atom, and in the last
line, p, is evaluated at the vanishing of the argument of the delta function.

The matrix element is given by

i vV 28?wV f d’r Y (r)e * pe” yi(r) (19-112)

The vector potential is normalized, as in (17-15), to one photon in the volume V, and ¢;, ¢,
are the initial and final state (normalized) wave functions for the electron. We assume that
the electron is initially in the ground state of a hydrogenlike atom, so that

32

% (a%) &% (19-113)
The final state wave function should be taken to be a solution of the Schrodinger equation
with a Coulomb potential with £ > 0. We did not discuss these solutions when we studied
the hydrogen atom. They can be written in closed form, but they are quite complicated,
and make integrals such as appear in (19-112) very difficult. If the photon energy is much
larger than the ionization energy (13.6Z* V), then the residual interaction of the outgoing
electron with the ion that it leaves behind is less important. We may therefore replace the
final electron wave function by a free-particle wave function. Since we started with only
one atom in our volume V, there will only be one free electron in that volume. This means
that the normalized final state wave function is

Pr) =

Py(r) = #} e (19-114)

The V that appears in the phase space factor Vd°p/(27h)° has the same origin, so that the
two factors are not independent. The matrix element is simplified, since the final state is
an eigenstate of the momentum so that

(fle s po, €7li) = & = p, (fle"[i)

The square of the matrix element then becomes

2 3
M A 11(2Z
| f’|2 ( ) 25,0V Vﬂ(ao) (e*p)’

As in our discussion of scattering, we are interested in the cross section, and we mul-
tiply the rate by V and divide by the relative velocity of the particles in the initial state.
Since one of them is a photon, that velocity is always ¢. We thus end up with

2
f d3rd & Pethre g~ Zila, (19-115)

do _ 2w Vmp. v e2 A 11 53(8, %
@} i Qah)? 3 25,0V VT P.

2
f dSrei(k—psz)T e—Zr/an

(19-116)
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In this expression d{} is the solid angle into which p, points. The integral over all electron
direction yields the total cross section o for the photoelectric effect. If the target atoms are
distributed with a density of N atoms/m?, then in a slab of material of area A and thickness
dx, there are Nadx target atoms. Each atom presents an effective area o for the reaction
under consideration, so that the total area presented to the beam is NAodx. If there are n
incident particles in the bombarding beam, then the number of particles dn that interact in
the thickness dx of the target is given by the formula

dn _ _ NAodx _
n A -

—No dx (19-117)

The minus sign is there because particles are removed from the beam. Integration gives
n(x) = nge "> (19-118)

where n is the number of incident particles and n(x) is the number of particles left in the
beam after it traverses a thickness x of target. The quantity A = L/No has the dimensions
of a length, and it is called the mean free path.

The remaining task is to evaluate the integral in the expression for do/d(}. The inte-
gral is of the form

. . —Br
fd"re“"r e Pr=— E%f d3re‘q'reT (19-119)

The reason for writing the integral in this form is that the second integral was worked out
in (19-87), with the result

r - B+
Thus
f dPre’%T e P = 8B
B+ 7
and
87r(Zlag)

(19-120)

f d3rei(k—pclfz‘)-r e*Z'/”o —
[(k — p./h)* + (Zlag)'F

We can now calculate the differential cross section. After some judicious combination of
factors, we get

do _ o5 2 (PLY(E°Pe ) 1 ]
P ) (1
where
ﬁk — 2 - P. 2
A2 = ( . PF) _ (py . P ) (19-122)

Since the electron and photon energies are related by

p:

ﬁw=EB+2m

(19-123)

e
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we see that for energies quite a bit above the ionization energy, fiw = p*/2m,. Further-
more,

2
A= #(py —p) = #[(%‘”) — 2% cost +P3]

3
1 D, _
= ;lz I:Pg - me;cos 0] (19-124)

2 v
E%I:l —?ecosé)]

for nonrelativistic’ electrons, p, << mc. In the above 8 is the angle between the photon and
the electron direction. If we choose the photon direction to define the z-axis, and the two
photon polarization directions €’ and £ to point in the x- and y-directions, respectively,
then, writing

P. = (sin 8 cos ¢, sin 8 sin ¢, cos ) (19-125)

we have (p, * €")* = sin’ 8 cos® ¢ and (p, * €?)*> = sin® 8 sin” ¢, so that the average® of
(e * p,)? is (1/2) the sum of these; that is, 3sin’> §. We now substitute all of these into
(19-121) and note that lighr elements, fiw => Ej, is equivalent to

E > % m? (Zay

Putting all of this together we end up with

do 7 g G M E TP sin” @

= =2 - -

- V2 Z'a (Z) ( e 0, 4 (19-126)
1- < cos (7]

Let us discuss various aspects of this formula.

(1) First, the vague guess that, since atomic sizes tend to be of the order of 10 ~1° m,
the cross sections should be of order 10™% m? is wrong! It is true that the factor a3 is of
that magnitude, but it is multiplied by (1/137), which is dimensionless, but hardly negli-
gible! We should try to understand how one could be so wrong in order to have some
guidance on what one must be careful about in making estimates. If we ignore the last an-
gular factor, which we will discuss later, we see that we may, with the help of

1
E= Emevg

write the factor in front as

mn 7
2V2 2% o (%) = 32407 o® (v£

19-127
gfelz) T
zZ U,

This is a more useful form. It shows, first of all, the presence of a single factor a, which
should always be present when a single photon is emitted or absorbed. The coupling of

SFor relativistic electrons one should really use the Dirac equation to describe the process. As far as the stopping
of radiation in matter, effects other than the photoelectric one are important when E, gets up to 1 MeV.

By averaging we are calculating the photoeffect cross section for unpolarized photons.
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the vector potential to a charge is proportional to the charge e, and the square of this will
lead to the cv. The factor (a,/Z)” is a better measure of the area of the atom than aj, since
we are considering a hydrogenlike atom of charge Z. What remains is a rather high power
of the ratio of the “orbital” velocity of the electron in the atom to the velocity of the out-
going free electron.

It is the ratio (aZc/v,) [rather than just (c/v,), which is also dimensionless] that ap-
pears, because the matrix element involves the overlap between the free electron wave
function and the bound electron wave function; that is, the square matrix element is re-
lated to the probability that a measurement of the momentum of the bound electron yields
P.- The functional dependence f(aZc/v,), in this case the eighth power,’ cannot be guessed
at on general qualitative grounds. For example, if the electron wave function were gauss-
ian [P(r) =< e 7], the falloff with increasing velocity would be much faster than the
eighth power. The reason why a guess is hard to make is that the momentum distribution
of the electron is localized in a region of spread

Ap ~ — ~—"—~Zam,c (19-128)

and for p, >> Zam,c one is far out in the tail of the momentum distribution. This, again by
the uncertainty relation, depends on the small r-distribution of the wave function, and de-
pends sensitively on the state, in particular on the angular momentum. This does make
photodisintegration in nuclear physics a very useful tool.

(2) The angular distribution of do/df} is given by

F(6) = sin” 6 19-12
2 [1 - (v,fc) cos 6]* ¢ %)

We note, first of all, that the cross section vanishes in the forward direction. This is a con-
sequence of the fact that photons are transversely polarized. The matrix element is propor-
tional to p, * &, and when p, is parallel to the photon momentum, this factor vanishes. .'he
factor in the denominator has, because of the fourth power, a strong influence on the an-
gular distribution. When v,/c approaches unity, this becomes very dramatic, but even for
moderate v, /c there is significant peaking in the near forward direction, where the denom-
inator is at its smallest. This corresponds to the minimum value of the momentum transfer
between photon and electron (p, — p,)’.

PROBLEMS
1. Show that for a central potential V(r) = V(r), the matrix element M in (19-77) can be written in the
form
M, = %/% V() sin A

Note that this is an even function of A—that is, a function of
Ar= (p,— p)IH
2. Consider a potential of the form
V() = Voe ™

"There is a factor p, in the phase space so that the matrix element squared gives an eighth power of (acZ/v,).
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Calculate, using the Born approximation, the differential cross section do/d{) as a function of the
center-of-mass scattering angle 6. Compare your result with the differential cross section for a
Yukawa potential

e rib

T

V() = Vb

[Already done in (19-85)—(19-89)]. To make the comparison, adjust the parameters in the two cases
so that the two differential cross sections and their slopes are the same in the forward direction at
A = 0. It might be convenient to pick some definite numerical values for Vi, V,, a, and b to depict
this graphically. Can you give a qualitative argument explaining the large difference between the
predictions for large momentum transfers?

Consider the potential

—rla

V(n = Voa S

If the range parameter is ¢ = 1.2 fm = 1.2 X 10”" m and V;, = 100 MeV in magnitude, what is the
total cross section for proton—proton scattering at 100-MeV center-of-mass energy, calculated in
Born approximation? Ignore Coulomb scattering, but not identity of two protons. [Note: It is useful
to use the relation

#? A% = (p;— p)’ = 2p°(1 — cos )

to write
2
dQ = 27 d (cos 6) = LT a(a) ]
p

Suppose the scattering amplitude for neutron—proton scattering is given by the form

f(6) =& (A+ Bop - op) §;
where £, and £ are the initial and final spin states of the neutron—proton system. The possible states
are

E=XPXP E=XPAP

X(f) X(f/) X(f) X(iv)
X(f) X(?/) X(f) X(%V)
X(f) X(f/) X(f) X(f/)
Use
0p e oy = 0P + 2P + Py
where

o, tio, (0 1 o,~io, (o0 0
=75 Tlo o =7 % T\uo

in the representation in which o, = ((1) —(l)) and y; = ((l)), X, = ((l)) to calculate all 16 scatter-
ing amplitudes Make a table of your results and also tabulate the cross sections.

If any one of the spin states (e.g., initial proton, or initial neutron) is not measured, the cross section
is the sum over the unmeasured spin states. Suppose both the initial and final proton spins are not
measured. Write down expressions for the cross sections for the final neutron “up” and the final
neutron “down,” given that the initial neutron state is “up.” What is the polarization P, defined by

p_ot=al

ot tol

where o 1 is the cross section with the final neutron up and so on?
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6.

Use the table computed in Problem 4 to calculate the cross sections for triple — triplet and
singlet — singlet scattering, respectively. Show the triplet — singlet scattering vanishes. Check
your results by observing that since (in units of #)
1op+30y=S8
one has
opeoy=28-3
= 1 when acting on triplet state
-3 when acting on singlet state
Note that the amplitude is independent of rig so that #g must be the same in the initial and final spin
states. There are three states in the triplet, all contributing an equal amount to the cross section. and
only one to the singlet cross section. [Caution: In calculating amplitudes such as
1
V2

the amplitudes are added for the four terms before squaring. Can you explain why?]

1
WP — XPxA + Bop - ay) V3 WPx — XD

Consider the integral
L . 1 )
Itkr) = f d6 sin 0 g(cos 0) e~ *<ot = f du gluwe ™™
0 -1

where g(cos 0) is strongly localized about § = 6y, and is infinitely differentiable. An example of
such a function is
—a?(cosf—cosby)?

g=¢

with a large. We may thus assume that g(u) and all of its derivatives at u = *1 vanish. In that case,
show that I(kr) vanishes faster than any power of kr as kr — . (Hint: Write e *™ = i/kr d/du e **
and integrate by parts repeatedly.)

Calculate the cross section for the process
vy + deuteron > N + P

The procedure is the same as that for the photoelectric effect. In the calculation of the matrix ele-
ment, the final state wave function is again

j Qr—
Yer)y = —=ev
ARV

where p is the proton momentum. At low energies the wavelength of the radiation is much larger
than the “size” of the deuteron, so that &* = 1. To calculate

J’ d3reflp-rlh d/i(r)

use

ir) = I,V— e~ r=>r,
Vi

=0 r<r0

properly normalized. For what energies would you expect the photon wavelength to be much larger
than the range of the potential r, = 1.2 fm?

Suppose the electron were bound to the nucleus by a square well potential. Calculate the energy depen-
dence of the cross section for the photoelectric effect. Assume that the photon energy is much larger
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than the binding energy of the electron, and that the potential has a short range. (Hint: See Problem 8.)

The principle of detailed balance relates the matrix elements for the reactions

A+a—>B+b I
and
B+b—>A+a I

Thus

2 |M1|2 = 2 |MH|2

where the sum is over both initial and final spin states. Taking into account that in the calculation of
a rate or Cross section one averages over the initial spin states and sums over the final spin states,
show that for the rates

@I, + D@, + 1) dR, 2]y + 1)@2J, + 1) dRy

PidpyldE,)  dLY, pidpldE) ALY,
where J,, J,, J, Jp are the spins of the particles, p, and p, are the center-of-mass momenta of parti-
cles b and a (I and II must take place at the same total energy), E;, and E, are the corresponding en-
ergies of the particles, and d{),, d(}, are the solid angles in which b and a are observed. Use this
result to express the cross section for the radiative capture process

N+P—>D+vy

in terms of the cross section calculated in Problem 8. Note that the factor (27 + 1) for photons is 2
since there are only two polarization states, and also the spin of the deuteron is 1.
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Entanglement and Its Implications

In the previous chapters we have exposed the reader to an introduction to quantum
mechanics and its applications to a variety of physical problems. In more advanced
books, subtler and more complex problems are addressed—for example, quantum optics,
the properties of many particle physics at low temperatures, and relativistic quantum
mechanics of elementary particles such as quarks, gluons, and leptons. The universal
experience is that in the subclassical range, from the mesoscopic (dimensions of order
mm) to the ultramicroscopic (so far of order of 10~ '® m), quantum mechanics' works
extremely well. The relativistic quantum theory of the interaction of electrons or muons®
with the electromagnetic field is incredibly successful. As an example, consider the
calculated and experimental values of the values of the anomalous magnetic moments.
For muons they are

(@,)exp = (116592020 * 150) X 107"
(@0 = (116591708 % 67) X 107"

In view of this and countless other examples, there is a pervasive feeling among those
working in the range of mesoscopic to ultramicroscopic physics that quantum mechanics
provides the correct theory of the behavior of matter and light.

Our study of quantum physics did not put much stress on the strange aspects of
quantum mechanics. We summarize what we did point out, without great elaboration:
At the start of Chapter 2 we discussed a thought experiment in which individual photons
were sent through a polarizer. This led us to the introduction of the idea that the
prediction of the behavior of individual photons was not possible, but that we could talk
about the probability of what a particular photon would do. The extension of this idea to
matter (electrons, neutrons, so on) led to the proposal of the existence of a wave function
and its associated probability interpretation. A brief discussion of the passage of
individual electrons through a pair of slits (as in the experiment of A. Tonomura
discussed in Chapter 1) led us to a simple rule: If the paths of the electrons when passing
through the two-slit apparatus are not determined, then there will be interference, and the
probability density for finding an electron at x at the time ¢ will be given by

P@x, 1) = |g(x, 0 = |[h(x, D) + golx. D] (20-1)

"In the subatomic domain quantum mechanics, it is necessary to use a natural extension of quantum mechanics
to relativistic quantum field theory.

Muons are essentially heavy electrons, and their interaction with the electromagnetic field is the same as that of
electrons. Their rest mass is 207 times that of the electron rest mass, and they are unstable decaying into
electrons and two (different) neutrinos, with a lifetime of the order of 2.2 us.
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If, on the other hand, we find a way of determining the path of each electron, then we
could, in principle, close the unused slit for each electron, and the probability density is
then the sum of the individual probability densities

P(x, 1) = [ (x, D> + e, D (20-2)

The wave functions are solutions of the Schrédinger equation and are uniquely
determined by their initial values. The equation is linear, and therefore a superposition
of any number of solutions of the equation is itself a solution.

In Chapter 3 and later, we elaborated on the superposition principle by stressing the
expansion postulate. We stated that any wave function ¢«(x) could be expanded in a
complete set of eigenfunctions of any hermitian operator. Thus, if the u,(x) form a
complete, orthonormal set, satisfying

Au(x) = au(x) (20-3)

and
f i dx uF)u,(x) = 8, (20-4)

then we could always write, for any square-integrable wave function,

P) = X Ct,(0) (20-5)
The coefficients, determined using orthonormality of the eigenfunctions, were given by
C, = f dx X (OP(x) (20-6)

We also asserted that these coefficients had the following interpretation: A measurement
of the eigenvalue of A, on the system described by /(x), must lead to one of the
eigenvalues. The outcome of a particular measurement was unpredictable, with the
probability of finding a particular value a given by

P(a) = |C,| (20-7)

Furthermore, as a consequence of the measurement, the system is projected into the state
described by u,(x). These statements are suitably generalized in Chapter 6 to the more
abstract formulation of quantum mechanics, in which the states were described by kets,
&), |a), . . ., defined as vectors in a vector (Hilbert) space. We made extensive use of the
expansion theorem in setting up perturbation theory, and there is no question as to its
correctness.

Nevertheless, the assertions about the random nature of the results of the
measurement, the probability interpretation of the expansion coefficients, and the
projection, by a measurement, into the particular eigenstate raised questions among a
number of people. These assertions do not, directly, follow from the Schrédinger
equation

. d _
it [¥) = Hlp) (20-8)
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How to deal with these assertions is an issue concerning the foundations of quantum
mechanics. I want to stress once again that, however one interprets the origin of the
quantum mechanical rules, they work, and in the final analysis, that is all that matters.

Recent advances in technology have made it possible to carry out experiments that
in the past could only be thought about. The actual execution of thought experiments®
confirms the validity of the rules of quantum mechanics. In one way or another the new
experiments are connected with the existence of entanglement, the nonseparability of
quantum states of systems that may not even be interacting. Before getting to
entanglement, which is central to any discussion of the foundations of quantum
mechanics, we first discuss the two-slit experiment again in a way that illustrates what is
sometimes called the weirdness of quantum mechanics.

20-1 THE TWO-SLIT EXPERIMENT AND
WHICH-WAY INFORMATION

Let us recall the two-slit experiment discussed in Chapter 2. When a beam of electrons (or
photons or neutrons or, most recently, Cg, and C;, molecules®) is incident on a two-slit
system, an interference pattern, characteristic of waves, appears on the screen behind. The
interference pattern observed in the passage of a particle through two slits is logically in-
compatible with knowledge of which slit the particle went through, since such knowledge
would imply that the pattern is a superposition of the patterns created by particles coming
independently from one slit or the other. Such a superposition of two different beams
from two slits cannot give rise to an interference pattern. It is the uncertainty principle
that may be used to “save” quantum mechanics from a logical self-contradiction. Imagine
a monitor that is used to identify the slit of passage. Such a monitor could be a source of
light, in which the scattered photon is used to determine which slit the electron comes
through.

Let the slits be separated by a distance a, and the distance from the slits to the screen
be denoted by D (Fig. 20-1). The condition for constructive interference is

sin 6, =n% (20-9)
Here A is the de Broglie wavelength of the electron, n is an integer, and 8, is the angle be-
tween the normal to the screens and the line to the nth maximum. In this setup the dis-
tance between adjacent maxima on the screen is

Dsin6,,, — Dsin 6, = 2 (20-10)
Our monitor, in order to be effective, must determine the y-coordinate of the electron to
an accuracy Ay < /2. In doing so it imparts to the electron an uncontrolled amount of
momentum of the order of magnitude Ap, > h/(a/2). This implies that

Apy  on _22
P " a) @

(20-11)

*The German word Gedankenexperimente appears in much of the literature on the subject

*This work by A. Zeilinger and collaborators was carried out using a standing electromagnetic wave as a
diffraction grating: O. Nairz et al., Phys. Rev. Letters, 87, 160401 (2001).
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Figure 20-1 A two-slit apparatus with
f > monitor to identify the slit of passage.

and thus the uncertainty in the location of arrival at the screen is

This displacement is larger than the distance between the adjacent maxima, and therefore
wipes out the interference pattern. Quantum mechanics does not require an actual experi-
ment to detect the slit of passage. If there is a way of, in principle, distinguishing the path
of the electron, then the rules state that there will be no interference. A design of an exper-
iment that allows for the possible determination of the path of the electron is called a
which-way design. An example using photons instead of electrons follows. There is no
implication that the path identification is built into the design of the experiment at the be-
ginning. The important point is that the presence or absence of interference depends on
the determination of indistinguishibility or distinguishibility of the paths at the end of the
experiment, when the measurement occurs.

A dramatic example is a delayed choice experiment, first suggested by John Wheeler,
and carried out with the help of a so-called Mach-Zehnder interferometer. Figure 20-2

o

Figure 20-2 Schematic picture of Mach-
Zehnder Interferometer. The boxes
> ! represent beam splitters (half-silvered

> f mirrors), M, and M, = are mirrors, D,
and D, are detectors.
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shows the basics of the setup, equivalent to a two-slit experiment. Individual photons enter
a beam-splitter (really a half-silvered mirror) in which there is a 50% chance of the photon
being deflected or transmitted. Interference is observed in both detectors. This is seen by
measuring how the intensities in the two detectors vary as the mirror M, is moved. We
may, therefore, say that each photon effectively chooses both paths. If one of the beam-
splitters is removed (say, the top one), then there is no interference. A photon taking the
lower path ends up in D,, and the photon taking the upper path ends up triggering detector
D,. The idea of a delayed choice experiment is to either insert or remove the second beam-
splitter after the photon has passed through the first beam-splitter. What is observed’ is
that, if the upper beam splitter is inserted affer the photon has passed the first beam splitter,
there will be interference. If the beam-splitter is in place when the photon enters the system
but is removed after the photon enters the system, then there is no interference. This is con-
sistent with the rules we stated: If an examination of the apparatus at the end shows that
there was no way of deciding which way the photon went, there will be interference.® A
more elaborate experiment, which also introduces the notion of a quantum eraser, is dis-
cussed 1n the next section and in Supplement 20-A [www.wiley.com/college/gasiorowicz].

20-2 THE QUANTUM ERASER

The idea of a quantum eraser, a mechanism by means of which which-way information
once established can be erased, is due to M. O. Scully and K. Druhl.” Supplement 20-A
[www.wiley.com/college/gasiorowicz] discusses a specific mechanism designed for a two-slit
experiment for atoms. Here we discuss a simpler, later version of this experiment carried
out with photons.

The experiment carried out by T. J. Herzog et al.? makes use of a nonlinear crystal
that has the property of converting an incident photon into two lower (usually not
equal) energy photons. These photons are correlated in that they are created simultane-
ously, and they both have the same polarization, in this case vertical to the plane of the
experiment. The photons (named signal and idler photons) emerge at different angles
to the forward direction of the incident laser beam and are reflected back, passing
through the crystal and arriving at the top and bottom detectors shown in Fig. 20-3.
These are the reflected photons, shown by solid lines in the figure. We label them by
|li,) and |s,), respectively, upon production. They are coherent with the laser beam. The
laser beam is reflected by another mirror and has a second chance to produce a two-
photon pair. These photons (called the direct photons, since they are not reflected), la-
beled |i,) and |s,), follow the same path as the first pair upon reflection from their
respective mirrors. They are indicated by the dotted lines in the figure. The two idler
photons (frequency w,) are indistinguishable from each other, as are the signal photons
(frequency w,). The state of the photons as they approach the detectors D; and D; is
given by (V refers to the polarization)

|w) = C{eiqbililv)eiqb’lslv) + ei¢L|i2v>lszv>] - C{ei(¢'+¢’) + ei¢"]|iv>lsv> (20-12)

3This has been established by P. Grangier, G. Roger, and A. Aspect in 1986. The beam-splitter is not really
inserted physically, since the time interval for doing so is too short. A device that can respond in such a short
time effectively simulates the insertion and removal of the beam-splitter.

A more detailed discussion of this and many other experiments probing the fundamentals of quantum
mechanics may be found in the very interesting book The Quantum Challenge, by G. Greenstein and A. G.
Zajonc, Jones and Bartlett Publishers, Sudbury, Mass., 1997.

™. O. Scully and K. Druhl, Phys. Rev. A, 25, 2208 (1982).

5T.J. Herzog, P. G. Kwiat, H. Weinfuirter, and A. Zeilinger, Phys. Rev. Letters, 75, 3034 (1995).
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Figure 20-3 Schematic picture of a quantum eraser based on set up by T. J. Herzog, et al., Phys.
Rev. Letters, 75, 3034 (1995).

The phase factors have to do with the fact that the photons “1” were reflected by the mir-
rors by the time they reached the detector. The photons “2” were created by the reflected
laser beam, which also undergoes a phase change. Since the photons i; and i, are identical,
we label them by |i) and similarly for the signal photons. We will continue to drop the “1”
and “2” labels when the photons (idler/signal) are indistinguishable. The intensities at the
two detectors are identical, and are proportional to

|4+ + € = 21 + cos(¢; + b, — $) =21 + cos Ad)  (20-13)

The oscillatory pattern of intensity has been observed by moving the detectors or mirrors
along the beam axis. (Note that the i and s mirrors have to be moved in opposite directions
to maintain the same intensity, since these phases appear as a sum in A¢). The interfer-
ence mechanism is equivalent to a two-slit experiment. The which-way effect can be seen
when the upper mirror M, is removed. In that case there is no signal (reflected) photon as-
sociated with the reflected idler photon, which allows us to distinguish between the two
idler photons arriving at the detector D;. A coincidence measurement would show that
when D; clicks, then the click in D; had to be an i, photon. This is analogous to knowing
which of the two slits a photon passes through. The interference disappears. Next, the
mirror is put back, and a plate that rotates the polarization from V to H is placed in front
of the lower mirror M;. As expected, the interference pattern disappears at the detector D,
since the two idler photons now have orthogonal polarizations. The action of the plate is
shown here:

V) = C{eiqbililV)eiqb‘lslv) + € i) |SZV>] -

{td)| idy| 7 it ; ity | (20'14)
C{e i) lsw) + e Ll’zv)lsw)] = Cle* i) + )iy )l sy)

The absolute square of this shows no interference terms, since (i) = 0. Since this al-
lows us in principle to tell the two photons apart (it is possible to set up a polarization ex-
periment after reflection and before the reflected idler photon passes through the crystal,
but one does not actually have to do so), we have a which-way situation. Distinguishing
the reflected idler photon then distinguishes the reflected signal photon, since these are al-
ways produced in pairs. Thus there will be no interference in the signal detector D,!
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If we express the photon states not in terms of H and V but in terms of the states ro-
tated through +45°,

1 1
Hy=—=(+)+ [-) IV =—=(+)—|-)» (20-15)
| V2 | | V2 | |
then the previous state may be written as

Ol T i) = %{e"“”f“-‘klin +1iNsyy + €24(iL) — i Nlsy)} (20-16)

The next step involves putting a 45° filter in front of the detector D;, while keeping the
plate in front of the mirror M;. As a consequence the state |i_) is absorbed. Effectively, the
idler photons are described by (|V) + [H))/V/2, and it is no longer possible to tell whether
a registered idler photon was originally V or H. This corresponds to a guantum eraser in
that former which-way information has been erased. The state becomes

% @t i sy) + ee(i,)s)) — % @™+ Dli)ls)  (20-17)

The same interference pattern as in (20-13) appears.

A final experiment takes the preceding setup and, to begin with, places a polarization-
rotating plate in front of the mirror M,. This rotates the reflected signal photon’s polariza-
tion from V to H. Since the direct and reflected photons are now distinguished, we have to
write the effect of this on the state in (20-17) as follows:

L {e’(¢'+¢‘)|i+)|slv) + ei¢L(|i+)|s2V)] - 1 i Xe™®]si) + |sa))  (20-18)

V2 V2

In this form, because of the polarization distinction between the two signal photons, there
will be no interference. We rewrite the above in the form

1 .\ Lo
—= i) E®lsi) + [sa)) =5 |l+>{elA¢(|S1+> + |52 + (s0) — |52—>)]
v 2 (20-19)
= Llillse@® + 1) + |s ) - )

The next step is to put a polarization rotator in front of the signal detector. If we absorb
the |s_) photon, then the interference pattern is the same as in (20-13). If we absorb the
|s..) photon, we get the complementary interference pattern

e — 1|2 = 2(1 — cos A¢) (20-20)

We see that the polarization rotator acts as a quantum eraser. The absence of polarization
can be seen as a sum of two complementary interference patterns.’ This is apparent in the
data of the experiment of Herzog et al.

20-3 ENTANGLEMENT AND EPR

In our discussion of quantum mechanics we paid very little attention to a particular property
of quantum mechanical states, which we may roughly describe as nonseparability. In our
discussion of two-spin states in Chapter 10, we did note that in a singlet state of the form

1
Xsinglel = % (X(%) X(f) - X(JT) X(TZ)) (20—21)

°A similar pattern is seen in the experiment discussed in Supplement 20-A [www.wiley.com/college/gasiorowicz].



20-3 Entanglemeent and EPR 323

if particle (1) was found to be in an eigenstate of S{" with eigenvalue +#/2, the particle
(2) would be found in an eigenstate of S with eigenvalue necessarily equal to F#/2.
We also found that if a measurement of the x-component of the spin of particle (1) gave
an eigenvalue of =#/2 (each with probability 1/2), then a measurement of the x-compo-
nent of the spin of particle (2) would always give the opposite sign eigenvalue. This
nonseparability does not apply to a simple product of states. For a state described by
X X measurements of the x-components would give opposite sign eigenvalues, but
even if a measurement of the x-component of the spin of particle (1) gave a positive
eigenvalue, a measurement of the x-component of the spin of particle (2) would have
an equal chance of being positive or negative. The state described in (20-21) is said to
be entangled. The measurement carried out on particle (1) does not result in a commu-
nication from that particle to particle (2). The two measurements of the x-component of
the spins can be carried out simultaneously—that is, when the separation between the
locations of the particles is spacelike. Entanglement plays a very special role in quan-
tum physics, and its existence leads to a number of counterintuitive conclusions. In
1935 in a paper by Einstein, Podolsky and Rosen (EPR) a seemingly plausible require-
ment for a physical theory was set forth. The criteria, of which we list just two, contain
the following.!'”

1. Every element of physical reality must have a counterpart in a complete physical
theory.

2. If without disturbing the system we can predict, with certainty, the value of some
observable, then we can associate an element of reality with this observable.

EPR analyzed a hypothetical experiment in their paper, but their argument that
quantum theory is not a complete theory can easily be expressed in terms of the two-spin
system, as was suggested by Bohm. Suppose we measure the z-component of the spin of
particle (1) and we find that the eigenvalue is +#/2. We can then predict, without in any
way disturbing the system, that the z-component of the spin of particle (2) will be —#/2.
According to EPR, we may thus associate with the z-component of spin of particle (2) an
element of physical reality, meaning that particle (2) must have had S, = —#/2 all along,
since the measurement on particle (1)—undertaken at an arbitrary distance from where
particle (2) is being measured—could not possibly affect its state. Suppose now that, in-
stead of measuring the z-component of the spin of particle (1), the x-component were
measured. The same argument would go through, and thus one could ascribe to particle
(2) both a value of S. and §,. This is incompatible with quantum theory. According to the
EPR criteria, either quantum mechanics is not a complete theory or there must exist a
nonlocal interaction between the two particles. The nonlocality does not contradict spe-
cial relativity, since no message can be sent from one particle to the other when these in-
compatible experiments are performed. Bohr responded to this criticism by asserting that
quantum mechanics was different from classical physics, in that it was meaningless to
try to simultaneously assign values to physical quantities represented by operators that
do not commute. In this example S, and S, do not commute. This was an example of
what he called complementarity,'" a view that quantum mechanical systems may have
aspects that cannot all be determined simultaneously (as, for example, particle/wave
properties). Nevertheless, a number of people were not satisfied by this explanation. A

®Here we follow the discussion given m the fine book Quantum Theory by David Bohm, Dover Publications,
New York, 1989.

""This is a very restricted application of the general approach of Bohr to the deep differences between classical
and quantum physics.
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way out would be the existence of certain hidden variables, which would in some sense
describe a linkage between the two separate states. This modification of the theory
would have to be such as not to affect the observed successes of quantum mechanics. An
important step forward in the discussion of this program was due to John Bell. Bell'? an-
alyzed the requirements for a complete and local theory, and studied correlations be-
tween spin measurements of the separate particles in different directions. These were
found to be subject to certain inequalities that contradicted what would be expected from
quantum mechanics. Subsequent experiments'® showed complete agreement with the ex-
pectations of quantum mechanics, which rely purely on the existence of entangled states
of the form described in (20-21). The result of these beautiful and ingenious experiments
should not have come as a surprise: A variety of correlation experiments in nuclear and
atomic physics never contradicted quantum mechanical expectations, and although the
particular correlation suggested by Bell had not been measured before, there was no rea-
son to expect trouble.

A more dramatic confrontation between EPR realism and quantum mechanics was
worked out by Greenberger, Horne, and Zeilinger (GHZ).** We have three measuring
recorders, and each one has two seftings, which are labeled A and B. The three recorders
are all spacelike with respect to each other, and they record events by an “up” or “down”
result. There will therefore be records that have the label A,, A,, A,, By, B ,, B3, and each
will give a result +1 or —1. On the average, any one of the readings A; half the time will
be positive and half the time negative, and similarly for the B; readings. The experi-
menters however find certain correlations, in that certain products are not random. They
find that whatever the readings are, the following is true:

A1B2B3 = B1A2B3 - B1B2A3 = +1 (20-22)

Since these recorders are spacelike with respect to each other, they cannot affect each
other, and therefore correlations must come about as a result of some hidden variables.
One consequence of the above readings, combined with the fact that

Bi=Bi=Bi=1 (20-23)
is that
AAA = +1 (20-24)

In fact, the results described in (20-22) are just the consequences of measurements of the
observables

A=) B, = o} (20-25)

Here o), = 2/fi SO, are operators with eigenvalues *1, that act on the entangled three-
particle state

1
‘\If(l, 2, 3) = % (TI) X(TZ) X(%) — X(ll) X(f) X(ii)) (20—26)

"“Bell’s theorem is treated in many textbooks (see the books by Peebles, Park, Sakurai, Griffiths, and Ohanian,
listed in the bibliography). See also The Quantum Challenge, loc. cit.

BThe experiments by A. Aspect and collaborators are discussed in The Quantum Challenge, loc. cit.

“For a detailed description see D. Greenberger, M. Horne, A. Shimony, and A. Zeilinger, Am. J. Phys. 58
(1990) 1131.
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It follows from
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1
4 ¥(1,2,3) = OP AP AP = X9 AP AD)
1
4, ¥(1,2,3) = - 0P XP AP = XV XD XD
1
As ‘\If(l, 2,3) = % (X(’II‘) X(%) X(f) — X(JI,) X(f) X(%))
(20-28)

B, ¥(1,2,3) = % P X2 xP+ XX XD
B, ¥(1,2,3) = % P XX+ P XP XD
B, ¥(1,2,3) = % O X2 XD + xD X XD
Consequently, for example,
BiBA V(1L 2.3) = T O XD XD~ P XD AD = W1 2.3) @029)

and so on. However, in the application of A,A,A; each of the spins is flipped (without the i
or —i coefficients), so that the quantum mechanical prediction is that

1
AtA V(1,23 = oGP XD XD — XA A = —¥A,2.3) - 2030)

in complete contradiction with the local theory that does not include the consequences of
entanglement. Recent advances in quantum optics have made it possible to actually con-
struct GHZ states for photons and check the above result. (See Supplement 20-B
[www.wiley.com/college/gasiorowicz].)

20-4 QUANTUM MEASUREMENTS"

In most areas of physics there is very little discussion of measurement as part of the the-
ory. It is different in quantum mechanics. As was illustrated in our examples of which-
way and delayed-choice experiments, the process of measurement and the design of the

">In this brief discussion, I lean for much of the material on N. G. Van Kampen, Physica A 153, 97 (1988), and
on discussions in Roland Omnes, Understanding Quantum Mechanics, Princeton University Press, Princeton,
N.J., 1999. The books by D. Bohm, P. J. Peebles, and especially K. Gottfried deal with this subject. Since a
deeper discussion of this material involves the density matrix, we provide a brief description of the density
matrix formalism in Supplement 20-C [www.wiley. Jgasiorowicz]
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apparatus determine whether a photon acts as a particle or as a wave, for example. The
problem of quantum measurements has attracted a certain amount of attention in recent
years, and although the people working in this field have not agreed on the matter, the
problem deserves a brief discussion.

Matter is made of atoms, and atoms obey quantum mechanics. Thus, in principle, a
description of a measurement of a microscopic system requires that the macroscopic de-
tector also be described by a state vector. As we shall see, this necessarily brings in the
notion of entanglement of the system and the apparatus. We will give a qualitative discus-
sion of a quantum measurement.

For our purposes, it is simplest to consider a measurement of the spin of a neutral
atom of spin L/2. The initial spin-state may be described by

) = | +) + B|-) (20-31)

The apparatus is described by the state vector |®(0)), so that initially the total state vector
for the system is

|¥(0)) = |¢)| D(O0)) (20-32)

The state of the apparatus is very complicated. Although we can talk about a pointer that
can read differently for spin-up and spin-down, the pointer is described by many degrees
of freedom. The atom enters the region of the apparatus, and the consequent development
of the system is described by quantum mechanics. In particular, we have

[P () = e | ¥(0)) (20-33)

Here H is the total Hamiltonian for the system. It describes the motion of the atom, and it
describes the interaction between the atom and the apparatus. We will set up the apparatus
in such a way that it does not alter the initial state |1f). For example, a Stern-Gerlach ex-
periment does not rotate the spin; it merely changes the direction in which the atoms
move, with the direction dependent on the spin state. The consequence of the interaction,
as described by (20-33), is that

[P) — [F(@®) = a|+)|Dy) + Bl= ) Puown) (20-34)

The apparatus and the microscopic spin system have become entangled. Note that this
time evolution does not describe a measurement. We still have a superposition of two
state vectors. In principle, it would be possible by an arrangement of magnets to reverse
the effect of the first set of magnets and get back to the initial state. We need to do some-
thing that actually distinguishes the ICIDUP,dDW,,) states, which differ in the physical location
of the center of mass of the atoms. A position measurement of the atoms could be accom-
plished by a two-slit addition to the apparatus, with a monitor to determine which slit the
atom went through. The state vector, which evolves according to (20-33), now includes
the state of the slit-detector, and it becomes

|\P(I)> = C!l +>|q)up>| Supper> + B|_>| ¢)d0wn>|S|Dwer> (20'35)

This, however, is still a coherent superposition of two states. What about the step of ob-
serving the monitor? We could go on and on with our quantum mechanical evolution, but
finally something irreversible must happen. In our example, the action of the monitor that
records which slit the atom went through must leave a permanent record somewhere. For
example, the monitor gives rise to a current, and the current readings are recorded on a
disk in a computer.

There are several questions that come up: (1) Does one ever see linear combinations
of macroscopic systems such as shown in (20-34) or (20-35), and (2) if not, why not?
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(3) How does one end up with the system projected into the state indicated by the mea-
surement; that is to say, how does the transition t0 & [+) |®y) |Sypper? 07 B | =) |Poomn)
|Siower) come about? With this transition, since the apparatus state vectors are separately
normalized, we find that the spin-up and spin-down states of the atom occur with proba-
bilities ||* and | B[, respectively.

Decoherence and the Schriodinger Cat

The idea of a linear superposition of macroscopic states seems preposterous. Schrédinger
made this very vivid by proposing an experiment in which the macroscopic pointer is a
cat. For example, consider the two slits as being small holes in a closed box that holds a
live cat. If the atom goes through the upper hold, it triggers a device that opens a vial of
cyanide and kills the cat. If the atom goes through the lower hole, nothing happens. Until
a final measurement is made, we are presented with a situation in which we have an en-
tangled state of the atom path (upper and lower) and the state of the cat. This state can be
written in the form

| ) = «|+)|dead) + B|—)|live) (20-36)

At some point, when the box is opened, one finds that the cat is either alive or dead. When
did the “projection” of the combined state into the definite state occur? Was a measure-
ment—that is, the opening of the box—really necessary?

The commonsense answer is that as soon as the atom, with probability |a|?, triggered
the breaking of the vial, the cat died, and that brings back question (2) above. Still, would
a superposition of the form (20-36) ever occur? Until recently the answer would have
been that this does not make sense. However, recent experiments have shown that rela-
tively large systems, mesoscopic systems, do appear in linear combinations. The simplest
example we can quote is the two-slit experiment with fullerenes (C,,), mentioned in foot-
note 4. The authors propose doing a similar experiment with a virus! A more dramatic ex-
periment involves superconducting quantum interference devices (SQUID). Basically one
deals with superconducting states that are macroscopic quantum systems. Under certain
circumstances, pairs of electrons can become correlated. These pairs form bosons, and at
very low temperatures bosons preferentially all go into the same state, which becomes
what is called a condensate, a single quantum system. Such a system may involve up to
10" pairs, and comes close to what would be called a macroscopic system. Linear combi-
nations of two such different condensates have been observed.'® In effect, the technology
is there to show that linear superpositions are not limited to electrons and atoms.

There is no chance of ever doing the cat experiment. The reason is a phenomenon
that has received a lot of attention lately, called decoherence.'” The point is that all of
our discussion has dealt with closed systems, in which an equation like (20-33) de-
scribes their evolution. Actually, unless we are talking about the whole universe, any
system that we study is. to some extent, an open system that interacts with an environ-
ment. The implications for this are that a state like (20-34), for example. ought to be
written in the form

I\II(O)> - I\P(I)> = a|+>|q)up’ nup) + BI_)lq)down* 77down) (20'37)

15For a description, see a brief article by G. Blatter in Nature, 406, 25 (2000). The journal Physics World has
frequent articles on such interesting experiments.

""There is extensive literature on this subject. A readable introduction to the subject appears in W. H. Zurek,
Physics Today, 44, 10, p. 36 (1991).
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The variables denoted by 7, Maown describe symbolically different environments. If we
now ask for the expectation value of an operator that mixes the up and down states—for
example, o,—then

<0-x> = {a*<+ |<¢)up’ nupl + B*<_ |<¢)dowm ndown”o-x{al_'_)lq)up’ 77up> + B|_>|q)dowm 77down>]

= a*B<q)up’ nuplq)down’ 77down> t+ec.c (20‘38)
while
<o-z> = {a*<+|<q)up’ nupl + B*<_|<q)down’ ndown”o-z{al +>|q)up7 77up> + Bl _>|¢)dowm 77down>]
= ||a||z|<q)|u;3’| Z]"qu)“l?’ 77up> - |B|2<q)dowm ndownl q)dowm 77down> (20_39)
= a —

Because there are many up and down environment variables, and because the phases be-
tween them are uncorrelated, then averaging out the environment variables leads to the
vanishing of the expectation value in (20-38). What this implies is that we get the same
result as if we had the situation of two sets of states, |[+) and |—), not in any linear combi-
nation but coming out of separate “boxes” with relative frequencies |e|* and |B[* In effect,
decoherence makes things look as if we were ending up with the projected states.

Note, however, that we have not devised a mechanism to actually carry out the pro-
jection. The time evolution in (20-37) still maintains the linear combination of states, and
there is no way of getting around that. In effect, there is no completely satisfactory answer
to question (2). This has stimulated a variety of paths toward either a change in quantum
mechanics, or a better interpretation.'® My own view is that until now, none of the pro-
posed changes in quantum mechanics have reproduced all of its successes'® and led to
anything new, other than a more satisfying formulation of the subject from the point of
view of the authors.?® Much of the work in this field has become rather technical, and so it
is not appropriate to give a critical summary at the level of this book.!

18A critique of the “Copenhagen Interpretation” appears in a number of papers by J. S. Bell, collected in J. S.
Bell, Speakable and Unspeakable in Quantum Mechanics, Cambridge University Press, Cambridge, England,
1987. See also R. Omnes, loc. cit.

"“Unless they have been designed to always give the same results as the Schrodinger equation!

2The most fully developed hidden variable theory designed to reproduce all the successes of nonrelativistic
quantum mechanics, while dealing with the interpretation issues is that due to the late David Bohm. The
program is laid out in D. Bohm and B. J. Hiley The Undivided Universe, Routledge, London (1993).

2IThe reader will have noticed that, in contrast to most of the chapters, there are many references to books and
papers. The purpose is to allow the interested reader to follow up on the technical discussions of various topics.
The list is limited and selective, but many papers can be traced by starting from the references given here.



SupplementZO-A

Which-way Measurements
and the Quantum Eraset

Consider a beam of atoms passing through a double-slit arrangement. In the absence of
any attempt to gain which-way information, the atoms will create an interference pattern
on the screen. The wave function is

1
w(r) = v Wa(r) + (1)) (20A-1)
The two parts of the wave function are those that would appear if slits 2 and 1, respec-
tively, were closed. The probability density for finding an atom at a @®ioh the
screen is

PR) = 3 [9a(R) + YR =3 (n(RIF + 4RI + ¥ (RI(R) + w2 (RW(R)) (20A-2)

which shows the interference term. Let us next consider a way of implementing a which-
way detection scheme. The proposal for path detection is quite subtle. Since we are deal-
ing with a beam of atoms, we may excite them in a well-defined way by a carefully
chosen laser beam, which crosses their path before they enter the region of the slits. The
only difference is that the atomic wave function, in whidtescribes the center of mass

of the atom, now has a label on it, so that

W(r) = % W) + y£0)) (20A-3)

The labela identifies the electronic state of the atom. In the proposed experiment, mi-
crowave cavities are placed in front of the two slits (Fig. 20A-1). Atoms that pass through
one or the other of the cavities will make a transition to a lower state of excitation.
The authors deal with atoms of rubidium, with possible transitions from §3)p;, to

(n = 61)ds, or (N = 61)d;,. Such a transition, accompanied by the spontaneous emission
of a photon, will be labeled by— b in our formulas. This means that, depending on the
path of the atom, one or the other of the cavities will now contain a photon. The wave
function now becomes

1
W) = 5 UPXOXD + UPXPXE) (20A-4)

IM. O. Scully, B.-G. Englert, and H. WalteMature 351, 111 (1991). This is discussed in detaionantum
Opticsby M. O. Scully and M. S. Zubairy, Cambridge University Press, Cambridge, England, 1997, in
Chapter 20.
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Plate Photographic
with two

— slits
Cavity 1

Shutter - gjit 1
Beam of Photon L____[
electrons detector [~ o~
—_— \

Shutter , Slit2
Cavity 2
—

Laser beam to
excite atoms

Figure 20A-1 Schematic picture of quantum eraser for atoms as described by M. O. Scully, et al.
Nature 351, 111 (1991).

The lower label on™ i(= 1, 2) labels the cavity, and the upper one labels the number of
photons in that cavity. If we now look [alf(R)|?, we see that as a consequence of the or-
thogonality of cavity states with zero or one photon,

Y™ =5_(i=1,2) (20A-5)

the interference terms disappear. Note that the disappearance of the interference terms
arises because we can distinguish between the cavity states, and tlesgarayledwith

the states of the atom. There is no uncontrollable momentum transfer. If the cavities are

not empty but contain many photons, then the appearance of one more photon is not dis-
tinguishable, and under those circumstances there is no which-way detection, and the in-
terference remains.

The fascinating aspect of the paper is the notion that the information obtained by the
photon presence in one or other of the cavities camdsedat some later time and the in-
terference reappears. Consider the apparatus modified in such a way that a detector is
placed between the two cavities, with shutters separating the cavities and the detector.
When the shutters both open, the photon in the cavity is absorbed by the detector, and
then all knowledge of the photon’s location is erased. One expects that the interference
pattern can be re-established. Since the opening of the shutters can take place long after
the photons hit the screen, we need to answer the question: How does one regain the inter-
ference pattern? The wave function now has an additional component that describes the
state of the detector. When the shutters are opened, the detector changes its state from the
ground statep, to the excited staté.. The shutters are so arranged that we cannot tell
whether the photon came from cavity “1” or cavity “2.” This symmetry is important, since
otherwise we would not lose the which-way information. To make explicit use of this
symmetry, we write the wave functiol(r)¢, by making use of the symmetric and anti-
symmetric combinations

Oy = L By + o0
P(r) V3 @A) = $A(r))

and

1
&= O = XOx5Y)

\/‘
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In terms of these the wave function reads

W(r)bo = % WOE, o + YOE o) (20A-6)

When the shutters are opened, the photon is absorbed. Because of the symmetry under the
interchange “1"«< “2,” the two terms behave differently when the photon is absorbed. In

the first term¢p, — xP¢., and as a consequenesp, — xPxPd.. The term involving

x- does not change, since it is antisymmetric under the interchange>“R.” This

means that after the opening of the shutters the wave function becomes

V() = L WP b + YO0)x-bo) (20A-7)
V2
Let us now ask for the probability density at the screen, whenR. Taking the absolute
square of (20A-7), we get

WRE =3 (4. RIP+ v RIP) =3 (WOR)E + [WPR)D  (20A-8)

There are no interference terms. The point is that we have not checked whether the which-
way information has really disappeared. To do this, we must look at the detector and cor-
relate that information with the atoms hitting the screen. The authors propose that we look
at the atoms as they hit the screen one by one, and in each case ask whether the detector
was in the excited state or the ground state. If it was in the excited state, then we square
the part of the wave function that multipliés and we get

PAR) = 5 |0 (R = 2 (VORI + [WPR)F + 2 Reyd * (RWP(R)  (20A-8)

In the same way, the probability density for finding the atom at the seteélenthe detec-
tor is in its ground states

PR) = 5 |4 (NP =7 (ORI + [y9R) - 2 Rey) * (RWPR)  (20A-9)

Figure 20A-2 gives a plot of the two terms. How can we say that withuéetum
eraserin position, the fringes reappear? Let us follow the course of an atom through the
apparatus, and note that it appears on the screen. We now open the shutters and see
whether the detector actually absorbs a photon. If that is the case we know that the evi-
dence of a photon has been erased. We then call teid a&tom, and we know that it
should belong to the distributid?(R). For thered atoms, the which-way information
has been lost. After we follow another atom we may find that the detector is in its
ground state, so that no photon has been absorbed. This atom would belong to the class

Pattern for "blue" photons

Figure 20A-2 Reappearance of

i . . :
AN fringes with quantum eraser in
~ Pattern for "red" photons place.
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of blue atoms, and we know that they should belong to the distrib&j(R). In this

case we again have an interference pattern. The which-way information is lost because,
with the shutters opeithe fact that the detector is still in its ground state does not allow

us to find out where the photon is. Indeed, after many atoms are observed, we should see
red andblueinterference patterns. If these a@ correlated with the observation of the
detector, then they “lose their color” and we just get the sum, which is the pattern with-
out interference.

In this thought experiment, one sees that which-way information can be obtained
without taking into account any momentum transfer to the atoms that pass through the
double slits. This happens because the path of the atom can be correlated with the behav-
ior of a part of the apparatus with which the atom is entangled.

An experiment that follows in spirit, though not in detail, the proposal by Scully et al.
has been carried out by S. Durr, T. Nonn, and G. ReMakeire 395 33 (1998), and it
bears out the quantum mechanical expectations.
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The Creation of GHZ States

The apparatus developed by Bouwmeester eisahown in Fig. 20B-1. A short pulse of
ultraviolet light passes through a nonlinear crystal, creating two pairs of photons, close
enough in time that in terms of the counter time resolution they appear simultaneously.
The photons move along pathsndb, and each pair of photons is entangled in that the
polarization states are perpendicular to each other (the nothtiV is used for hori-

zontal and vertical in the plane perpendicular to the propagation of the photons), in such a
way that each pair may be described by the state

1
V2

The arma leads to a polarizing beam-splitter. It acts to transinithotons, which then
continue to a detector, label@dThis means that

([H)a[ Vo = [V)alH)) (20B-1)

[H)a— |H)r (20B-2)

TheV photons are reflected. They move along the @ammd are made to pass through a
Al2 plate, which rotates their polarizatio/{) through 45. At the polarizing beam split-
ter, theV-component is deflected to countes, while the H-component goes on to
counterD,. This means that

V), — % (V) + [H)) (20B-3)

The photons going along the atmare directed to a polarization-independent beam-
splitter, so that the photons reachid§have a 50% chance of passing through to de-
tectorD; and a 50% chance of being deflected along the farithe photons moving
along B strike the polarizing beam-splitter. Th& photons go on to the detectDy,
while theV photons that continue along the agrand go on to the detect@,. This

implies that

[Ho— = (H)s + [H)) (208-4)
while

V), — % (V)3 +[V)2) (20B-5)

1D. Bouwmeester, J-W. Pan, M. Daniell, H. Weinfurter, and A. Zeilirglys. Rev. Let82, 1345 (1999).
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Q T detector
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splitter transmits H, / H
deflects V
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\ Half wavelength
N plate rotates V into
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Figure 20B-1 Apparatus for the construction of GHZ states, based on the experiment of D.
Bouwmeester, et aRhys. Rev. Letter§2, 1345 (1999).

We may therefore see what happens to the entangled combination (20-1). We have

5 (V= VI HY) —
1 1 1 11 _
VARG IH)r[V)s+ V3 |H>T|V>2:| 25 [(IV[H))(IH)s + [H)4] = (20B-6)
- % [|H>T|V>3 + [H)r| V) — % (IV)a[H)s + [V)q|H)1 + [H) H)y + [H),| H>3)]

We have a second photon pair, which has exactly the same form as (20B-6). If the second
pair is emitted at a time such that it is possible to distinguish between the two pairs, then
the form is that given in the last line of (20B-6), except that it is distinguished by a mark
such as a prime. However, if the photons are emitted close enough in time so that the pairs
cannot be distinguished, then we just take the last line of (20B-6) and multiply it by itself
all over again. Although the product appears to have 36 terms, the experimental setup is
such that all four counters click. This means that we have the following terms only:

1

-5 [\}E [H)1| V)3 |H),|H), + % |H>T|V>2|V>1|H>3:|

so that the combination occurring in the counters complementarigto

1

G ([H)1]H)2[V)3 + [V)1 V), H)3)
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This is a GHZ state. To make this look more like the GHZ state described in the text of
the chapter, all we have to do is rotate the polarization de@egtw thatH); — [V); and

[V); — —|H)5. The paper quoted above describes all the tests made to show that the state
is indeed what it is expected to be. The experimental test showing that measurements on
the GHZ state agree with the quantum mechanical predictions were carried out by the
same authors, and the results can be foumthinre403 515 (2000). To translate the al-
gebra into the algebra of spin 1/2 states, we note that right- and left-circular polarization
states are given by

|R>=%(|H>—i|v>>
\L>=%(\H>+MV»

The translation can now be carried out if we make the association

R)— x. = <(1)>; Ly —x- = (2)

L) Lt
v TR )

which correspond to the eigenspinorsrf

then
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The Density Operator

In all of our discussions we have dealt with the time development of physical systems,
whose initial states were of the form

) = E CilUn) (20C-1)

Often such initial states are not the ones that are provided by the method of preparing
the states. It may be that instead of a single ensemble consisting of identica)staees
may be presented with a number of different ensembles on which measurements are to be
performed. We may have a set of ensembles of the form

) =2 COluy) (20C-2)

and all we know is that the probability of finding an ensemble characterizadl isy (
pi, with

Z p=1 (20C-3)

For example, we may have a beam of hydrogen atoms in an excited state, with fixed en-
ergy and orbital angular momentumbut completely unpolarized, so that ailvalues

—l =m=1 are equally probable. In that cgse= 1/(2 + 1), independent ah. It is not
correctto say that the beam is described by the wave function

) = % Cinl Yim) (20C-4)

with |C,J> = 1/(2m + 1), since the physical situation represemts 2 1 independent
beams, so that there is no phase relationship between diffesetties.
Thedensity operatoformalism allows us to deal with both of these cases.

Pure State
Consider a pure state first. Define the density opepdigr

p = WXyl (20C-5)

We can write this in the form
p =2 C.Chlun)Un| (20C-6)
mn
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The matrix elements gf in theu, basis are

pa = (U p [u) = (U E CoConl U U |uy)

=CGCr (20C-7)
We observe that
(a)
p* = [PXPlXy] = [pXyl = p (20C-8)
(b)
Trp= ; P = }kj ICd?=1 (20C-9)

(c) We can also write the expectation value of some observable as

(A = (Y|AlY) = > Cr (unlAluy) C,

= E C;\-nCnAmn = E Amrpnm (200'10)
= Tr (Ap)

The results of equations (20C-8)—(20C-10) are independent of the choice of the com-
plete set of basis vectojs,). To see this, consider the $&p. By the general expansion
theorem, we can write

vy = 2 TR U

m
with
Tgﬂ) = <um|Un> = Tmn
Note that
2 Tmn(T+)nk = 2 TmnT:n = 2 <um|vn><uk|vn>*
n n n
= E <um|vn><vn|uk> = 5mk
n
so that the matriX is unitary. Then
ly) = ; Dy|v)
= ; DTl Uy
so that
C = DTy = (T") Dy = Uy Dy
SinceT is unitary, so i2J = T", the transpose of the matrix T. Thus

Pu = CkCI* = (U)xm D (U )FR D:
or
= Upp (U)+)kl
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wherepy, is the density operator in thebasis. Thus
pp=U"pU

It follows from the unitarity otJ that the properties gfalso apply tqp.

Sincep = p*, it follows thatp may be diagonalized by a unitary transformation.

This means that it is possible to choose a Qagisuch thap is diagonal. Sincg?® = p,
this means that the eigenvalues can only be 1 and 0, and sineelIlonly one eigen-
value can be 1, and all the others must be zero. Thus only one®f ¢ha be nonvan-

ishing. This means that in a suitably chosen basigure state is a state that is an
eigenstate of a maximally commuting set of observables, whose eigenfunctions are the

set|v,).

Mixed State

For a mixed state we define the density operator by
p =2 [WO)pyl)
In the|u,) basis, this takes the form

p =2 COCR* pilu,)uy]

so that
pa = (Ulplu) = 2 p CPC=
1
Note thatp, = px So thaip is hermitian. Since
2lchPP=1
n
it follows that
Trp:;pkkzzpi =1
as before. Also
(A) =2 p (WOAYY)
= 22 P U U] Al U 91

I mn

= > p ClcH* A,
| mn

= %pmnAnm = Tr (pA)

as for pure state. On the other hand, it is no longer trup?kap. In fact,

p? =22 [OpOlyOp ] = 3 [y O)pAy|
] I |

(20C-11)

(20C-12)

(20C-13)

(20C-14)
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and, since, p, = 1,
Tr=SpP<1 (20C-15)

for a mixed state.
It follows from the Schrddinger equation

A0y — — 1o
and (sinceH = HY)

A0 = Ly
gt (WO = 5 WOH
that

d __1i

GiP =" He+yeH=—1THpl (20C-16)

f

Note that the sign is opposite to the expression for the time rate of change of a general op-
erator, which reads

dn_i
aA—h[H,A]

The simplest application of the formalism is in the description of a beam of electrons
or any other particles of spin 1/2. Herés a 2 2 hermitian matrix. The most general
form of such a matrix is

p= % (@l + beo) (20C-17)

with a andb real. The condition tr = 1 implies thata = 1. We can calculatg? as fol-
lows:

P=l@tbeo)atbo)=tatbit e

_1({1+b?
2 2

+he 0') (20C-18)

The density matriy will describe a pure state only gf = p—that is, ifb? = 1. For a
mixed state, it follows from (20C-15) thiat < 1.

Let us now obtain a physical interpretation forConsider a mixture of spin 1/2
beams. Each of the beams will have electrons aligned along eitherdhe- or y-axis.
The fraction of particles that are in an eigenstate, ofith eigenvaluet-1 will be denoted
by 7. The fractions that are in an eigenstate-ofith eigenvalue—1 will be denoted
by f§? and so on, so that

fEO+EO + PO+ O+ D+ =1 (20C-19)

The eigenstates, with eigenvalues of o, o,, andoy, are

Bla) WANE) (R3)ENS)
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Thus the density matrix has the form

p:fg+><1)(l 0)+f(3_)<c1)>(o 1) +1:(1+)<1/\f2)(1/\f2 1NV2)

0 1NV2
O INV2\(V2 —11V?2) L INV2\AIV2 —iIV?2)
\-1v2 in/2
Lo UV2\WV2 V2
2 \-inv2
A little algebra, with the use of (20C-19), shows that this can be written in the form
1.1, ;
p—2+20' P (20C-20)

whereP, = (") — (7). The fraction of particles in a mixture that is aligned in the
+z-direction minus the fraction that is aligned in the-direction is called th@olariza-

tion in the z-direction, and we denote it 8. Similarly for the other directions. Thus by
comparing (20C-20) with (20C-18), we can intergirets the net polarization vectBrof

the beam. In the case of beams of atoms of angular moméntioenmost general is a

(21 + 1) X (21 + 1) hermitian matrix, and the interpretation of the elements is more com-
plicated. Further discussion of the density matrix is beyond the scope of this book.



Physical Constants'

N, (Avogadro’s number)

¢ (speed of light—definition)
e (electron charge)

1 eV (unit of energy)

#. (Planck constant/27r)

a = e*/4me fic (fine structure constant)
k (Boltzmann constant)

m, (electron mass)

m,, (proton mass)

m,, (neutron mass)

1 a.m.u. (m (C'¥12))

a, = film,ca (Bohr radius)

R, = m,c*c’12 (Rydberg)

G (gravitational constant)
g = eh/2m, (Bohr magneton)

6.0221367(36) X 10%/gm-mole
2.99792458 X 10 m/s
1.60217733(49) x 107 C
1.60217733(49) X 107}
1.05457266(63) X 10733 - s
6.5821220(20) X 10 2 MeV - s
1/137.0359895(61)
1.380658(12) X 1072 J/K
9.1093897(54) X 1073 kg
0.51099906(15) MeV/c?
1.6726231(10) X 10 2" kg
938.27231(28) MeV/c?
1.6749286(1) X 107" kg
939.56563(28) MeV/c?
1.6605402(10) X 10~% kg
931.49432(28) MeV/c?
0.529177249(24) X 10 °m
13.0605698(40) eV
6.67259(85) X 10~ m¥kg - s
0.578838263(52) X 1071 MeV/T

'The numbers are taken from a very interesting article by E. R. Cohen and B. N. Taylor in Physics Today

(August 1994).
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