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Quantum Physics III 

           Errata

p.21. In problem 2, replace …use your estimate of the sun’s surface temperature to… 

          by  and use 6000K as an estimate of the sun’s surface temperature to… 

p.40  In the solution to Example 2-4 (b) the second equation should have  on the left 

side. 

x
2

.64. In problem 11, the last equation should read 

(x, t) A sin
x

a

5

p.90. In problem 2, the definition of V(x) in the third line should read 

V(x) = 0 a < x

p.92.  In problem 2, on the right side of the two equations  make the replacements 

tanhab tanh b; cothab coth b

p. 103 In equation (5-49), in lines 4 and 5 there should be a dx inserted. 

p.118 In problem 7, the first line should read:  Use the results of problems 5 and 6 ….   

In problem 16, the first equation should read 

e
A

f (A ) | 0 f (A ) | 0

p.119.  In problem 17, the last term of the last equation should read

2

2!
[A,[A, A ]]

p.126  In equation (7-48) the denominator should be  (l + m)!

p.148 In equation (9-21) the summation sign should read
k,l

p.154. In the first un-numbered equation which lists the eigenvectors, the last one should 

be associated with  = -1. 

p.156.  Problem 1: In the second line use :…left-hand 5 x 5 corner of the infinite array.) 
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The two equations referred to in problems 2 and 3 should be (6-36) instead of

(6-4). 

p.191,  The material just below Figure 12-1 should read as follows: 

 It follows that the energy shift is 

mec
2
(Z )

4 1

n3l(l 1/ 2)(l 1)
E

1

4
   (12-16) 

valid for l  0. When the effects of H1 and H2 are combined, we get 

E
1

2
mec

2
(Z )

4 1

j 1 / 2

3

4n
    (12-17) 

valid for both values of l = j ± 1/2. It is necessary…. 

p.197.  In problem 4. The final states in both cases should be 1 . In part (b) the first
2
S1/2

             wavelength should be 589.592 nm. 

p.208  replace material from below Eq. (13-54) to below Eq. (13-57) by 

Note that there is quite a lot of degeneracy in the problem: There are as many solutions 

for a given E as there are sets of integers {n1,n2,n3} that satisfy (13-54). Degeneracy is 

usually associated with the existence of mutually commuting observables and this 

example is no exception. In general when H = Hx + Hy +Hz  where 

Hx

px
2

2m
V1(x)

Hy

py
2

2m
V2(y) (13 55)

Hz

pz
2

2m
V3 (z)

the eigenfunctions of H  have the form 

E1E 2E3
(x,y,z) uE1

(x)vE2
(y)wE3

(z) (13 56)
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where uE1
(x),vE2

(y),wE3
(z)  are eigenfunctions of Hx, Hy, and Hz  respectively, with 

eigenvalues E1, E2 and E3, and 

E = E1 + E2 + E3    (13-57) 

p.238   In the expression for cn( ) the second line should read 

qE

i
x | x | 0 dt'e

i nt '
e

t'2 / 2

p.249    The two equations following (16-22) should read 

t t
e

i
' i

t
e

i '

t

i i e i ' i e i '

p.255 In the line following Eq. (16-71) replace  L1,L2  by the product L1L2.

p.260  In the line above Eq. (17-3) replace  t-me-independent    by   time-dependent 

p. 264  Two lines below Eq. (17-30) replace m = mi by m = - mi       

p.266  In Eq. (17-37) the r.h.s. should read
g

4

k

p
...

p.316. line 8 above Eq. (20-1)  replace    protons     by    photons. 



































































Supplement1-A

Einstein’s Approach 
to Planck’s Law

In 1917 Albert Einstein wrote a remarkable paper in which he used classical statistical me-
chanics and elements of the old Bohr theory to derive the Planck distribution and to relate
spontaneous emission, as it appears in the Bohr theory to induced emission and absorption.

We start with radiation in a cavity at temperature T. Assume that the walls of the cav-
ity consist of atoms that can be in a variety of stationary states. These are labeled by ener-
gies En, and furthermore we allow for degeneracy—that is, the possibility that each
energy level may accommodate gn states. According to classical statistical mechanics
(Boltzmann distribution), the ratio of the number of atoms in the state m to those in the
staten is given by

(1A-1)

Let us now consider a pair of levels of energies E1 andE0 with E1 � E0 (Fig. 1A-1). The
number of transitions from the upper to the lower state per second—that is, the rate of
transitions—is denoted by R10. The rate of transitions from the lower to the upper level is
R01. The number of transitions from the lower level to the upper level must be propor-
tional to the number of atoms in the lower state N0, as well as to the intensity of the radia-
tion in the cavity. For frequency � and temperature T this is denoted by u(�, T). We write

(1A-2)

The frequency � is the one that is absorbed in the induced absorption, and the constant B01

is called the coefficient of induced absorption.
For the transition from the upper level to the lower level, Einstein uses the Bohr pos-

tulate, according to which spontaneous emission occurs with a rate independent of the ra-
diation present. In addition, the presence of radiation also induces transitions to the lower
level. The coefficient of induced emissionis denoted by B10. If the number of atoms in the
upper state is N1, then

(1A-3)

with the two terms describing spontaneous and induced emission. In equilibrium there
must be as many “up” transitions as “down” transitions, so that

(1A-4)

It follows that

(1A-5)
N0

N1
�

A10 � B10u(�, T)
B01u(�, T)

�
g0
g1

e�(E0�E1)/kT

R10 � R01

R10 � N1(A10 � u(�, T)B10)

R01 � N0u(�, T)B01

Nm

Nn
�

gme�Em/kT

gne
�En/kT

�
gm

gn
e�(Em�En)/kT
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W-2 Supplement 1-A Einstein’s Approach to Planck’s Law

We rewrite this in the form

(1A-6)

A number of consequences can be drawn from this formula. First, in the limit of large T,
for fixed (E1 � E0),

(1A-7)

Furthermore, in that limit, the classical Rayleigh-Jeans formula for the energy density ap-
plies, so that

(1A-8)

The left side of (1A-6) is independent of T, so it follows that the term proportional to T on
the right-hand side must vanish. This implies

(1A-9)

The meaning of this result is that the rate per atom of induced absorption is equal to the
rate per atom of induced emission. The equality of the terms independent of T leads to

(1A-10)

If we now go back to equation (1A-6), we find that

(1A-11)

The left-hand side must, on general thermodynamic grounds, obey Wien’s law; that is, it
must be of the form �3f(�/T). This then has the following important consequences: (E1 �
E0) has to be proportional to �, so that

(1A-12)

andfinally,

(1A-13)

This expression for the energy density has three components: the first one is the number
of modes for the radiation field in the vicinity of �. More precisely, we should be talk-
ing about u(�, T)d�; the energy density in the frequency range (�, � � d�), and the cor-
responding number of modes is (8��2d�/c3). The second factor is the energy per mode;
we associate it with the energy of the quantum of radiation emitted by the decay of the
upper to the lower state, because of energy conservation. Finally, the third factor is the

u(�, T) �
8�h�3

c3
1

eh�/kT � 1
� �8��2

c3 �h�
1

eh�/kT � 1

E1 � E0 � h�

u(�, T) �
A10/B10

e(E1�E0)/kT � 1
�

8��2

c3

(E1 � E0)

e(E1�E0)/kT � 1

A10

B10
�

8��2

c3
 (E1 � E0)

g0B01 � g1B10

u(�, T) l
8��2

c3
kT

e(E1�E0)/kT
l 1 �

E1 � E0

kT
� 0� 1

(kT)2�

g1A10 � u(�, T)(g0B01e
(E1�E0)/kT � g1B10)

Spontaneous

emission

Induced

transitions

EA

E0

Figure 1A-1 Possible transitions in a two-level
system. Downward transitions can be both
spontaneous and induced by an external
electromagneticfield. Upward transitions can only
be stimulated.



average number of quanta with frequency � that make up the energy density, so that we
can write

(1A-14)

Let us now get back to the emissionrate per atom. It is

(1A-15)

Theabsorptionrate per atom is similarly found to be proportional to �n(�)�. In photonlan-
guage we see that both emission and absorption are enhanced by the number of photons of
the right frequency that are present. Although this result was only derived for blackbody
radiation, this result does not depend on the particular form of the frequency distribution.

� A10(1 � �n(�)�

R10/N1 � u(�, T)B10 � A10 � A10�1 �
1

eh�/kT � 1�

�n(�)� �
1

eh�/kT � 1

Einstein’s Approach to Planck’s Law W-3



Supplement1-B

Estimate of the Lifetime 
of a Rutherford Atom

We begin with the form of F � ma for a circular orbit of an electron in the Coulomb field
of a proton. The equation reads

(1B-1)

which leads to Kepler’s third law

(1B-2)

The energy can be expressed in terms of r with the help of the above:

(1B-3)

The Larmor formula for the instantaneous power radiated—that is, the energy loss per
unit time—is

On the other hand, it follows from the expression for the energy that

(1B-5)

If we combine these equations we get

(1B-6)

This may be integrated, and it leads to

(1B-7)4� e2

4��0
�2 1

m2c3
T � [r3(t � 0) � r3(t � T)]

3r2 dr
dt

� �4� e2

4��0
�2 1

m2c3

dE
dt

�
1
2

e2

4��0

1
r2

dr
dt

� �
2
3

e2

4��0

1
c3

1
r4

 (�2r3)2 � �
2
3

e2

4��0

1
c3 � e2

4��0m�
2 1

r4
� �

2
3� e2

4��0
�3 1

m2c3r4

P �
dE
dt

� �
2
3

e2

4��0

a2

c3
� �

2
3

e2

4��0

1
c3 �v

2

r �2

� �
2
3

e2

4��0

1
c3

 (�2r)2

� �
1
2

e2

4��0r

E �
1
2

mv
2 �
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4��0r
�

1
2

e2

4��0r
2

r �
e2

4��0r

�2r3 �
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4��0m

mv
2

r � m�2r �
e2

4��0r
2
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It simplifies matters if we write

(1B-8)

We take r(T) � 0, and for r(0) we take a number of the order of 10�10 m. We know from
our discussion of the Bohr atom that this is approximately equal to 2a0 wherea0 is the
Bohr radius. When we put all this together we get

(1B-9)

If we put in numbers we get T � 1.3� 10�10 sec.

T � �2 �
mc��3 m2c

4�2
�

2
� 2 �

mc2
1
�5

� e2

4��0
�2

� � e2

4��0�c�
2

�
2c2 � �2

�
2c2
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Relation between E and G.velocity

Generally, particles can be bounded, so





























Supplement2-A

The Fourier Integral 
and Delta Functions

Consider a function f(x) that is periodic, with period 2L, so that

(2A-1)

Such a function can be expanded in a Fourier series in the interval (�L, L), and the series
has the form

(2A-2)

We can rewrite the series in the form

(2A-3)

which is certainly possible, since

The coefficients can be determined with the help of the orthonormality relation

(2A-4)

Thus

(2A-5)

Let us now rewrite (2A-3) by introducing �n, the difference between two successive
integers. Since this is unity, we have

(2A-6)
�

L
� �

n
ane

in�x/L � �n
L

f(x) � �
n

ane
in�x/L �n

an �
1

2L
�
L

�L

dx f(x)e�in�x/L

1
2L

�
L

�L

dx ein�x/Le�im�x/L � �mn � �1
0

  
m � n
m� n

sin n�x
L

�
1
2i

 (ein�x/L � e�in�x/L)

cos n�x
L

�
1
2
 (ein�x/L � e�in�x/L)

f(x) � �
�

n���

ane
in�x/L

f(x) � �
�

n�0
An cos n�x

L
� �

�

n�1
Bn sin n�x

L

f(x) � f(x � 2L)
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Let us change the notation by writing

(2A-7)

and

(2A-8)

We also write

(2A-9)

Hence (2A-6) becomes

(2A-10)

If we now let L l �, then k approaches a continuous variable, since �k becomes infini-
tesimally small. If we recall the Riemann definition of an integral, we see that in the limit
(2A-10) can be written in the form

(2A-11)

The coefficientA(k) is given by

(2A-12)

Equations (2A-11) and (2A-12) define the Fourier integral transformations. If we insert
the second equation into the first we get

(2A-13)

Suppose now that we interchange, without question, the order of integrations. We then get

(2A-14)

For this to be true, the quantity �(x � y) defined by

(2A-15)

and called the Dirac delta functionmust be a very peculiar kind of function; it must vanish
whenx � y, and it must tend to infinity in an appropriate way when x � y � 0, since the
range of integration is infinitesimally small. It is therefore not a function of the usual

�(x � y) �
1

2�
�
�

��

dk eik(x�y)

f(x) � �
�

��

dy f(y)	 1
2�

�
�

��

dk eik(x�y)


f(x) �
1

2�
�
�

��

dk eikx �
�

��

dy f(y)e�iky

l
1

�2�
�
�

��

dx f(x)e�ikx

A(k) � �2�
L
� �

1
2L

�
L

�L

dx f(x)e�in�x/L

f(x) �
1

�2�
�
�

��

dk A(k)eikx

f(x) � � A(k)

�2�
eikx �k

Lan
� �

A(k)

�2�

� �n
L

� �k

�n
L

� k
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mathematical sense, but it is rather a “generalized function” or a “distribution.”1 It does not
have any meaning by itself, but it can be defined provided it always appears in the form

with the function f(x) sufficiently smooth in the range of values that the argument of the
delta function takes. We will take that for granted and manipulate the delta function by it-
self, with the understanding that at the end all the relations that we write down only occur
under the integral sign.

The following properties of the delta function can be demonstrated:
(i)

(2A-16)

This can be seen to follow from

(2A-17)

If we write x � a� andy anda	, then this reads

On the other hand,

which implies our result.
(ii) A relation that follows from (2A-16) is

(2A-18)

This follows from the fact that the argument of the delta function vanishes at x � a and
x � �a. Thus there are two contributions:

More generally, one can show that

(2A-19)

where the xi are the roots of f(x) in the interval of integration.

�[f(x)] � �
i

�(x � xi)

�df/dx�x�xi

�
1

2�a�
 [�(x � a) � �(x � a)]

�
1

�x � a�
�(x � a) �

1
�x � a�

�(x � a)

�(x2 � a2) � �[(x � a)(x � a)]

�(x2 � a2) �
1

2�a�
 [�(x � a) � �(x � a)]

f(a�) � � d	 f(a	) �(� � 	)

f(a�) � �a� � d	 f(a	) �[a(� � 	)]

f(x) � � dy f(y) �(x � y)

�(ax) �
1

�a�
�(x)

� dx f(x) �(x � a)

W-8 Supplement 2-A The Fourier Integral and Delta Functions

1The theory of distributions was developed by the mathematician Laurent Schwartz. An introductory treatment
may be found in M. J. Lighthill, Introduction to Fourier Analysis and Generalized Functions, Cambridge
University Press, Cambridge, England, 1958.



In addition to the representation (2A-15) of the delta function, there are other repre-
sentations that may prove useful. We discuss several of them.

(a) Consider the form (2A-15), which we write in the form

(2A-20)

The integral can be done, and we get

(2A-21)

(b) Consider the function �(x, a) defined by

(2A-22)

Then

(2A-23)

It is clear that an integral of a product of �(x, a) and a function f(x) that is smooth
near the origin will pick out the value at the origin

(c) By the same token, any peaked function, normalized to unit area under it, will
approach a delta function in the limit that the width of the peak goes to zero. We
will leave it to the reader to show that the following are representations of the
delta function:

(2A-24)

and

(2A-25)

(d) We will have occasion to deal with orthonormal polynomials, which we denote
by the general symbol Pn(x). These have the property that

(2A-26)

wherew(x) may be unity or some simple function, called the weight function.
For functions that may be expanded in a series of these orthogonal polynomials,
we can write

(2A-27)f(x) � �
n

anPn(x)

� dx Pm(x)Pn(x)w(x) � �mn

�(x) � Lim
al�

�

��
e��2x2

�(x) � Lim
al0

1
�

a
x2 � a2

� f(0)

 Lim
al0

� dx f(x) �(x, a) � f(0) Lim
al0

� dx �(x, a)

�(x) � Lim
al0

�(x, a)

� 0  a � x

�
1
2a

  �a � x �a

�(x, a) � 0  x � �a

� Lim
Ll�

sin Lx
�x

�(x) � Lim
Ll�

1
2�

eiLx � e�iLx

ix

�(x) �
1

2�
 Lim
Ll�

�
L

�L

dk eikx
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If we multiply both sides by w(x)Pm(x) and integrate over x, we find that

(2A-28)

We can insert this into (2A-27) and, prepared to deal with “generalized func-
tions,” we freely interchange sum and integral. We get

(2A-29)

Thus we get still another representation of the delta function. Examples of the
Pn(x) are Legendre polynomials, Hermite polynomials, and Laguerre polynomi-
als, all of which make their appearance in quantum mechanical problems.

Since the delta function always appears multiplied by a smooth function under an in-
tegral sign, we can give meaning to its derivatives. For example,

(2A-30)

and so on. The delta function is an extremely useful tool, and the student will encounter it
in every part of mathematical physics.

The integral of a delta function is

(2A-31)

which is the standard notation for this discontinuous function. Conversely, the derivative
of the so-called step functionis the Dirac delta function:

(2A-32)d
dx


(x � a) � �(x � a)

� 
(x � a)

� 1   x � a

�
x

��

dy �(y � a) � 0   x � a

� ��df
dx�x�0

� ��
�

��

dx
df(x)
dx

�(x)

�
�

��

dx f(x) d
dx

�(x) � �
�

��

dx d
dx

 [f(x) �(x)] � �
�

��

dx
df(x)
dx

�(x)

� � dy f(y)��
n

Pn(x)w(y)Pn(y)�

f(x) � �
n

Pn(x) � dy w(y)f(y)Pn(y)

am � � dy w(y)f(y)Pm(y)
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Supplement2-B

A Brief Tutorial on Probability

In this supplement we give a brief discussion of probability. For simplicity we start with
discrete events. Consider the toss of a six-faced die. If the die is not perfectly symmetric,
the outcome for face n (n � 1, 2, . . . , 6) has a probability pn. In a large number N
of tosses, the face “n” turns up an times, and we say that the probability of getting the face
n is

(2B-1)

Since�an � N, it follows that

(2B-2)

Let us now assign to each face a certain “payoff.” We assign points in the following man-
ner: 1 point when face 1 turns up, 2 points when face 2 turns up, and so on. In N tosses we
get n pointsan times, so that the total number of points is �nan. This, of course, grows
with N. We thus focus on the average value (points per toss), so that

(2B-3)

We may be interested in an average of n2, say, and in that case we calculate

(2B-4)

and so on.
When we do not have a discrete outcome, we must deal with densities. To be specific,

consider a quantity that varies continuously, for example the height of a population of stu-
dents. We can make this discrete by making a histogram(Fig. 2B-1) plotting the height by
listing people’s heights in 10-cm intervals. Nobody will be exactly 180 cm or 190 cm tall,
so we just group people, and somehow round things up at the edges. We may want a finer
detail, and list the heights in 1-cm intervals or 1-mm intervals, which will continue to
make things discrete, but as the intervals become smaller, the histogram resembles more
and more a continuous curve. Let us take some interval, dx, and treat it as infinitesimal.
The number of people whose height lies between x andx � dx is n(x) dx. The proportion-
ality to dx is obvious: twice as many people will fall into the interval 2dx as fall into dx. It
is here that the infinitesimal character of dx comes in: we do not need to decide whether
n(x) dx or n(x � dx/2) dx is to be taken, since we treat (dx)2 as vanishingly small. If the
total population has N members, we can speak of the probability of falling into the partic-
ular interval as

(2B-5)1
N

n(x) dx � p(x) dx

�n2� �
1
N �

n
n2an � �

n
n2pn

�n� �
1
N �

n
nan � �

n
npn

�pn � 1

pn �
an

N
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p(x) is called a probability density. Since the total number of students is N, we have

(2B-6)

or

(2B-7)

If we want the probability of finding a student of height between a (say, 150 cm) and b
(say, 180 cm), we calculate

(2B-8)

The average height is calculated in the same way as for the discrete case

(2B-9)

and we can calculate other quantities such as

(2B-10)

and so on. Instead of calling these quantities averages, we call them expectation values, a
terminology that goes back to the roots of probability theory in gambling theory.

We are often interested in a quantity that gives a measure of how the heights, say, are
distributed about the average. The deviations from the average must add up to zero. For-
mally it is clear that

(2B-11)

since the average of any number, including �x�, is just that number. We can, however, cal-
culate the average value of the square of the deviation, and this quantity will not be zero.
In fact,

(2B-12)

This quantity is called the dispersion.

� �x2� � �x�2 � (�x)2

�(x � �x�)2 � �x2 � 2x�x� � �x�2� � �x2� � 2�x��x� � �x�2

�x � �x�� � 0

�x2� � � x2p(x) dx

�x� � � xp(x) dx

P(a � x � b) � �
b

a

dx p(x)

� dx p(x) � 1

� dx n(x) � N
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The dispersion is used in quantum mechanics to define the uncertainty, so that in the
Heisenberg uncertainty relations proper definitions of (�x)2 and (�p)2 are given by

(2B-13)

and

(2B-14)

There is one more point to be made that is directly relevant to quantum physics. We
may illustrate it by going back to the population of students. Let us ask for the probability
that a randomly chosen student’s height lies between 160 cm and 170 cm, and that his or
her telephone number ends in an even integer. Assuming that there is nothing perverse
about how telephone numbers are distributed in the community, half the students will fall
into the even category, and thus the desired probability is P(160� x � 170)� (1/2). This
is just an example of a general rule that the probability of two (or more) uncorrelated
events is the product of the individual probabilities.

Thus, if the probability that a particle is in some state “n” in our laboratory is P(n),
and the probability that a different particle in a laboratory across the country is in a state
“m” is P(m), then the joint probability that one finds “n” in the first laboratory and“m” in
the second laboratory is

(2B-15)

We will find that a similar result holds for probability amplitudes—that is, for wave
functions.

P(m, n) � P(n)P(m)

(�p)2 � �p2� � �p�2

(�x)2 � �x2� � �x�2
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Supplement4-A

The Wentzel-Kramers-Brillouin-
Jeffreys Approximation

This approximation method is particularly useful when one is dealing with slowly varying
potentials. Exactly what this means will become clear later. One wants to solve the equation

(4A-1)

and to do so, it is useful to write

(4A-2)

Then

(4A-3)

so that the differential equation splits into two, by taking the real and imaginary part of
(4A-1) after (4A-3) has been substituted. The imaginary part gives

(4A-4)

that is,

whose solution is

(4A-5)

The real part reads

which, when (4A-5) is substituted, becomes

(4A-6)

At this point we make the approximation that

(4A-7)1
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 [E � V(x)]�(x) � 0
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so that the equation becomes

(4A-8)

Thus

(4A-9)

and hence

(4A-10)

The condition for the validity can be translated into a statement about the variation of
V(x). It will be satisfied if V(x) varies slowly in a wavelength, which varies from point to
point, but which for slowly varying V(x) is defined by

(4A-11)

At the points where
(4A-12)

special treatment is required, because in the approximate equation (4A-8) R(x) appears to
be singular. This cannot be, which means that the approximation (4A-7) must be poor
there. The special points are called turning pointsbecause it is there that a classical parti-
cle would turn around: It can only move where E � V(x) 	 0. The way of handling solu-
tions near turning points is a little too technical to be presented here. The basic idea is that
we have a solution to the left of the turning point [where E � V(x), say], of the form

(4A-13)

and a solution to the right of the turning point [where E � V(x)], and what we need is a
formula that interpolates between them. In the vicinity of the turning point one can ap-
proximate by a straight line over a small interval, and solve the
Schrödinger equation exactly. Since it is a second-order equation, there are two adjustable
constants, one that is fixed by fitting the solution to (4A-13) and the other by fitting it to

(4A-14)

the solution to the right of the turning point.1 The preceding solution decreases in ampli-
tude as x increases. The total attenuation at the next turning point, when E 	 V(x) again, is

(4A-15)

which is just the square root of the transmission probability that we found in Chapter 4.

�(xII)
�(xI)


 exp��� xII

xI

dy�2m(V(y) � E)/�2�

�(x) � R(x)exp��� x

x1

dy�2m(V(y)) � E/�2�

�(2m/�2)[E � V(x)]

�(x) � R(x)exp�i� x

x1

dy�2m(E � V(y))/�2�

E � V(x) � 0

�(x) �
�

p(x)
�

�

�2m[E � V(x)]�1/2

S(x) � �
x

x1

dy�2m[E � V(x)]

C
R2

�
dS
dx

� �2m[E � V(x)]

C2

R4
� 2m[E � V(x)]
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1For more details, see almost any of the more advanced books on quantum mechanics—for example, 
J. L. Powell and B. Crasemann, Quantum Mechanics, Addison-Wesley, Reading, Mass., 1961; L. I. Schiff,
Quantum Mechanics, McGraw-Hill, New York, 1968.



Supplement4-B

Tunneling in Nuclear Physics

Tunneling is important in nuclear physics. Nuclei are very complicated objects, but under
certain circumstances it is appropriate to view nucleons as independent particles occupy-
ing levels in a potential well. With this picture in mind, the decay of a nucleus into an �-
particle (a He nucleus with Z � 2) and a daughter nucleus can be described as the
tunneling of an �-particle through a barrier caused by the Coulomb potential between the
daughter and the �-particle (Fig. 4B-1). The �-particle is not viewed as being in a bound
state: if it were, the nucleus could not decay. Rather, the �-particle is taken to have posi-
tive energy, and its escape is only inhibited by the existence of the barrier.1

If we write

(4B-1)

then

(4B-2)

whereR is the nuclear radius2 andb is the turning point, determined by the vanishing of
the integrand (4B-2); Z1 is the charge of the daughter nucleus, and Z2 (� 2 here) is the
charge of the particle being emitted. The integral can be done exactly

(4B-3)

At low energies (relative to the height of the Coulomb barrier at r � R), we have b W R,
and then

(4B-4)

with b � Z1Z2e
2/4��0E. If we write for the �-particle energy E � mv

2/2, where v is its
final velocity, then

(4B-5)G �
2�Z1Z2e
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1If you find it difficult to imagine why a repulsion would keep two objects from separating, think of the inverse
process,� capture. It is clear that the barrier will tend to keep the �-particle out.
2In fact, early estimations of the nuclear radius came from the study of �-decay. Nowadays one uses the size of
the charge distribution as measured by scattering electrons off nuclei to get nuclear radii. It is not clear that the
two should be expected to give exactly the same answer.



The time taken for an �-particle to get out of the nucleus may be estimated as fol-
lows: the probability of getting through the barrier on a single encounter is e�G. Thus the
number of encounters needed to get through is n 
 eG. The time between encounters is of
the order of 2R/v, where R is again the nuclear radius, and v is the � velocity inside the
nucleus. Thus the lifetime is

(4B-6)

The velocity of the � inside the nucleus is a rather fuzzy concept, and the whole picture is
very classical, so that the factor in front of the eG cannot really be predicted without a
much more adequate theory. Our considerations do give us an order of magnitude for it.
For a 1-MeV �-particle,

so that one predicts, for low energy �’s, the straight-line plot

(4B-7)

with the constant in front of the order of magnitude 27–28 when � is measured in years in-
stead of seconds. A large collection of data shows that a good fit to the lifetime data is ob-
tained with the formula

(4B-8)

HereC1 � 1.61 and C2 lying between 55 and 62. The exponential part of the fit differs
slightly from our derivation, but given the simplicity of our model, the agreement has to
be rated as good.

For larger � energies, the G factor depends on R, and with R � r0A1/3, one finds that
r0 is a constant—that is, that the notion of a Coulomb barrier taking over the role of the
potential beyond the nuclear radius has some validity. Again, simple qualitative consider-
ations explain the data.

 log10
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 log10
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�E(MeV)

v � �2E
m � c� 2E

mc2
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 7.0 � 106 m/s

� 
 2R
v

eG
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Figure 4B-1 Potential barrier for �
decay.



The fact that the probability of a reaction (e.g., capture) between nuclei is attenuated
by the factor (Z2 � 2 for �’s) implies that at low energies and/or for high Z’s
such reactions are rare. That is why all attempts to make thermonuclear reactors concen-
trate on the burning of hydrogen (actually heavy hydrogen–deuterium).

since reactions involving higher Z elements would require much higher energies, that is,
much higher temperatures, with correspondingly greater confinement problems. For the
same reason, neutrons are used in nuclear reactors to fission the heavy elements. Protons,
at the low energies available, would not be able to get near enough to the nuclei to react
with them.

1H
2 � 1H

3
l 2He4 � n    (17.6 MeV)

1H
2 � 1H

2
l 1H

3 � p    (4.03 MeV)
1H

2 � 1H
2

l 2He3 � n    (3.27 MeV)

e�2(Z1Z2/�E)
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Supplement4-C

Periodic Potentials

Metals generally have a crystalline structure; that is, the ions are arranged in a way that
exhibits a spatial periodicity. In our one-dimensional discussion of this topic, we will see
that this periodicity has two effects on the motion of the free electrons in the metal. One is
that for a perfect lattice—that is, for ions spaced equally—theelectron propagates with-
out reflection; the other is that there are restrictions on the energies allowed for the elec-
trons; that is, there are allowed and forbidden energy “bands.”

We begin with a discussion of the consequences of perfect periodicity.
The periodicity will be built into the potential, for which we require that

(4C-1)

Since the kinetic energy term �(�2/2m)(d2/dx2) is unaltered by the change x l x � a, the
wholeHamiltonian is invariant under displacements by a. For the case of zero potential,
when the solution corresponding to a given energy E � �

2k2/2m is

(4C-2)

the displacement yields

(4C-3)

that is, the original solution multiplied by a phase factor, so that

(4C-4)

The observables will therefore be the same at x as at x � a; that is, we cannot tell whether
we are at x or at x � a. In our example we shall also insist that �(x) and �(x � a) differ
only by a phase factor, which need not, however, be of the form eika.

We digress briefly to discuss this requirement more formally. The invariance of the
Hamiltonian under a displacement x l x � a can be treated formally as follows. Let Da

be an operator whose rule of operation is that

(4C-5)

The invariance implies that

(4C-6)

We can find the eigenvalues of this operator by noting that

(4C-7)

together with

(4C-8)D�aDa f(x) � DaD�a f(x) � f(x)

Da�(x) � �a�(x)

[H, Da] � 0

Da f(x) � f(x � a)

��(x � a) �2 � ��(x) �2

�(x � a) � eik(x�a) � eika�(x)

�(x) � eikx

V(x � a) � V(x)

W-19



implies that �a��a � 1. This then implies that �a must be of the form eiqa. Here q must be
real, because if q had an imaginary part, a succession of displacements by a would make
the wave function larger and larger with each displacement in one or the other direction.

Consider now a simultaneous eigenfunction of H andDa, and define

(4C-9)

Then, using the fact that �a � eiqa, we get

(4C-10)

This means that u(x) is a periodic function obeying u(x � a) � u(x). The upshot is that a
function which is a simultaneous eigenfunction of H andDa must be of the form

(4C-11)

with u(x) periodic. This result is known as Bloch’s Theorem.
For a free particle q � k, the wave number corresponds to the energy E. More gener-

ally, the relation between q andk is more complicated. In any case, it is clear that (4C-4)
holds, so that the net flux is unchanged as we go from x to x � a, and by extension to x �
na. This means that an electron propagates without a change in flux.

Let us consider a series of ions in a line, with their centers located at x � na. To
avoid having to deal with end effects, we assume that there are N ions placed on a very
large ring, so that n � 1 and n � N � 1 are the same site. We will assume that the most
loosely bound electrons—the ones that are viewed as “free”—are still sufficiently
strongly bound to the ions that their wave functions do not overlap more than one or two
nearest neighbors. We may now ask: What is the effect of this overlap on the energies of
the electrons?

To answer this question, we consider first a classical analogy. We represent the elec-
trons at the different sites by simple harmonic oscillators, all oscillating with the same an-
gular frequency �. In the absence of any coupling between the oscillators, we have the
equation of motion

(4C-12)

If the harmonic oscillators are coupled to their nearest neighbors, then the equation is
changed to

(4C-13)

To solve this we write down a trial solution

(4C-14)

When this is substituted into (4C-13), we get

(4C-15)

This is known as a difference equation. We solve it by a trial solution. Let us assume that

(4C-16)

The identification of the sites at n � 1 and N � 1 implies A1 � AN�1 so that LN � 1. This
means that

(4C-17)L � e2�ir /N   r � 0, 1, 2, . . . , (N � 1)

An � Ln

(�2 � 
2)An � �K(2An � An�1 � An�1)

xn � An cos 
t

d2xn

dt2
� ��2xn � K[(xn � xn�1) � (xn � xn�1)]

d2xn

dt2
� ��2xn    (n � 0, 1, 2, . . .)

�(x) � eiqxu(x)

Dau(x) � e�iq(x�a)Da�(x) � e�iq(x�a)eiqa�(x) � e�iqx�(x) � u(x)

u(x) � e�iqx�(x)
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The equation for the frequency 
 now yields

The result

(4C-18)

shows that the frequencies, which, without coupling are all �—that is, are N-fold de-
generate(which corresponds to all the pendulums moving together)—are now spread
over a range from � to For largeN there are many such frequencies, and
they can be said to form a band. If we think of electrons as undergoing harmonic oscil-
lations about their central locations, we can translate the above into a statement that in
the absence of neighbors, all electron energies are degenerate, and the interaction with
neighboring atoms spreads the energy values. We can, of course, have several funda-
mental frequencies �1, �2, . . . , and different couplings to their neighbors, with
strengthsK1, K2, . . . , which will then give rise to several bands that may or may not
overlap.

The spreading of the frequencies is the same effect as the spreading of the energy lev-
els of the most loosely bound electrons. For atoms far apart, with spacing larger than the
exponential fall-off of the wave functions, all the energies are the same so that we have an
N-fold degenerate single energy. Because the atoms are not so far apart, there is some
coupling between nearest neighbors, and the energy levels spread. The classical analogy
is suggestive, but not exact, since for the quantum case levels are pushed up as well as
down, whereas all the frequencies above, lie above �. Later we solve the Kronig-Penney
model in which the potential takes the form

(4C-19)

The solution can be shown to lead to a condition on q, which reads

(4C-20)

As can be seen from Figure (4C-1), this clearly shows the energy band structure.

THE KRONIG-PENNEY MODEL

To simplify the algebra, we will take a series of repulsive delta-function potentials,

(4C-21)

Away from the points x � na, the solution will be that of the free-particle equation—that
is, some linear combination of sin kx and cos kx (we deal with real functions for simplic-
ity). Let us assume that in the region Rn defined by (n � 1) a � x � na, we have

(4C-22)

and in the region Rn�1 defined by na � x � (n � 1) a we have

(4C-23)�(x) � An�1 sin k[x � (n � 1) a] � Bn�1 cos k[x � (n � 1) a]

�(x) � An sin k(x � na) � Bn cos k(x � na)

V(x) �
�

2

2m
�
a �

�

n���

�(x � na)

cos qa � cos ka �
1
2

�
sin ka

ka

V(x) �
�

2

2m
�
a �

�

��

�(x � na)

��2 � 4K.


2 � �2 � 4K sin2 �r
N

�2 � 
2 � �2K�1 � cos 2�r
N � � �4K sin2 �r

N
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Continuity of the wave function implies that (x � na)

(4C-24)

and the discontinuity condition (4-68) here reads

(4C-25)

A little manipulation yields

(4C-26)

whereg � �/ka.
The requirement from Bloch’s theorem that

(4C-27)�(x � a) � eiq(x�a)u(x � a) � eiq(x�a) u(x) � eiqa�(x)

Bn�1 � (g sin ka � cos ka) Bn � An sin ka

An�1 � An cos ka � (g cos ka � sin ka) Bn

kAn�1 cos ka � kBn�1 sin ka � kAn �
�
a Bn

�An�1 sin ka � Bn�1 cos ka � Bn
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Figure 4C-1 Plot of cos x � (�/2)(sinx/x) as a function of x. The horizontal lines represent the
bounds�1. The regions of x for which the curve lines outside the strip are forbidden.



implies that the wave functions in the adjacent regions Rn and Rn+1 are related, since the
wave function in (4C-22) may be written as

which is identical to that in (4C-23), provided

(4C-28)

When this is inserted into the (4C-26), that is, into the conditions that the wave equation
obeys the Schrödinger equation with the delta function potential, we get

(4C-29)

This leads to the condition

(4C-30)

This may be rewritten in the form

(4C-31)

This quadratic equation can be solved, and both real and imaginary parts lead to the
condition

(4C-32)

This is a very interesting result, because the left side is always bounded by 1; that is, there
are restrictions on the possible ranges of the energy E � �

2k2/2m that depend on the para-
meters of our “crystal.” Figure 4C-1 shows a plot of the function cos x � � sin x/2x as a
function of x � ka. The horizontal line represents the bounds on cos qa, and the regions of
x, for which the curve lies outside the strip, are forbidden regions. Thus there are allowed
energy bandsseparated by regions that are forbidden. Note that the onset of a forbidden
band corresponds to the condition

(4C-33)

This, however, is just the condition for Bragg reflection with normal incidence. The exis-
tence of energy gaps can be understood qualitatively. In first approximation the electrons
are free, except that there will be Bragg reflection when the waves reflected from succes-
sive atoms differ in phase by an integral number of 2�—that is, when (4C-33) is satisfied.
These reflections give rise to standing waves, with even and odd waves of the form cos �x/a
and sin �x/a, respectively. The energy levels corresponding to these standing waves are
degenerate. Once the attractive interaction between the electrons and the positively
charged ions at x � ma (m integer) is taken into account, the even states, peaked in be-
tween, will move up in energy. Thus the energy degeneracy is split at q � n�/a, and this
leads to energy gaps, as shown in Fig. 4C-1.

The Kronig-Penney model has some relevance to the theory of metals, insulators, and
semiconductors if we take into account the fact (to be studied later) that energy levels

qa � n�   n � �1, �2, �3, . . .

cos qa � cos ka �
�
2

sinka
ka

e2iqa � 2(coska �
g
2

sinka)eiqa � 1 � 0

(eiqa � cos ka)(eiqa � (g sin ka � cos ka)) � sin ka(g cos ka � sin ka)

Bn(e
iqa � (g sinka � coska)) � An sinka

An(e
iqa � coska) � Bn(g coska � sinka)

Bn�1 � eiqa Bn

An�1 � eiqa An

�(x) � Ansin[k((x�a)�(n�1)a]�Bncosk[k((x�a)�(n�1)a]

The Kronig-Penney Model W-23



occupied by electrons cannot accept more electrons. Thus a metal may have an energy
band partially filled. If an external field is applied, the electrons are accelerated, and if
there are momentum states available to them, the electrons will occupy the momentum
states under the influence of the electric field. Insulators have completely filled bands, and
an electric field cannot accelerate electrons, since there are no neighboring empty states.
If the electric field is strong enough, the electrons can “jump” across a forbidden energy
gap and go into an empty allowed energy band. This corresponds to the breakdown of an
insulator. The semiconductor is an insulator with a very narrow forbidden gap. There,
small changes of conditions, such as a rise in temperature, can produce the “jump” and the
insulator becomes a conductor.

The band structure is of great relevance in solid state physics. Fig. 4C-2 shows three
situations that can arise when energy levels are filled with electrons. We shall learn in
Chapter 13 that only two electrons are allowed per energy level. In case (a) the electrons
fill all the energy levels below the edge of the energy gap. The application of a weak elec-
tric field will have no effect on the material. The electrons near the top of the filled band
cannot be accelerated. There are no levels with higher energy available to them. Materials
in which this occurs are insulators; that is, they do not carry currents when electric fields
are applied. In case (b) the energy levels are only partly filled. In this case the application
of an electric field accelerates the electrons at the top of the stack of levels. These electrons
have empty energy levels to move into, and they would accelerate indefinitely in a perfect
lattice, as stated in the previous section. What keeps them from doing that is dissipation.
The lattice is not perfect for two reasons: one is the presence of impurities, which destroys
the perfect periodicity; the other is the effect of thermal agitation on the position of the ions
forming the lattice, which has the same effect of destroying perfect periodicity. Materials
in which the energy levels below the gaps are only partially filled are conductors.

The width of the gaps in the energy spectrum depends on the materials. For some in-
sulators the gaps are quite narrow. When this happens, then at finite temperatures T, there
is a calculable probability that some of the electrons are excited to the bottom of the set of
energy levels above the gap. (To good approximation the probability is proportional to the
Boltzmann factor e�E/kT). These electrons can be accelerated as in a conductor, so that the
application of an electric field will give rise to a current. The current is augmented by an-
other effect: the energy levels that had been occupied by the electrons promoted to the
higher energy band (called the conduction band) are now empty. They provide vacancies
into which electrons in the lower band (called the valence band) can be accelerated into,

W-24 Supplement 4-C Periodic Potentials
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Holes
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Gap

Figure 4C-2 Occupation of levels in the lowest two energy bands, separated by a gap. (a) Insulator
has a completely filled band. Electrons cannot be accelerated into a nearby energy level. 
(b) Conductor has a half-filled band, allowing electrons to be accelerated into nearby energy levels.
(c) In a semiconductor, thermal effects promote some electrons into a second band. These electrons
can conduct electricity. The electrons leave behind them holesthat act as positively charged
particles and also conduct electricity.



when an electric field is applied. These vacancies, called holes, propagate in the direction
opposite to that of the electrons and thus add to the electric current. This is the situation
shown in Fig. 4C-2(c).

The technology of making very thin layers of compounds of materials has improved
in recent decades to such an extent that it is possible to create the analog of the infinite
wells discussed in Chapter 3. Consider a “sandwich” created by two materials. The outer
one has a larger energy gap than the inner one, as shown in Fig. 4C-3. The midpoints of
the gaps must coincide1 (for equilibrium reasons). The result is that both electrons and
holes in the interior semiconductor cannot move out of the region between the outer semi-
conductors, because there are no energy levels that they can move to. Such confined re-
gions may occur in one, two, or three dimensions. In the last case we deal with quantum
dots. The study of the behavior of electrons in such confined regions is a very active field
of research in the study of materials.

In summary, one-dimensional problems give us a very important glimpse into the
physics of quantum systems in the real world of three dimensions.

The Kronig-Penney Model W-25

1A brief, semiquantitative discussion of this material may be found in Modern Physicsby J. Bernstein, 
P. M. Fishbane, and S. Gasiorowicz (Prentice Hall, 2000). See also Chapter 44 in Physics for Scientists and
Engineers, (2nd Edition) by P. M. Fishbane, S. Gasiorowicz and S. T. Thornton (Prentice Hall, 1996). There
are, of course, many textbooks on semiconductors, which discuss the many devices that use bandgap
engineeringin great quantitative detail. See in particular L. Solymar and D. Walsh, Lectures on the Electrical
Properties of Materials, Oxford University Press, New York (1998).
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Filled levelsAl Ga As

Gap Gap

Figure 4C-3 Schematic picture of
electrons and holes trapped in a well
created by adjacent semiconductors with
a wider gap. An example of such a
heterostructure is provided by a layer of
GaAs sandwiched between two layers of
AlGaAs.





























Supplement5-A

Uncertainty Relations

In our discussion of wave packets in Chapter 2, we noted that there is a relationship be-
tween the spreadof a function and its Fourier transform. When the de Broglie correspon-
dence between wave number and momentum is made, the relationship takes the form

What we called the spreador, in the above context, the uncertainty can be sharpened
mathematically to a definition: The uncertainty in any physical variable �A is equal to the
dispersion, given by

(5A-1)

With this definition we can show that the uncertainty relation follows directly from quan-
tum mechanics. Let us consider two hermitian operators A andB, and shift them by a con-
stant, their expectation values in an arbitrary physical state �(x), so that we have

(5A-2)

and

(5A-3)

where

and so on. Given an arbitrary wave function �(x), let us define

(5A-4)

with � real. Whatever this function is, it will be true that

(5A-5)

This means, because of the hermiticity of U andV, that

� �
�

��

dx �*(x)(U � i�V)(U � i�V)�(x)

� �
�

��

dx �*(x)(U� � i�V�)(U � i�V)�(x)

I(�) � �
�

��

dx((U � i�V)�(x))*(U � i�V)�(x)

I(�) � �
�

��

dx �*(x)�(x) 	 0

�(x) � (U � i�V)�(x)

�A� ��
�

��

dx �*(x)A�(x)

V � B � �B�

U � A � �A�

(�A)2
� �(A � �A�)2� � �A2� � �A�2

�p �x 	 �
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It follows that

(5A-6)

This will have its minimum value when

(5A-7)

that is, when

When

(5A-8)

is substituted into equation (5A-6) in the form

(5A-9)

we get

(5A-10)

or equivalently,

(5A-11)

For the operators p andx for which

(5A-12)

this leads to

(5A-13)

Note that if for �(x) we take an eigenstate of the operator A, for example, then

There is no problem, since the right side of the equation also vanishes:

We stress again that in this derivation no use was made of wave properties, x-space or 
p-space wave functions, or particle-wave duality. Our result depends entirely on the oper-
ator properties of the observables A andB.

� a �
�

��

dx u*a (x)Bua(x) � �
�

��

dx u*a (x)Baua(x) � 0

�[A, B] � � �
�

��

dx u*a (x)(AB � BA)ua(x) � �
�

��

dx(Aua(x))*B � BA)ua(x)

� a2 �
�

��

dx u*a (x)ua(x) � �a �
�

��

dx u*a (x)ua(x)�2

� 0

 (�A)2 � �
�

��

dx u*a (x)A2ua(x) � ��
�

��

dx u*a (x)Aua(x)�2

�p �x 	
�

2

[p, x] � �i�

(�A)2(�B)2 	
1
4

�i[A, B] �2

�U2��V 2� 	
1
4

�i[U, V ] �2

I(�min) 	 0

�min � �
i�[U, V] �

2�V2�

i�[U, V] � � 2��V2� � 0

dI(�)
d�

� 0

� �U2� � i��[U, V] � � �2�V 2�

I(�) � �
�

��

dx �*(x)(U2 � i�[U, V] � �2V2)�(x)
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Supplement7-A

Rotational Invariance

In this supplement we show that the assumption of a central potential implies the conser-
vation of angular momentum. We make use of invariance under rotations. The kinetic en-
ergy, which involves p2, is independent of the direction in which p points. The central
potentialV(r) is also invariant under rotations. We show that this invariance implies the
conservation of angular momentum.

INVARIANCE UNDER ROTATIONS ABOUT THE z-AXIS

Consider the special case of a rotation through an angle 
 about the z-axis: With

(7A-1)

it is easy to see that

(7A-2)

and

(7A-3)

Since the Hamiltonian has an invariance property, we expect a conservation law,
as we saw in the case of parity. To identify the operators that commute with H, let us
consider an infinitesimal rotation about the z-axis. Keeping terms of order 
 only so
that

(7A-4)

we require that

(7A-5)

If we expand this to first order in 
 and subtract from it

(7A-6)

we obtain from the term linear in 


(7A-7)H�x �
�y

� y �
�x�uE(x, y, z) � E�x �

�y
� y �

�x�uE(x, y, z)

HuE(x, y, z) � EuE(x, y, z)

HuE(x � 
y, y � 
x, z) � EuE(x � 
y, y � 
x, z)

y� � y � 
x

x� � x � 
y

� � �
�x�

2

� � �
�y�

2

� �

�x��
2

� � �

�y��
2

� � cos 

�
�x

� sin 

�
�y�

2

� � sin 

�
�x

� cos 

�
�y�

2

r� � (x�
2 � y�

2 � z�2)1/2 � (x2 � y2 � z2)1/2 � r

y� � x sin 
 � y cos 


x� � x cos 
 � y sin 
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The right side of this equation may be written as

(7A-8)

If we define

(7A-9)

then (7A-7) and (7A-8) together read

Since the uE(r ) form a complete set, this implies the operator relation

(7A-10)

holds.Lz is the z-component of the operator

(7A-11)

which is the angular momentum. Had we taken rotations about the x- and y-axis, we
would have found, in addition, that

(7A-12)

Thus the three components of the angular momentum operators commute with the Hamil-
tonian; that is, the angular momentum is a constant of the motion. This parallels the clas-
sical result that central forces imply conservation of the angular momentum.

 [H, Ly] � 0

 [H, Lx] � 0

L � r � p

[H, Lz] � 0

(HLz � LzH)uE(x, y, z)� 0

Lz �
�

i �x �
�y

� y �
�x� � xpy � ypx

�x �
�y

� y �
�x�E uE(x, y, z) � �x �

�y
� y �

�x�H uE(x, y, z)
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Supplement7-B

Angular Momentum 
in Spherical Coordinates

We start with spherical coordinates, as defined in Fig. 7-2. We have

(7B-1)

From this it follows that

(7B-2)

These may be solved to give

(7B-3)

With the help of these we obtain

(7B-4)

We may use these to calculate the angular momentum operators in terms of the spherical
angles. We have

(7B-5)

Lz �
�

i �x �
�y

� y �
�x�

L � r � pop �
�

i
 (r � �)

�
�z

� cos 
 �
�r

�
1
r  sin 
 �

�


�
�y

� sin 
 sin � �
�r

�
1
r  cos 
 sin � �

�

�

cos�

r sin 

�

��

� sin 
 cos � �
�r

�
1
r  cos 
 cos � �

�

�

sin �

r sin 

�

��

�
�x

�
�r
�x

�
�r

�
�

�x

�
�


�
��

�x
�

��

d� �
1

r sin 

 (�sin � dx � cos � dy)

d
 �
1
r  (cos 
 cos � dx � cos 
 sin � dy � sin 
 dz)

dr � sin 
 cos � dx � sin 
 sin � dy � cos 
 dz

dz� cos 
 dr � r sin 
 d


dy � sin 
 sin � dr � r cos 
 sin � d
 � r sin 
 cos � d�

dx � sin 
 cos � dr � r cos 
 cos � d
 � r sin 
 sin � d�

z � r cos 


y � r sin 
 sin �

x � r sin 
 cos �
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(7B-6)

Similarly, we construct

(7B-7)

and

(7B-8)

It is fairly straightforward to calculate

We leave it to the reader to do the algebra. The final result is

(7B-9)

Which is just the expression in eq. (7-13).
The equation

L 2Y(
, �) � �
2�Y(
, �)

L 2 � ��
2� �2

�
2
� cot 


�
�


�
1

sin2 


�2

��2�

� �cos�
�

�

� cot 
 sin � �

����cos�
�

�

� cot 
 sin � �

��� �
�2

��2

� �

2	��sin �
�
�


� cot 
 cos � �
�����sin �

�
�


� cot 
 cos � �
���

L 2 � L2
x � L2

y � L2
z

�
�

i �cos�
�

�

� cot 
 sin � �

���
  � r sin 
 cos � �cos


�
�r

�
sin 


r
�

�
�


�
�

i 	r cos 
�sin 
 cos � �
�r

�
1
r  cos 
 cos � �

�

�

sin �

r sin 

�

���
Ly �

�

i �z �
�x

� x �
�z�

�
�

i ��sin �
�
�


� cot 
 cos � �
���

  � r cos 
�sin 
 sin � �
�r

�
1
r  cos 
 sin � �

�

�

cos�

r sin 

�

���


�
�

i 	r sin 
 sin ��cos

�
�r

�
sin 


r
�

�
�
Lx �

�

i �y �
�z

� z �
�y�

�
�

i
�

��

  � r sin 
 sin ��sin 
 cos � �
�r

�
1
r  cos 
 cos � �

�

�

sin �

r sin 

�

���


�
�

i 	r sin 
 cos ��sin 
 sin � �
�r

�
1
r  cos 
 sin � �

�

�

cos�

r sin 

�

���
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when written out in spherical coordinates, is

(7B-10)

Let us separate variables again. If we write the solution in the form

(7B-11)

We multiply everything by sin2 
, and divide by P(
)
(�). This leads to

The two sides of the equation depend on different variables. They must therefore each be
constant. We call the constant m2, without specifying whether this quantity is real or com-
plex. The solution of

(7B-12)

is

(7B-13)

The requirement that the solution is single valued—that is, it does not change when 
� l � � 2�—requires that m be an integer. When this is substituted into our differential
equation, we end up with

(7B-14)

We now define

(7B-15)

Using

and using the fact that sin2 
 � 1 � z2, can rewrite the equation as follows:

(7B-16)

Consider first the m � 0 case. Let us write the solution as

(7B-17)

Some simple manipulations show that the coefficientsan obey the recurrence relation

(7B-18)an�2 �
n2 � n � �

(n � 1)(n � 2)
an

P(z) � �
�

n�0
anz

n

	(1 � z2) d2

dz2
� 2z d

dz
�

m2

1 � z2
� �
P(z) � 0

d2

d
2
�

d
d
 ��sin 


d
dz� � �cos


d
dz

� sin2 

d2

dz2

d
d


�
dz
d


d
dz

� �sin 

d
dz

z � cos 


� d2

d
2
� cot 
 d

d

� ��P(
) �

m2

sin2 

P(
)


(�) � Ce�im�

�2

��2

(�) � �m2
(�)

1
P(
) �sin2 


d2

d
2
� sin 
 cos 
 d

d

� � sin2 
�P(
) � �

1

(�)

d2
(�)

d�2

Y(
, �) � P(
)
(�)

� �2

�
2
� cot 


�
�


�
1

sin2 


�2

��2
� ��Y(
, �) � 0
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The series will not terminate if � is not an integer. In that case, for large n,

(7B-19)

This means that for some large value of n � N the series approaches a polynomial in z
plus

(7B-20)

This, however, is singular at z � 1. The only way to evade this singularity is to choose the
numerator in (7B-18) to become zero when n reaches some integral value—say,n � l.
This means that the eigenvalue is

(7B-21)

and that P(z) is a polynomial of order lin the variable z. We will label the polynomial as
Pl(z). These polynomials are known as Legendrepolynomials. A short list follows:

(7B-22)

We next observe that the m � 0 solutions are related to the m � 0 solutions. Let us first
write the solution of (7B-16) as The equation for the may be written in the
form

(7B-23)

If one writes

(7B-24)

then

and then

This is to be set equal to

After this is done, some rearrangements are made, and the resulting equation is multiplied
by (1 � z2)�m/2, one finally obtains the equation

(7B-25)(1 � z2) d2F
dz2

� 2z(m � 1) dF
dz

� (l � m)(l � m � 1)F � 0

	 m2

1 � z2
� l(l � 1)
(1 � z2)m/2F

� [m(m � 1)z2 � 1](1 � z2)m/2�1F

� (1 � z2)m/2�1 d2F
dz2

� 2z(m � 1)(1 � z2)m/2 dF
dz

d
dz	(1 � z2)

dPm
l (z)
dz 


dPm
l (z)
dz

� �mz(1 � z2)m/2�1F � (1 � z2) dF
dz

Pm
l (z) � (1 � z2)m/2F(z)

d
dz	(1 � z2)

dPm
l (z)
dz 
 � 	l(l � 1) � m2

1 � z2
Pm
l (z) � 0

Pm
l (z)Pm

l (z).

P4(z) �
1
8(35z4 � 30z2 � 3)

P3(z) �
1
2(5z3 � 3z)

P2(z) �
1
2(3z2 � 1)

P1(z) � z

P0(z) � 1

� � l(l � 1)

1 � z � z2 � z3 � … �
1

1 � z

an�2
an

l 1
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One can now show that this equation is satisfied by

(7B-26)

We have therefore shown that

(7B-27)

These functions are known as associated Legendre functions.
Note that only m2 appears in the equation, so that for m in the last equation we can

equally well write �m�. It is also clear from the form that �m� � l, since the highest power
in Pl(z) is zl. For m negative we take (�1)mP�m�

l (z).

Pm
l (z) � (1 � z2)m/2 � d

dz�
m

Pl(z)

F(z) � � d
dz�

m

Pl(z)
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Supplement8-A

A Useful Theorem

The following useful result appears in Pauli’s 1930 “Handbuch Article on Quantum Theory”:
Consider eigenvalues and eigenfunctions of a Hamiltonian that depends on some pa-

rameter—for example, the mass of the electron, or the charge of the electron, or any other
parameter that may appear in more complicated problems. The Schrödinger eigenvalue
equation may then be written with the parameter � explicitly indicated as,

(8A-1)

It follows that with the eigenfunctions normalized to unity,

(8A-2)

that

(8A-3)

Let us now differentiate both sides with respect to � . We get

Consider now the first two terms on the right-hand side. Using the eigenvalue equation
and its complex conjugate (with hermiticity of H), we see that they add up to

We are therefore left with

(8A-4)

The utility of this result is somewhat limited, because it requires knowing the exact eigen-
values and, for the calculation on the right-hand side, the exact eigenfunctions.1 Neverthe-
less, the theorem does allow us certain shortcuts in calculations.

�E(�)
��

� � d3ru*n (r , �)
�H(�)

��
un(r , �) � ��H(�)

��
�

� E(�) �
��

� d3ru*n (r , �)un(r , �) � 0

E(�) � d3r
�u*n (r , �)

��
un(r , �) � E(�) � d3ru*n (r , �)

�un(r , �)
��

� � d3ru*n (r , �)H(�)
�un(r , �)

��
� � d3ru*n (r , �)

�H(�)
��

un(r , �)

�E(�)
��

� � d3r
�u*n (r , �)

��
H(�)un(r , �)

E(�) � � d3ru*n (r , �)H(�)un(r , �)

� d3ru*n (r , �)un(r , �) � 1

H(�)un(r , �) � E(�)un(r , �)
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Consider, for example, the one-dimensional simple harmonic oscillator, for which the
Hamiltonian is

(8A-5)

The eigenvalues are known to be

(8A-6)

If we differentiate En with respect to �, and if we note that

we can immediately make the identification

or

(8A-7)

Examples of relevance to the hydrogen atom are of particular interest. In the Hamiltonian,
the factor

appears. The eigenvalue has the form

If we take as our parameter to be �, then we get

(8A-8)

so that

(8A-9)

In the radial Hamiltonian, there is a term

If we treat l as the parameter and recall that n � nr � l � 1, we get

(8A-10)

which is equivalent to

(8A-11)� 1
r 2�

nl
�

1
a2

0 n3(l �
1
2)

�
2

2m�2l � 1
r 2 � �

1
2

mc2�2 2
n3

�
2

2m
l(l � 1)

r 2

�1
r�nl

�
mc�
�n2

�
1

a0n
2

��c �1
r�n,l

�
�

��
Enl � �

mc2�

n2

Enl � �
1
2

mc2�2

n2

�e2

4��0r
� �

�c�
r

�x2�n �
�

m� �n �
1
2� �

En

m�2

�(n �
1
2) � m��x2�n

�H
��

� m�x2

En � ��(n �
1
2)

H �
p2

2m
�

1
2

m�2x2
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Using an observation of J. Schwinger that the average force in a stationary state must van-
ish, we can proceed from

(8A-12)

to �F(r)� � 0 and thus obtain

(8A-13)� 1
r 3�

nl
�

m
�

2l(l � 1)
e2

4��0
� 1

r 2�
nl

�
1

a3
0n

3l(l �
1
2)(l � 1)

� �
e2

4��0r
2

�
�

2l(l � 1)

mr3

F � �
dV(r)

dr
� �

d
dr ��

e2

4��0r
�

�
2l(l � 1)

2mr2 �
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Supplement8-B

The Square Well, 
Continuum Solutions

We saw in eq. (8-69) that asymptotically the free-particle solution has the form

We now assert that the first term is an incoming spherical wave, and the second is an out-
going spherical wave. The description is arrived at in the following way.

Consider the three-dimensional probability flux

We shall see that it is only the radial flux that is of interest for large r. The radial flux, in-
tegrated over all angles, is thus

(8B-1)

For a solution of the form

(8B-2)

with � d
�Ylm(
, �)�2 � 1 the right-hand side of (8B-1) can easily be evaluated, and we
find that

(8B-3)

The� sign describes outgoing/incoming flux. The factor 1/r2 that emerges from our cal-
culation is actually necessary for flux conservation, since the flux going through a spheri-
cal surface of radius r is

We therefore see that for the free-particle solution the incoming flux is equal in magnitude
to the outgoing flux, which is what it should be, because there are no sources of flux.

We now note that in the presence of a potential flux is still conserved. Any solution
will asymptotically consist of an incoming spherical wave and an outgoing spherical

� r 2 d
jr � �
�k�C�2

� ,   independent of r

� d
jr � �
�k�C�2

�
1
r 2

�(r ) � C e�ikr

r Ylm(
, �)

� d
ir � j (r ) �
�

2i�
� d
 �� * 

��

�r
�

�� *
�r

��

j �
�

2i�
 (� *(r )��(r ) � �� *(r )�(r ))

Rl(r) l �
1

2ikr
 [e�i(kr�l�/2) � ei(kr�l�/2)]
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wave, with the constraint that the magnitude of the incoming flux and the outgoing flux be
equal. Thus if the asymptotic solution has the form

(8B-4)

then it is required that

(8B-5)

We write Sl(k) in the standard form

(8B-6)

The real function �l(k) is called the phase shift, because the asymptotic form of the radial
function (8B-4) may be rewritten in the form

(8B-7)

Aside from the irrelevant phase factor in front, this differs from the asymptotic form of
the free-particle solution only by a shift in phase of the argument.

We note parenthetically that with a solution that has a 1/r behavior, the flux in any di-
rection other than radial goes to zero as 1/r 2, and we were therefore justified in only con-
sidering the radial flux at large values of r.

Let us now consider the special case of a square well. The above argument shows us
that we only need to consider the phase shift, since at large distances from the well the
only deviation from free particle behavior is the phase shift.

We again consider the well

(8B-8)

We again use the notation

(8B-9)

Now the solution for r � a must be regular at the origin, so that it has the form

(8B-10)

The solution for r � a will contain an irregular part, so that we have

(8B-11)

The matching of at r � a yields an expression

(8B-12)

from which the ratio C/B can be calculated. The ratio can be related to the phase shift. We
do this by looking at the asymptotic form of the larger r solution, which has the form

Rl(r) l B
sin(kr � l�/2)

kr
� C

cos(kr � l�/2)
kr

�	djl(�)/d�

j l(�) 

���a

� k	Bdjl/d� � Cdnl /d�

Bjl(�) � Cnl(�) 
��ka

1
Rl(r)

dRl(r)
dr

Rl(r) � Bjl(kr) � Cnl(kr)   r 	 a

Rl(r) � Ajl(�r)   r � a

�2 �
2�(E � V0)

�
2

� 0    for r � a

V(r) � �V0   for r � a

Rl(r) l ei�l(k) sin(kr � l�/2 � �l(k))
kr

Sl(k) � e2i�l(k)

�Sl(k) �2 � 1

Rl(kr) l �
1

2ikr
 (e�i(kr�l�/2) � Sl(k)ei(kr�l�/2))
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Comparison with the form in (8B-7), which has the form

shows that once we know C/B we can find the phase shift from

(8B-13)

The actual calculation of C/B is very tedious, except when l � 0. In that case, using 
ul(r) � rRl(r), we just have to match A sin �r to B sin kr � C coskr (and the derivatives)
at r � a. Figure (8B-1) shows the shape of the wave functions for attractive and repulsive
potentials for l � 0.

We conclude with the proof of a useful relation

(8B-14)

which is of great importance in scattering theory.

eikr cos
 � �
�

l�0
 (2l � 1)i lj l(kr)Pl(cos
)

C
B

� �tan�l(k)

Rl(r) l

sin(kr � l�/2)
kr

 cos �l(k) �
cos(kr � l�/2)

kr
 sin �l(k)
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r

δ /k

(a)

Solution for V = 0
u(r)

r

δ /k

(b)

Solution for V = 0

u(r)

Figure 8B-1 Continuum solution u(r) � rR(r) for l � 0 (a) attractive potential; (b) repulsive
potential.



The Plane Wave in Terms of Spherical Harmonics

The solution of the free-particle equation

(8B-15)

can be written in two ways. One is simply the plane wave solution

(8B-16)

The other way is to write it as a linear superposition of the partial wave solutions—that is,

(8B-17)

We may therefore findAlm such that �(r ) � eik•r in (8B-17). Note that the spherical angles
(
, �) are the coordinates of the vector r relative to some arbitrarily chosen z-axis. If we
define the z-axis by the direction of k (until now an arbitrary direction), then

(8B-18)

Thus the left side of (8B-18) has no azimuthal angle, �, dependence, and thus on the right
side only terms with m � 0 can appear; hence, making use of the fact that

(8B-19)

where the Pl(cos
) are the Legendre polynomials, we get the relation

(8B-20)

We may use the relation

(8B-21)

which is a direct consequence of the orthonormality relation for the Ylm and (8B-19) to obtain

(8B-22)

Compare the two sides of the equation as kr l 0. The first term on the left-hand side is

and the corresponding power of (kr)l on the right-hand side has

The integral can be evaluated by noting that Pl(z) is an lth-degree polynomial in z. The coef-
ficient of the leading power, zl, can be easily obtained from eq. (7-47) as the power of zl in

(�1)l 1
2ll! � d

dz�
l

 (1 � z2)l �
2l(2l � 1)(2l � 1) � � � (l � 1)

2ll!
zl � 0(zl�1)

1
2
 [4�(2l � 1)]1/2 (ikr)l�

1

�1

dz Pl(z)z
l/l!

Al
(kr)l

1, 3, 5, . . . , (2l � 1)

Alj l(kr) �
1
2
 [4�(2l � 1)]1/2 �

1

�1

dzPl(z) eikrz

1
2
�
1

�1

d(cos
) Pl(cos
) Pl�(cos
) �
�ll �

2l � 1

eikrcos
 � �
�

l�0
�2l � 1

4� �1/2

Al j l(kr) Pl(cos
)

Yl0(
, �) � �2l � 1
4� �1/2

Pl(cos
)

eik•r � eikrcos


�� Alm j l(kr) Ylm(
, �)

�(r ) � eik•r

�2�(r ) � k2�(r ) � 0
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We can rewrite this in the form

With the help of (8B-21) we finally get

(8B-23)

What results is the expansion

which we will find exceedingly useful in discussions of collision theory.

eikrcos
 � �
�

l�0
 (2l � 1) i lj l(kr) Pl(cos
)

Al
(kr)l

1, 3, 5, . . . , (2l � 1)
�

1
2
 [4�(2l � 1)]1/2 (ikr)l 1

l!
2ll!

2l(2l � 1)(2l � 2) � � � (l � 1)
2

2l � 1

zl �
2ll!

2l(2l � 1)(2l � 2) � � � (l � 1)
Pl(z) � terms involving Pl�1(z) and higher
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Supplement10-A

The Addition of Spin 1/2 and
Orbital Angular Momentum
(Details)

Of great importance for future applications is the combination of a spin with an orbital an-
gular momentum. Since L depends on spatial coordinates and S does not, they commute

(10A-1)

It is therefore evident that the components of the total angular momentum J, defined by

(10A-2)

will satisfy the angular momentum commutation relations.
In asking for linear combinations of the Ylm and the �� that are eigenstates of

(10A-3)

and

(10A-4)

we are again looking for the expansion coefficients of one complete set of eigenfunctions
in terms of another set of eigenfunctions.

Let us consider the linear combination

(10A-5)

It is, by construction, an eigenfunction of Jz with eigenvalue (m � )�. We now determine
� and� such that it is also an eigenfunction of J2. We shall make use of the fact that

(10A-6)

Then

(10A-7)

� [(l � m)(l � m � 1)]1/2 Ylm���

�
3
4Yl,m�1�� � 2(m � 1)(�1

2) Yl,m�1��

� [(l � m)(l � m � 1)]1/2 Yl,m�1��� � ��
2�l(l � 1) Yl,m�1��

J2�j,m�1/2 � ��
2 �l(l � 1) Ylm�� �

3
4Ylm�� � 2m(1

2) Ylm��

S��� � S��� � 0  S��	 � ���

L�Ylm � [(l � m � 1)(l � m)]1/2
�Yl,m�1

� [(l � m � 1)(l � m)]1/2
�Yl,m�1

L�Ylm � [l(l � 1) � m(m � 1)]1/2
�Yl,m�1

1
2

�j,m�1/2 � �Ylm�� � �Yl,m�1��

� L 2 � S2 � 2LzSz � L�S� � L�S�

J2 � L 2 � S2 � 2L � S

Jz � Lz � Sz

J � L � S

[L , S] � 0
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This will be of the form

(10A-8)

provided that

(10A-9)

This requires that

which evidently has two solutions,

(10A-10)

that is,

(10A-11)

For j � l � 1/2, we get, after a little algebra

(10A-12)

(Actually we just get the ratio; these are already normalized forms.) Thus

(10A-13)

We can guess that the j � l � 1/2 solution must have the form

(10A-14)

in order to be orthogonal to the j � l � 1/2 solution.

General Rules for Addition of Angular Momenta, 
and Implications for Identical Particles

These two examples illustrate the general features that are involved in the addition of an-
gular momenta: If we have the eigenstates of and L1z, and the eigenstates of

andL2z, then we can form (2l1 � 1)(2l2 � 1) product wave functions

(10A-15)

These can be classified by the eigenvalue of

(10A-16)

which is m1 � m2, and which ranges from a maximum value of l1 � l2 down to �l1 � l2.
As in the simple cases discussed earlier, different linear combinations of functions with

Jz � L1z � L2z

Y(1)
l1m1

Y(2)
l2m2 ��l1 � m1 � l1

�l2 � m2 � l2�
L 2

2

Y(2)
l2m2

L 2
1Y(1)

l1m1

�l�1/2,m�1/2 � � l � m
2l � 1

Ylm�� � �l � m � 1
2l � 1

Yl,m�1��

�l�1/2,m�1/2 � �l � m � 1
2l � 1

Ylm�� � � l � m
2l � 1

Yl,m�1��

� � �l � m � 1
2l � 1

  � � � l � m
2l � 1

j � �l �
1
2

l �
1
2

j( j � 1) � l(l � 1) � 3
4 � ��l � 1

l

� [ j( j � 1) � l(l � 1) � 3
4 � m � 1]

 (l � m)(l � m � 1) � [ j( j � 1) � l(l � 1) � 3
4 � m]

�[l(l � 1) � 3
4 � m � 1] � �[(l � m)(l � m � 1)]1/2 � j( j � 1)�

�[l(l � 1) � 3
4 � m] � �[(l � m)(l � m � 1)]1/2 � j( j � 1) �

�
2j( j � 1) �j,m�1/2 � �

2j( j � 1)(�Ylm�� � �Yl,m�1��)
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the same m value will belong to different values of j. In the following table we list the
possible combinations for the special example of l1 � 4, l2 � 2. We shall use the simple
abbreviation (m1, m2) for .

m-value m1, m2 combinations numbers

6 (4, 2) 1
5 (4, 1) (3, 2) 2
4 (4, 0) (3, 1) (2, 2) 3
3 (4,�1) (3, 0) (2, 1) (1, 2) 4
2 (4,�2) (3, �1) (2, 0) (1, 1) (0, 2) 5
1 (3,�2) (2, �1) (1, 0) (0, 1) (�1, 2) 5
0 (2,�2) (1, �1) (0, 0) (�1, 1) (�2, 2) 5

�1 (1,�2) (0, �1) (�1, 0) (�2, 1) (�3, 2) 5
�2 (0,�2) (�1, �1) (�2, 0) (�3, 1) (�4, 2) 5
�3 (�1, �2) (�2, �1) (�3, 0) (�4, 1) 4
�4 (�2, �2) (�3, �1) (�4, 0) 3
�5 (�3, �2) (�4, �1) 2
�6 (�4, �2) 1

There are a total of 45 combinations, consistent with (2l1 � 1) (2l2 � 1).
The highest state has total angular momentum l1 � l2 as can easily be checked by ap-

plying J2 to :

(10A-17)

This is j � 6 in the example discussed in the table. Successive applications of

(10A-18)

will pick out one linear combination from each row in the table. These will form the 13
states that belong to j � 6. When this is done, there remains a single state with m � 5,
two with m � 4, . . . , one with m � �5. It is extremely plausible, and can, in fact, be
checked, that the m � 5 state belongs to j � 5. Again, successive applications of J�

pick out another linear combination from each row in the table, forming 11 states that
belong to j � 5. Repetition of this procedure shows that we get, after this, sets that be-
long to j � 4, j � 3, and finally j � 2. The multiplicities add up to 45:

We shall not work out the details of this decomposition, as it is beyond the scope of this
book. We merely state the results.

(a) The produces can be decomposed into eigenstates of J2, with eigenval-
uesj(j � 1) �

2, where j can take on the values

(10A-19)j � l1 � l2, l1 � l2 � 1, . . . ,� l1 � l2�

Y(2)
l2m2

Y(1)
l1m1

13 � 11 � 9 � 7 � 5 � 45

J� � L1� � L2�

� �
2(l1 � l2)(l1 � l2 � 1) Y(1)

l1l1Y
(2)
l2l2

� �
2[l1(l1 � 1) � l2(l2 � 1) � 2l1l2] Y(1)

l1l1Y
(2)
l2l2

J2Y(1)
l1l1Y

(2)
l2l2 � (L 2

1 � L 2
2 � 2L1zL2z � L1�L2� � L1�L2�) Y(1)

l1l1Y
(2)
l2l2

Y(2)
l2l2Y(1)

l1l1

Y(2)
l2m2

Y(1)
l1m1
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We can verify that the multiplicities check in (10A-19): If we sum the number of
states, we get (l1 	 l2)

(10A-20)

(b) It is possible to generatize (10A-13) and (10A-14) to give the Clebsch-Gordan
series

(10A-21)

The coefficientsC( jm; l1m1m2) are called Clebsch-Gordan coefficients, and they
have been tabulated for many values of the arguments. We calculated the coeffi-
cients for l2 � 1/2, and summarize (10A-12) and (10A-13) in the table that fol-
lows. Note that m � m1 � m2, so that the m in (10A-13) and (10A-14) is really
m1 below.

m2 � 1/2 m2 � �1/2

j � l1 � 1/2

j � l1 � 1/2

Another useful table is

m2 � 1 m2 � 0 m2 � �1

j � l1 � 1

j � l1

j � l1 � 1 �(l1 � m)(l1 � m � 1)
2l1(2l1 � 1)

��(l1 � m)(l1 � m)
l1(2l1 � 1)�(l1 � m)(l1 � m � 1)

2l1(2l1 � 1)

�(l1 � m)(l1 � m � 1)
2l1(2l1 � 1)

m

�l1(l1 � 1)
��(l � m)(l1 � m � 1)

2l1(l1 � 1)

�(l1 � m)(l1 � m � 1)
(2l1 � 1)(2l1 � 2)�(l1 � m � 1)(l1 � m � 1)

(2l1 � 1)(l1 � 1)�(l1 � m)(l1 � m � 1)
(2l1 � 1)(2l1 � 2)

C( jm; l1m1, 1, m2)

�l1 � m � 1/2
2l1 � 1

��l1 � m � 1/2
2l1 � 1

�l1 � m � 1/2
2l1 � 1�l1 � m � 1/2

2l1 � 1

C( jm; l1m1, 1/2, m2

�jm � �
m1

C( jm; l1m1l2m2) Y(1)
l1m1

Y(2)
l2m2

� (2l2 � 1)(2l1 � 1)

� �
2l2

n�0
 [2(l1 � l2 � n) � 1]

 [2(l1 � l2) � 1] � [2(l1 � l2 � 1) � 1] � � � � � [2(l1 � l2) � 1]

W-46 Supplement 10-A The Addition of Spin 1/2 and Orbital Angular Momentum (Details)



Supplement10-B

The Levi-Civita Symbol 
and Maxwell’s Equations

A very useful mathematical device is the use of the Levi-Civita symbol. The symbol eijk is
defined by the following properties:

(a) It is antisymmetric under the interchange of any two of its indices. For example,

(10B-1)

and so on. Two consequences of this rule are

(i) When any two indices are equal, the value of eijk is zero.

(ii) e123 � e231 � e312

(b) e123 � 1 (10B-2)

Some consequences of this definition are

(10B-3)

We may use this to write out Maxwell’s equations in a particularly interesting way.
Maxwell’s equations in empty space have the form

(10B-4)

They may be rewritten in the form

(10B-5)

Which bears some resemblance to the Schrödinger equation in that the “wave function” is
complex, and that the first-order time derivative enters into the equation.

We may write the equation in a very suggestive way by using the Levi-Civita symbol
in two contexts. First, the symbol may be used to give a matrix representation of the spin
1 angular momentum S. (We are actually working with the angular momentum matrix di-
vided by �—that is, with the analog of �/2.)

�
�t

 (E � icB) � �ic� � (E � icB)

� � E � �
�B
�t

� � B �
1
c2

�E
�t

� � E � 0

� � B � 0

 [Li, Lj] � ieijkLk

eijkAjBk � (A � B)i

eijkeimn � �jm�kn � �jn�km

eijkeijm � 2�km

e123 � �e213 � �(�e231)
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To see this, we postulate

(10B-6)

The square of the matrix is easily calculated. We have

(10B-7)

We next need to check the commutation relations

that is,

(10B-8)

Let us now rewrite our version of Maxwell’s equations. It reads

or equivalently,

(10B-9)

With the notation �i � (Ei � icBi), we get

(10B-10)

The operator on the right side is the projection of the photon spin along the direction of
motion. The complex conjugate wave function is easily seen to satisfy

(10B-11)

where the right side represents the opposite projection (helicity). We need both equations
to obtain separate equations for E andB.

i�
��i*

�t
� �c(S � pop)im �m*

i�
��i

�t
� c(S � pop)im �m

i� �
�t

 (Ei � icBi) � c(Sm)in
�

i
�

�xm
 (En � iBn)

� �c(Sm)in
�

�xm
 (En � iBn)

�
�t

 (Ei � icBi) � �iceimn
�

�xm
 (En � iBn)

[Sa, Sb] � ieabmSm

� �bl�aj � �al�jb � ebameljm � ieabm(�iemjl) � ieabm(Sm)jl

� eajkeblk � ebjkealk � �ab�jl � �al�jb � �ab�jl � �bl�aj

 (Sa)jk(Sb)kl � (Sb)jk(Sa)kl � �eajkebkl � ebjkeakl

(S2)jl � (Si)jk(Si)kl � �eijkeikl � eijkeikl � 2�jl

(Si)jk � �ieijk
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Supplement13-A

Conservation of Total Momentum

In our discussion of angular momentum in Chapter 8 we found that the assumption of in-
variance of the Hamiltonian under rotations led to the appearance of a new constant of
motion, the angular momentum. In this supplement we show that the assumption of in-
variance under spatial displacementleads to the existence of a constant of the motion, the
momentum. The requirement that the system be unchanged under the transformation

(13A-1)

does not change the kinetic energy, since a is independent of time. The potential energy
will change, unlessit has the form

(13A-2)

In classical mechanics, the absence of external forces leads to momentum conservation.
This follows from the equations of motion,

(13A-3)

a consequence of which is that

(13A-4)

The reason for the vanishing of the right side of the preceding equation is that for every
argument in V, there are equal and opposite contributions that come from �/�xi acting
on it. For example, with u � x1 � x2, v � x1 � x3, w � x2 � x3,

Hence

(13A-5)

is a constant of the motion.
In quantum mechanics the same conclusion holds. We shall demonstrate it by using

the invariance of the Hamiltonian under the transformation (13A-1). The invariance im-
plies that both

(13A-6)

and

(13A-7)HuE(x1 � a, x2 � a, . . . , xN � a) � EuE(x1 � a, x2 � a, . . . , XN � a)

HuE(x1, x2, . . . , xN) � EuE(x1, x2, . . . , xN)

P � �
i

mi

dxi

dt

� �
�x1

�
�

�x2
�

�
�x3

�V(u, v, w) �
�V
�u

�
�V
�v

�
�V
�u

�
�V
�w

�
�V
�v

�
�V
�w

� 0

�
i

� 0

d
dt �i

mi

dxi

dt
� ��

i

�
�xi

V(x1 � x2, . . . , xN�1 � xN)

mi

d2xi

dt2
� �

�
�xi

V(x1 � x2, x1 � x3, . . . , xN�1 � xN)

V(x1, x2, x3, . . . , xN) � V(x1 � x2, x1 � x3 . . . x2 � x3, . . . , xN�1 � xN)

xi l xi � a
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hold. Let us take a infinitesimal, so that terms of 0(a2) can be neglected. Then

(13A-8)

and hence

(13A-9)

If we now define

(13A-10)

so that P is the total momentum operator, we see that we have demonstrated that

(13A-11)

Since the energy eigenstates for N-particles form a complete set of states, in the sense that
any function of x1, x2, . . . , xN can be expanded in terms of all the uE(x1, . . . , xN), the pre-
ceding equation can be translated into

(13A-12)

for all �(x1, . . . , xN)—that is, into the operator relation

(13A-13)

This, however, implies that P, the total momentum of the system, is a constant of the mo-
tion. This is a very deep consequence of what is really a statement about the nature of
space. The statement that there is no origin—that is, that the laws of physics are invariant
under displacement by a fixed distance—leads to a conservation law. In relativistic quan-
tum mechanics there are no potentials of the form that we consider here; nevertheless the
invariance principle, as stated earlier, still leads to a conserved total momentum.

[H, P] � 0

[H, P]�(x1, . . . , xN) � 0

(HP � PH) uE(x1, . . . , xN) � 0

P �
�

i �
N

i�1

�
�xi

� �
N

i�1
pi

� a��
N

i�1

�
�xi
�HuE(x1, . . . , xN)

� a��
N

i�1

�
�xi
�EuE(x1, . . . , xN)

aH��
N

i�1

�
�xi
�uE(x1, . . . , xN) � aE��

N

i�1

�
�xi
�uE(x1, . . . , xN)


 u(x1, . . . , xN) � a �
i

�
�xi

u(x1, . . . , xN)

� a �
�x2

u(x1, . . . , xN) � …

u(x1 � a, . . . , xN � a) 
 u(x1, . . . , xN) � a �
�x1

u(x1, . . . , xN)
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Supplement14-A

The Hartree Approximation

The energy eigenvalue problem for an atom with Z electrons has the form

(14A-1)

and is a partial differential equation in 3Z dimensions. For light atoms it is possible to
solve such an equation on a computer, but such solutions are only meaningful to the ex-
pert. We shall base our discussion of atomic structure on a different approach. As in the
example of helium (Z � 2), it is both practical and enlightening to treat the problem as
one involving Z independent electrons in a single potential, and to consider the
electron–electron interaction later. Perturbation theory turned out to be adequate for 
Z � 2, but as the number of electrons increases, the shielding effects, not taken into ac-
count by first-order perturbation theory, become more and more important. The varia-
tional principle discussed at the end of Chapter 14 had the virtue of maintaining the
single-particle picture, while at the same time yielding single-particle functions that incor-
porate the screening corrections.

To apply the variational principle, let us assume that the trial wave function is of the
form

(14A-2)

Each of the functions is normalized to unity. If we calculate the expectation value of H in
this state, we obtain

(14A-3)

The procedure of the variational principle is to pick the �i(r i) such that �H� is a minimum.
If we were to choose the �i(r j) to be hydrogenlike wave functions, with a different Zi for
each electron (and with each electron in a different quantum state to satisfy the Pauli ex-
clusion principle), we would get a set of equations analogous to (14-47) and (14-48). A
more general approach is that due to Hartree. If the �i(r i) were the single-particle wave
functions that minimized �H�, then an alteration in these functions by an infinitesimal
amount

(14A-4)

should only change �H� by a term of order �2. The alterations must be such that
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that is, to first order in �,

(14A-5)

Let us compute the terms linear in � that arise when (14A-4) is substituted into 
(14A-3). Term by term, we have

(14A-6)

To obtain this we have integrated by parts two times, and used the fact that fi(r i) must van-
ish at infinity in order to be an acceptable variation of a square integrable function. Next
we have

(14A-7)

and finally

(14A-8)

We cannot just set the sum of these three terms equal to zero because the fi(r i) are con-
strained by (14A-5). The proper way to account for the constraint is by the use of La-
grange multipliers; that is, we multiply each of the constraining relations (14A-5) by a
constant (the “multiplier”) and add the sum to our three terms. The total can then be set
equal to zero, since the constraints on the fi(r i) are now taken care of. With a certain
amount of notational foresight we label the multipliers ��i, and thus get

(14A-9)

In deriving the second line, first we converted the double sum �i�j�j into (1/2)�i�j�j,
which is unrestricted except for the requirement that i � j, and then used the fact that the
integrand in (14A-8) is symmetric in i andj. Now fi(r i) is completely unrestricted, so that
we may treat fi(r i) and as completely independent (each one has a real and an imag-
inary part). Furthermore, other than being square integrable, they are completely arbitrary,
so that for (14A-5) to hold, the coefficients of fi(r i) and must separately vanish at
each pointr i, since we are allowed to make local variations in the functions fi(r i) and

We are thus led to the condition that

(14A-10)

and the complex conjugate relation.
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This equation has a straightforward interpretation: It is an energy eigenvalue equation
for electron “i” located at r i, moving in a potential

(14A-11)

that consists of an attractive Coulomb potential due to a nucleus of charge Z, and a repul-
sive contribution due to the charge density of all the other electrons. We do not, of course,
know the charge densities

of all the other electrons, so that we must search for a self-consistentset of �i(r i), in the
sense that their insertion in the potential leads to eigenfunctions that reproduce them-
selves. The equation (14A-10) is a rather complicated integral equation, but it is at least
an equation in three dimensions (we can replace the variable r i by r ), and that makes nu-
merical work much easier. An even greater simplification occurs when Vi(r ) is replaced
by its angular average

(14A-12)

for then the self-consistent potential becomes central, and the self-consistent solutions can
be decomposed into angular and radial functions; that is, they will be functions that can be
labeled by ni, l i, mi, �i, with the last label referring to the spin state (siz � �1/2).

The trial wave function (14A-2) does not take into account the exclusion principle.
The latter plays an important role, since if all the electrons could be in the same quantum
state, the energy would be minimum with all the electrons in the n � 1, l � 0 “orbital.”
Atoms do not have such a simple structure. To take the exclusion principle into account,
we add to the Ansatzrepresented by (14A-2) the rule: Every electron must be in a differ-
ent state, if the spin states are included in the labeling. A more sophisticated way of doing
this automatically is to replace (14A-2) by a trial wave function that is a Slater determi-
nant [cf. Eq. (13-39)]. The resulting equations differ from (14A-10) by the addition of an
exchange term. The new Hartree-Fock equations have eigenvalues that turn out to differ
by 10–20 percent from those obtained using Hartree equations supplemented by the con-
dition arising from the exclusion principle. It is a little easier to talk about the physics of
atomic structure in terms of the Hartree picture, so we will not discuss the Hartree-Fock
equations.

The potential (14A-12) no longer has the 1/r form, and thus the degeneracy of all
states with a given n and l � n � 1 is no longer present. We may expect, however, that
for low Z at least, the splitting for different l values for a given n will be smaller than the
splitting between different n-values, so that electrons placed in the orbitals 1s, 2s, 2p, 3s,
3p, 3d, 4s, 4p, 4d, 4f, . . . will be successively less strongly bound. Screening effects will
accentuate this: Whereas s orbitals do overlap the small r region significantly, and thus
feel the full nuclear attraction, the p-, d-, . . . orbitals are forced out by the centrifugal
barrier, and feel less than the full attraction. This effect is so strong that the energy of the
3d electrons is very close to that of the 4s electrons, so that the anticipated ordering is
sometimes disturbed. The same is true for the 4d and 5s electrons, the 4f and 6s elec-
trons, and so on. The dominance of the l-dependence over the n-dependence becomes
more important as we go to larger Z-values, as we shall see in our discussion of the peri-
odic table.
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The number of electrons that can be placed in orbitals with a given (n, l) is 2(2l � 1),
since there are two spin states for given m-value. When all these 2(2l � 1) states are
filled, we speak of the closing of a shell. The charge density for a closed shell has the
form

(14A-13)

and this is spherically symmetric because of the property of spherical harmonics that
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Supplement14-B

The Building-Up Principle

In this section we discuss the building up of atoms by the addition of more and more elec-
trons to the appropriate nucleus, whose only role, to good approximation, is to provide the
positive charge Ze.

Hydrogen (Z � 1) There is only one electron, and the ground-state configuration is (1s).
The ionization energy is 13.6 eV, and the amount of energy needed to excite the first state
above the ground state is 10.2 eV. The radius of the atom is 0.5 Å, and its spectroscopic
description is 2S1/2.

Helium (Z � 2) The lowest two-electron state, as we saw in Chapter 14, is one in which
both electrons are in the (1s) orbital. We denote this configuration by (1s)2. In spectro-
scopic notation, the ground state is an l � 0 spin singlet state, 1S0 because the exchange
effect favors it. The total binding energy is 79 eV. After one electron is removed, the re-
maining electron is in a (1s) orbit about a Z � 2 nucleus. Thus its binding energy is 13.6Z2

eV � 54.4 eV, and the energy required to remove the first electron, the ionization energy,
is 79.0 � 54.4� 24.6 eV. A rough estimate of the energy of the first excited state, with
configuration (1s)(2s), is �13.6Z2 � 13.6(Z � 1)2/n2 � �58 eV for Z � 2 and n � 2.
This expression takes into account shielding in the second term. Thus the excitation en-
ergy is 79 eV � 58 eV � 21 eV.1 In any reaction with another substance, about 20 eV is
required for a rearrangement of the electrons, and thus helium is chemically very inactive.
This property is shared by all atoms whose electrons form closed shells, but the energy re-
quired is particularly large for helium.

Lithium (Z � 3) The exclusion principle forbids a (1s)3 configuration, and the lowest
energy electron configuration is (1s)2(2s). We are thus adding an electron to a closed
shell, and since the shell is in a 1S0 state, the spectroscopic description of the ground state
is 2S1/2, just as for hydrogen. If the screening were perfect, we should expect a binding
energy of �3.4 eV (since n � 2). The screening is not perfect, especially since the outer
valence electronbeing in an s-state, its wave function has a reasonable overlap with nu-
cleus at r � 0. We can estimate the effective Z from the measured ionization energy of
5.4 eV, and it is Z* � 1.3. It takes very little energy to excite the lithium atom. The six
(2p) electronic states lie just a little above the (2s) state, and these (2p) states, when oc-
cupied, make the atom chemically active (see our more extended discussion of carbon).
Lithium, like other elements that have one electron outside a closed shell, is a very active
element.
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Beryllium (Z � 4) The natural place for the fourth electron to go is into the second space
in the (2s) orbital, so that the configuration is (1s)2(2s)2. We again have a closed shell and
the spectroscopic description is 1S0. As far as the energy is concerned, the situation is very
much like that of helium. If the screening were perfect, we might expect a binding energy
like that of helium, since the inner electrons reduce the effective Z to something like Z � 2.
Sincen � 2, we would expect an ionization energy of 24.6/n2 � 6.2 eV. The shielding sit-
uation is somewhat like that for lithium, and if we make a guess that, as in lithium, the
binding energy is increased by about 50 percent, we get approximately 9 eV. The experi-
mental value is 9.3 eV. Although the shell is closed, the excitation of one of the electrons
to a (2p) orbital does not cost much energy. Thus, in the presence of another element a re-
arrangement of electrons may yield enough energy to break up the closed shell. We there-
fore expect beryllium not to be as inert as helium. It is generally true that atoms in which
the outer electrons have their spins “paired up” into singlet states are less reactive.

Boron (Z � 5) After the closing of the shell, the fifth electron can either go into a (3s)
orbital or into a (2p) orbital. The latter is lower in energy, and it is the (2p) shell that be-
gins to fill up, starting with boron. The configuration is (1s)2(2s)2(2p), and the spectro-
scopic description of the state is 2P1/2. This deserves comment: If we add spin 1/2 to an 
l � 1 orbital state, we may have J � 3/2 or 1/2. These states are split by a spin-orbit
interaction

(14B-1)

and the form of this leads to the higher J value having a higher energy, because the expec-
tation value of (1/r)(dV/dr) is still positive, even though it is no longer equal to the value
given in (12-16). This conclusion depends on the degree to which the shell is filled, as
specifically given by Hund’s rules. These will be discussed below. The ionization energy
is 8.3 eV. This meets the expectation that the value should be somewhat lower than that
for beryllium, since the 2p state energy is somewhat higher than that of the 2s orbital.

Carbon (Z � 6) The configuration for carbon is (1s)2(2s)2(2p)2. The second electron
could be in the same p-state as the first electron, with the two of them making an up–down
spin pair. It is, however, advantageous for the second to stay out of the way of the first
electron, thus lowering the repulsion between the electrons. It can do so because the pos-
sible l � 1 states Y11, Y10, Y1�1 allow for the linear combinations sin 
 cos�, sin 
 sin �,
and cos 
, which are aligned along the x-, y-, and z-axes, respectively (Fig. 14B-1). When
two electrons go into orthogonally aligned arms, the overlap is minimized and the repul-
sion is reduced. The electrons are in different spatial states, so that their spins do not have
to be antiparallel. One might expect carbon to be divalent. This is not so, because of the
subtleties that arise from close-lying energy levels. It costs very little energy to promote
one of the (2s) electrons into the third unoccupied l � 1 state. The configuration
(1s)2(2s)(2p)3 has four “unpaired” electrons, and the gain in energy from the formation of
four bonds with other atoms more than makes up for the energy needed to promote the
(2s) electron. The reduction in the repulsion leads to a somewhat larger ionization energy
than that for boron, 11.3 eV. The spectroscopic description of the ground state is 3P0. We
can have a total spin of 0 or1 for the two 2p electrons, and, since we are adding two l � 1
states, the total orbital angular momentum can be 0, 1, or 2. Of the various states, 1S0,
3P2,1,0, and 1D2, the state of higher spin has the lower energy (cf. our discussion of helium)
and by another of Hund’s rules, the 3P0 state has the lowest energy.
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Nitrogen (Z � 7) Here the configuration is (1s)2(2s)2(2p)3, sometimes described as (2p)3

for brevity (the closed shells and subshells are omitted). The three electrons can all be in
nonoverlappingp-states, and thus we expect the increase in ionization energy to be the
same as the increase from boron to carbon. This is in agreement with the measured value
of 14.5 eV.

Oxygen (Z � 8) The configuration may be abbreviated to (2p)4, and the shell is more
than half full. Since there are four electrons, it appears as if the determination of the
ground-state spectroscopic state would be very difficult. We can, however, look at the
shell in another way. We know that when two more electrons are added to make a (2p)6

configuration, then the shell is filled, and the total state has L � S� 0. We can thus think
of oxygen as having a closed 2p shell with two holesin it. These holes are just like anti-
electrons, and we can look at two-hole configurations. These will be the same as two-
electron configurations, since the holes also have spin 1/2. Thus, as with carbon, the
possible states consistent with the antisymmetry of the two-fermion (two-hole) wave
function are 1S, 3P, 1D, and the four electrons must be in the same states, since they, to-
gether with the two-hole system, give S � 0, L � 0. The highest spin is S � 1, and thus
we must have a 3P state. Hund’s rule, which will be discussed in the next section, yields
the 3P2 state. When the fourth electron is added to the nitrogen configuration, it must go
into an orbital with an m-value already occupied. Thus two of the electron wave functions
overlap, and this raises the energy because of the repulsion. It is therefore not surprising
that the ionization energy drops to the value of 13.6 eV.

Fluorine (Z � 9) Here the configuration is (2p)5. The monotonic increase in the ioniza-
tion energy resumes, with the experimental value of 17.4 eV. Fluorine is chemically very
active, because it can “accept” an electron to form a closed shell (2p)6, which is very sta-
ble. Since the addition of a single electron with s � 1/2 and l � 1 yields a 1S0 state, the
shell with the hole in it must have s � 1/2 and l � 1. It is therefore a 2P state, and by
Hund’s rule, as we shall see, the state is 2P3/2.

Neon (Z � 10) With Z � 10 the (2p) shell is closed, and all electrons are paired off. The
ionization energy is 21.6 eV, continuing the monotonic trend. Here, as in helium, the first
available state that an electron can be excited into has a higher n value, and thus it takes
quite a lot of energy to perturb the atom. Neon, like helium, is an inert gas.

At this point, the addition of another electron requires putting it in an orbit with a
highern value (n � 3), and thus neon marks the end of a period in the periodic table, as
did helium. In neon, as in helium, the first available state into which an electron can be ex-
cited has a higher n-value, so that it takes quite a lot of energy to perturb the atom. Neon
shares with helium the property of being an inert gas.
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The next period again has eight elements in it. First the (3s) shell is filled, with
sodium (Z � 11) and magnesium (Z � 12), and then the 3p shell, which includes, in
order, aluminum (Z � 13), silicon (Z � 14), phosphorus (Z � 15), sulphur (Z � 16),
chlorine (Z � 17) and, closing the shell, argon (Z � 18). These elements are chemi-
cally very much like the series: lithium, . . . , neon, and the spectroscopic descriptions
of the ground states are the same. The only difference is that, since n � 3, the ioniza-
tion energies are somewhat smaller, as can be seen from the periodic table at the end
of this supplement.

It might appear a little strange that the period ends with argon, since the (3d)
shell, accommodating ten elements, remains to be filled. The fact is that the self-
consistent potential is not of the 1/r form, and the intrashell splitting here is suffi-
ciently large that the (4s) state lies lower than the (3d) state, though not by much.
Hence a competition develops, and in the next period we have (4s), (4s)2, (4s)2(3d),
(4s)2(3d)2, (4s)2(3d)3, (4s)(3d)5, (4s)2(3d)5, (4s)2(3d)6, (4s)2(3d)7, (4s)2(3d)8, (4s)(3d)10,
(4s)2(3d)10 and then the 4p shell gets filled until the period ends with krypton (Z � 36).
The chemical properties of elements at the beginning and end of this period are similar
to those of elements at the beginning and end of other periods. Thus potassium, with
the single (4s) electron, is an alkali metal, like sodium with its single (3s) electron out-
side a closed shell. Bromine, with the configuration (4s)2(3d)10(4p)5, has a single hole
in a p-shell and thus is chemically like chlorine and fluorine. The series of elements in
which the (3d) states are being filled all have rather similar chemical properties. The
reason for this again has to do with the details of the self-consistent potential. It turns
out that the radii of these orbits2 are somewhat smaller than those of the (4s) electrons,
so that when the (4s)2 shell is filled, these electrons tend to shield the (3d) electrons,
no matter how many there are, from outside influences. The same effect occurs when
the (4f ) shell is being filled, just after the (6s) shell has been filled. The elements here
are called the rare earths.

Spectroscopic Description of Ground States

In our discussion of the light atoms, we often gave the spectroscopic description of the
ground states—for example, 3P2 for oxygen, 2P3/2 for fluorine, and so on. The knowledge
of S, L, and J for the ground states is important, because selection rules allow us to deter-
mine these quantities for the excited states of atoms. We referred to Hund’s rulesin the
determination of these, and these rules are the subject of this section.

What determines the ground-state quantum numbers is an interplay of spin-orbit
coupling and the exchange effect discussed in connection with helium in Chapter 14.
For the lighter atoms (Z � 40), for which the motion of the electrons is nonrelativistic,
the electron–electron repulsion effects are more important than the spin-orbit coupling.
This means that it is a fairly good approximation to view L and S as separately good
quantum numbers: We add up all the spins to form an Sand all the orbital angular mo-
menta of the electrons to form an L, and these are then coupled to obtain a total J. For
heavier atoms it is a better approximation to first couple the spin and orbital angular
momentum to form a total angular momentum for that electron, and then to couple all
of the J’s together. The former case is described as Russell-Saunders coupling, the lat-
ter as j-j coupling. For Russell-Saunders coupling, F. Hund summarized the results of
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various calculations by a set of rules that give the overall quantum numbers of the low-
est states. The rules are:

1. The state with largest S lies lowest.

2. For a given value of S, the state with maximum L lies lowest.

3. For a given L andS, if the incomplete shell is not more than half-filled, the lowest
state has the minimum value of J � �L � S�; if the shell is more than half-filled,
the state of lowest energy has J � L � S.

In applying these rules we must be careful not to violate the Pauli principle.
The first of these rules is easy to understand: The largest S state is symmetric in all

the spins (since it contains the state Sz � Smax for which all the spins are parallel), and thus
the spatial wave function is antisymmetric, which minimizes the electron overlap, and
thus the expectation value of the repulsive potentials.

The second rule emerges qualitatively from the fact that the higher the L-value, the
more lobes the wave function has, as shown in Fig. 8-4. This allows the electrons to stay
away from one another, and reduce the effect of the Coulomb repulsion.

The third rule follows from the form of the spin-orbit coupling. Since the expectation
value of [(1/r)(dV/dr)] is positive, the perturbation due to the spin-orbit coupling splits the
degenerateJ states (for a given L andS) and it is clear from (14B-1) that the lowest value
of J will give the lowest lying state. Once we get to the point of having a shell that is more
than half filled, it is clearer to look at the atom as consisting of a filled shell with a number
of holes, as we discussed in our description of oxygen. These holes act as if they had posi-
tive charge, and for the spin-orbit interaction of the holes, the sign of [(1/r)(dV/dr)] is re-
versed. Thus the multiplet is invertedand it is the largest value of J that gives the lowest
lying state.

Let us illustrate the application of the Hund rules to some atoms, and the need to
keep track of the Pauli principle. We shall consider the quantum numbers of carbon
(2p)2, oxygen (2p)4, and manganese (3d)5. In the first two cases we have p-states, so that
we can draw a set of “shelves” corresponding to Lz � 1, 0, �1. The electrons are placed,
as far as is possible, on different shelves, to minimize the repulsion. For carbon we place
them in Lz � 1 and Lz � 0 states. By Hund’s first rule, the spins will be parallel (strictly
speaking they will be in a triplet state) (Fig. 14B-2). Thus we have Sz � 1 for the largest
possible value, and we get a triplet state. The largest possible value of Lz gives the L
value, which is 1. The third rule thus gives J � �L � S� � 0, and we have a 3P0 state. For
the (2p)4 case, we fill all three shelves with one electron each, and then put the last elec-
tron in the Lz � 1 state, for example. The Pauli principle demands that the two electrons
in the Lz � 1 state form a singlet. Thus only the other two electrons are relevant, and
sinceSz � 1, S � 1. The maximum value of Lz � [2 � 0 � (�1)] � 1, so that L � 1.
Now, however, we have more than a half-filled shell, so that J � L � S� 2, and oxygen
has a 3P2 ground state.
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For manganese the shelves have Lz � 2, 1, 0, �1, �2, as shown in Fig. 14B-3. There
are five electrons, and thus each of the spaces is filled by one. With the spins parallel we
getSz � 5/2, which implies that S� 5/2. The total value of Lz � 0, and thus we have an 
S-state. This means that the ground state is an 6S5/2 state.

Limitations of space prevent us from a more detailed discussion of the periodic table.
A few additional comments are, however, in order.

(a) There is nothing in atomic structure that limits the number of elements. The rea-
son that atoms with Z � 100 do not occur naturally is that heavy nucleiundergo
spontaneous fission. If new, superheavy (metastable) nuclei are ever discovered,
there will presumably exist corresponding atoms, and it is expected that their
structure will conform to the prediction of the building-up approach outlined in
this supplement.

(b) The ionization energies all lie in the vicinity of 5–15 eV. The reason is that in
spite of the increasing number of electrons, the outermost electrons “see” a
charge that lies in the range Z � 1–2. In addition, because of the departures from
a point charge distribution, the dependence of the energy is no longer of the 1/n2

form. Consequently, the wave functions of the outermost electrons do not extend
much further than that of the electron in the hydrogen atom. Atoms are more or
less the same size!

(c) We went to a great deal of trouble to specify the S, L, and J quantum numbers of
the ground states of the various elements. The reason for doing this is that in
spectroscopy, the quantum numbers are of particular interest because of the se-
lection rules

(14B-2)

that will be derived later, and that may then be used to determine the quantum
numbers of the excited states. The spectroscopy of atoms, once we get beyond
hydrogen and helium, is very complicated. Consider, as a relatively simple ex-
ample, the first few states of carbon, which are formed from different configura-
tions of the two electrons that lie outside the closed shell in the (2p)2 orbitals. As
already pointed out, the possible states are 1S0,

3P2,1,0, and 1D2. The 3P0 state lies
lowest, but the other states are still there. The first excited states may be de-
scribed by the orbitals (2p)(3s). Here S � 0 or 1, but L � 1 only. Since the 
n-values are different, the exclusion principle does not restrict the states in any
way, and all of the states 1P1,

3P2,1,0 are possible, while the excited states that

�J � 0, �1   (no 0 � 0)

�L � �1

�S� 0
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arise from the orbitals (2p)(3p) can have S� 0, 1 and L � 2, 1, 0, leading to all
the states 1D2,

1P1,
1S0,

3D3,2,1,
3P2,1,0, and 3S1. Even with the restrictions provided

by the selection rules, there are numerous transitions. Needless to say, the order-
ing of these levels represents a delicate balance between various competing ef-
fects, and the prediction of the more complex spectra is very difficult. That task
is not really of interest to us, since the main point that we want to make is that
quantum mechanics provides a qualitative, and quantitative, detailed explanation
of the chemical properties of atoms and of their spectra, without assuming an in-
teraction other than the electromagnetic interaction between charged particles.
We shall have occasion to return to the topic of spectra.

Periodic Table

Ionization Radius2

Z Element Configuration Term1 Potential eV in Å

1 H (1s) 2S1/2 13.6 0.53
2 He (1s)2 1S0 24.6 0.29

3 Li (He)(2s) 2S1/2 5.4 1.59
4 Be (He)(2s)2 1S0 9.3 1.04

5 B (He)(2s)2(2p) 2P1/2 8.3 0.78
6 C (He)(2s)2(2p)2 3P0 11.3 0.62
7 N (He)(2s)2(2p)3 4S3/2 14.5 0.52
8 O (He)(2s)2(2p)4 3P2 13.6 0.45
9 F (He)(2s)2(2p)5 2P3/2 17.4 0.40

10 Ne (He)(2s)2(2p)6 1S0 21.6 0.35

11 Na (Ne)(3s) 2S1/2 5.1 1.71
12 Mg (Ne)(3s)2 1S0 7.6 1.28

13 Al (Ne)(3s)2(3p) 2P1/2 6.0 1.31
14 Si (Ne)(3s)2(3p)2 3P0 8.1 1.07
15 P (Ne)(3s)2(3p)3 4S3/2 11.0 0.92
16 S (Ne)(3s)2(3p)4 3P2 10.4 0.81
17 Cl (Ne)(3s)2(3p)5 2P3/2 13.0 0.73
18 Ar (Ne)(3s)2(3p)6 1S0 15.8 0.66

19 K (Ar)(4s) 2S1/2 4.3 2.16
20 Ca (Ar)(4s)2 1S0 6.1 1.69
21 Sc (AR)(4s)2(3d) 2D3/2 6.5 1.57
22 Ti (Ar)(4s)2(3d)2 3F2 6.8 1.48
23 V (Ar)(4s)2(3d)3 4F3/2 6.7 1.40
24 Cr (Ar)(4s)(3d)5 7S3 6.7 1.45
25 Mn (Ar)(4s)2(3d)5 6S5/2 7.4 1.28
26 Fe (Ar)(4s)2(3d)6 5D4 7.9 1.23
27 Co (Ar)(4s)2(3d)7 4F9/2 7.8 1.18
28 Ni (Ar)(4s)2(3d)8 3F4 7.6 1.14
29 Cu (Ar)(4s)(3d)10 2S1/2 7.7 1.19
30 Zn (Ar)(4s)2(3d)10 1S0 9.4 1.07
31 Ga (Ar)(4s)2(3d)10(4p) 2P1/2 6.0 1.25

(Continued)
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Periodic Table (Continued)

Ionization Radius2

Z Element Configuration Term1 Potential eV in Å

32 Ge (Ar)(4s)2(3d)10(4p)2 3P0 8.1 1.09
33 As (Ar)(4s)2(3d)10(4p)3 4S3/2 10.0 1.00
34 Se (Ar)(4s)2(3d)10(4p)4 3P2 9.8 0.92
35 Br (Ar)(4s)2(3d)10(4p)5 2P3/2 11.8 0.85
36 Kr (Ar)(4s)2(3d)10(4p)6 1S0 14.0 0.80

37 Rb (Kr)(5s) 2S1/2 4.2 2.29
38 Sr (Kr)(5s)2 1S0 5.7 1.84
39 Y (Kr)(5s)2(4d) 2D3/2 6.6 1.69
40 Zr (Kr)(5s)2(4d)2 3F2 7.0 1.59
41 Nb (Kr)(5s)(4d)4 6D1/2 6.8 1.59
42 Mo (Kr)(5s)(4d)5 7S3 7.2 1.52
43 Tc (Kr)(5s)2(4d)5 6S5/2 Not known 1.39
44 Ru (Kr)(5s)(4d)7 5F5 7.5 1.41
45 Rh (Kr)(5s)(4d)8 4F9/2 7.7 1.36
46 Pd (Kr)(4d)10 1S0 8.3 0.57
47 Ag (Kr)(5s)(4d)10 2S1/2 7.6 1.29
48 Cd (Kr)(5s)2(4d)10 1S0 9.0 1.18
49 In (Kr)(5s)2(4d)10(5p) 2P1/2 5.8 1.38
50 Sn (Kr)(5s)2(4d)10(5p)2 3P0 7.3 1.24
51 Sb (Kr)(5s)2(4d)10(5p)3 4S3/2 8.6 1.19
52 Te (Kr)(5s)2(4d)10(5p)4 3P2 9.0 1.11
53 I (Kr)(5s)2(4d)10(5p)5 2P3/2 10.4 1.04
54 Xe (Kr)(5s)2(4d)10(5p)6 1S0 12.1 0.99

55 Cs (Xe)(6s) 2S1/2 3.9 2.52
56 Ba (Xe)(6s)2 1S0 5.2 2.06
57 La (Xe)(6s)2(5d) 2D3/2 5.6 1.92
58 Ce (Xe)(6s)2(4f )(5d) 3H5 6.9 1.98
59 Pr (Xe)(6s)2(4f )3 4I9/2 5.8 1.94
60 Nd (Xe)(6s)2(4f )4 5I4 6.3 1.92
61 Pm (Xe)(6s)2(4f )5 6H5/2 Not known 1.88
62 Sm (Xe)(6s)2(4f )6 7F0 5.6 1.84
63 Eu (Xe)(6s)2(4f )7 8S7/2 5.7 1.83
64 Gd (Xe)(6s)2(4f )7(5d) 9D2 6.2 1.71
65 Tb (Xe)(6s)2(4f )9 6H15/2 6.7 1.78
66 Dy (Xe)(6s)2(4f )10 5I8 6.8 1.75
67 He (Xe)(6s)2(4f )11 4I15/2 Not known 1.73
68 Er (Xe)(6s)2(4f )12 3H6 Not known 1.70
69 Tm (Xe)(6s)2(4f )13 2F7/2 Not known 1.68
70 Yb (Xe)(6s)2(4f )14 1S0 6.2 1.66
71 Lu (Xe)(6s)2(4f )14(5d) 2D3/2 5.0 1.55
72 Hf (Xe)(6s)2(4f )14(5d)2 3F2 5.5 1.48
73 Ta (Xe)(6s)2(4f )14(5d)3 4F3/2 7.9 1.41
74 W (Xe)(6s)2(4f )14(5d)4 5D0 8.0 1.36
75 Re (Xe)(6s)2(4f )14(5d)5 6S5/2 7.9 1.31
76 Os (Xe)(6s)2(4f )14(5d)6 5D4 8.7 1.27
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Periodic Table

Ionization Radius2

Z Element Configuration Term1 Potential eV in Å

77 Ir (Xe)(6s)2(4f )14(5d)7 4F9/2 9.2 1.23
78 Pt (Xe)(6s)(4f )14(5d)9 3D3 9.0 1.22
79 Au (Xe)(6s)(4f )14(5d)10 2S1/2 9.2 1.19
80 Hg (Xe)(6s)2(4f )14(5d)10 1S0 10.4 1.13
81 Tl (Xe)(6s)2(4f )14(5d)10(6p) 2P1/2 6.1 1.32
82 Pb (Xe)(6s)2(4f )14(5d)10(6p)2 3P0 7.4 1.22
83 Bi (Xe)(6s)2(4f )14(5d)10(6p)3 4S3/2 7.3 1.30
84 Po (Xe)(6s)2(4f )14(5d)10(6p)4 3P2 8.4 1.21
85 At (Xe)(6s)2(4f )14(5d)10(6p)5 2P3/2 Not known 1.15
86 Rn (Xe)(6s)2(4f )14(5d)10(6p)6 1S0 10.7 1.09

87 Fr (Rn)(7s) Not known 2.48
88 Ra (Rn)(7s)2 1S0 5.3 2.04
89 Ac (Rn)(7s)2(6d) 2D3/2 6.9 1.90
90 Th (Rn)(7s)2(6d)2 3F2

91 Pa (Rn)(7s)2(5f )2(6d) 4K11/2

92 U (Rn)(7s)2(5f )3(6d) 5L6

93 Np (Rn)(7s)2(5f )4(6d) 6L11/2

94 Pu (Rn)(7s)2(5f )6 7F0

95 Am (Rn)(7s)2(5f )7 8S7/2

96 Cm (Rn)(7s)2(5f )7(6d) 9D2

97 Bk (Rn)(7s)2(5f )9 6H15/2

98 Cf (Rn)(7s)2(5f )10 5I8

99 Es (Rn)(7s)2(5f )11 4I15/2

100 Fm (Rn)(7s)2(5f )12 3H6

101 Md (Rn)(7s)2(5f )13 2F7/2

102 No (Rn)(7s)2(5f )14 1S0

1Term designation is equivalent to spectroscopic description.
2Radius is defined by the peak of the calculated charge density of the outermost orbital.
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Supplement14-C

A Brief Discussion of Molecules

The purpose of this supplement is to outline the basic approach to the study of simple
molecules. We discuss the H2 molecule in some detail, so as to provide an understanding
of terms like molecular orbitalsand valence bonds. Quantum chemistry has become a
field well served by massive computers. Our discussion does not really provide an entry
into this field. It is extremely simple-minded, and its only justification is that it provides
an insight into the basic mechanisms that lead to molecular binding. Anything more de-
pends on an understanding of electron–electron correlations, and these are way beyond
the scope of this book. Our approach will follow the one followed in the discussion of the

molecule. It is based on the fact that the nuclei are much more massive than the elec-
trons, and that therefore a good first approximation treats the nuclei as frozen, with their
location determined by the electronic distribution. We discuss the H2 molecule as a proto-
type of other simple diatomic molecules.

The H2 Molecule

The H2 molecule is a more complicated system, because there are two electrons present,
and the exclusion principle therefore plays a role. As in the case of the molecule, we
treat the nuclei as fixed.

The nuclei (protons here) will be labeled A andB, and the two electrons 1 and 2, re-
spectively (Fig. 14C-1). The Hamiltonian has the form

(14C-1)

where

(14C-2)

depends only on the coordinates of the electron i relative to the nuclei. We will again
compute an upper bound to E(RAB) by constructing the expectation value of H with a trial
wave function. Since

(14C-3)

are just Hamiltonians for the molecule (14-50) it seems reasonable to take as 
our trial wave function a product of two functions of the type shown in the first line of
(14-51):

(14C-4)�g(r 1, r 2) �
1

2[1 � S(RAB)]
 [�A(r 1) � �B(r 1)][�A(r 2) � �B(r 2)]Xsinglet

H�
2

Hi
˜ � Hi �

e2

4��0RAB

Hi �
p2

i

2m
�

e2

4��0rAi
�

e2

4��0rBi
  (i � 1, 2)

H � H1 � H2 �
e2

4��0r12
�

e2

4��0RAB

H�
2

H�
2
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The electron spin state is a singlet, since the spatial part of the wave function is taken to
be symmetric. In this trial wave function, each electron is associated with both protons;
that is, the trial wave function is said to be a product of molecular orbitals. The descrip-
tion in terms of molecular orbitals is sometimes called the MO method.

The calculation of ��g�H��g� yields

(14C-5)

where E(RAB) is the energy of the molecule calculated in (14.56). The first-order
electron–electron repulsion contribution can also be calculated, and when the total energy
so computed is minimized with respect to the separation RAB, it is found that the binding
energy and internuclear separation are given by

The experimental values are

Evidently the approximation is not a very good one. We noted in our discussion of the 
molecule that the trial wave functions (the MO’s) are inaccurate for small proton–proton
separations, and the fact that the MO’s are too spread out in space shows up in the num-
bers above. The trial wave function also has some undesirable features for large RAB. The
product in (14C-4) may be rewritten in the form

(14C-6)

The first term is called an “ionic” term, since it describes both electrons bound to one
proton or the other. The second term, the “covalent” term, is a description in terms of
linear combinations of atomic orbitals (LCAO). Our trial wave function thus implies,
since the two terms enter with equal weight, that for large RAB the molecule is as likely
to dissociate into the ions H� and H� as it is into two hydrogen atoms, and this is
patently false.

� [�A(r 1)�A(r 2) � �B(r 1)�B(r 2)] � [�A(r 1)�B(r 2) � �A(r 2)�B(r 1)]

[�A(r 1) � �B(r 1)][(�A(r 2) � �B(r 2)]

H�
2

R � 0.74 Å

Eb � �4.75 eV

R � 0.85 Å

Eb � �2.68 eV

H�
2

� 2E(RAB) �
e2

4��0RAB
� ��g� e2

4��0r12
��g�

� E(RAB) � E(RAB) � ��g� e2

4��0r12
��g� �

e2

4��0RAB

��g��H̃1 �
e2

4��0RAB
� � �H̃2 �

e2

4��0RAB
� �

e2

4��0r12
�

e2

4��0RAB
��g�

A Brief Discussion of Molecules W-65
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in the discussion of the H2
molecule.



The Valence Bond Method

The last difficulty can be avoided with the use of the valence bond(also called Heitler-
London) method, in which linear combinations of atomic orbitals are used. The singlet
wave function used as a trial wave function in the variational principle is taken to be

(14C-7)

where, as before, the �A(r i) are hydrogenic wave functions for the ith electron about pro-
ton A. We could, in principle, add a triplet term to our variational trial wave function.
However, a triplet wave function must be spatially antisymmetric and yields low proba-
bility for the electrons being located in the region between the protons. We saw in our dis-
cussion of the molecule that just this configuration led to the lowest energy. Although
it is not immediately obvious that the attraction is still largest in this configuration when
there are two electrons that repel each other in the system, it is in fact so. The results of a
variational calculation with the VB trial wave function are

This is not a significant improvement over the MO results, for the simple reason that the
inadequacy of the trial wave functions for small RAB carries more weight. There should be
no question about the quantitative successes of quantum mechanics in molecular physics.
More sophisticated trial wave functions have to be used; for example, a 50-term trial
wave function yields complete agreement with observations for the H2 molecule, but it
does not, as the MO andVB functions do, give us something of a qualitative feeling of
what goes on between the atoms. In what follows, we will explore the relevance of these
approaches to a qualitative understanding of some aspects of chemistry.

The expectation value of H for the H2 molecule in the VB approach has the following
schematic form:

whereTi is the kinetic energy of the ith electron, and since

� ��A1�B2�2E1 �
e2
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4��0rA1
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�
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1
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e2

4��0rA1
�

e2

4��0rA2
�
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e2
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�� �H��� �
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��A1�B2 � �A2�B1�H��A1�B2 � �A2�B1�
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H�
2

�(r 1, r 2) � � 1
2[1 � S2(RAB)]�

1/2
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(14C-8)

In obtaining this, liberal use has been made of symmetry. The terms that can make this
expression more negative are

The former is just the attraction of the electron cloud about one proton to the other proton;
the second is the overlap of the two electrons (weighted with 1/rA1). If this can be large,
there will be binding. The two electrons can only overlap significantly, however, if their
spins are antiparallel; this is a consequence of the exclusion principle. The region of over-
lap is between the two nuclei, and there the attraction to the nuclei generally overcomes
the electrostatic repulsion between the electrons.

In the MO picture, too, it is an overlap term—the result in (14-60)—that is crucial to
bonding, and again, bonding occurs because the electron charge distribution is large be-
tween the nuclei. Thus, although here the orbitals belong to the whole molecule rather
than to individual atoms, the physical reason for bonding is the same.

We note that in general there may be several bound states of the nuclei, correspond-
ing to different electronic configurations. For example, if in (14C-7) we take the �(r 2)
wave function to be a u200 eigenfunction, while the �(r 1) remains a u100 eigenfunction, the
overlap may be such as to provide a second, more weakly bound state of the protons. We
are not going to pursue this, except to point out the important fact that the E(R) is different
for each electronic state.

The Importance of Unpaired Valence Electrons

An important simplification in the study of electronic charge distributions in molecules
occurs because we really do not need to take all electrons into account. In the construction
of orbitals, be it valence or molecular, only the outermost electrons, not in closed shells—
that is, the so-called valence electrons—have a chance to contribute to the bonding. The
inner electrons, being closer to the nucleus, are less affected by the presence of another
atom in the vicinity.1 Furthermore, not all valence electrons contribute equally: if two
electrons are in a spin 0 state—we call them paired electrons—they will not give rise to
bonding. To see why this is so, consider what happens when an atom with a single va-
lence electron is brought near an atom with two paired electrons. There are two cases to
be considered (Fig. 14C-2).

(a) If the two electrons that are parallel exchange [i.e., are put into a form such as
(14C-7) with a minus sign between the terms], then they must be in a triplet

��A1� 1
rB1

��A1�   and   
S

1 � S2 ��A1� 1
rA1

��B1�

� �� �*A1�B1�*B2�A2
r12 �

� 2 e2

4��0
S��A1� 1

rA1
��B1� �

e2

4��0
� � ��A1�2��B2�2

r12

�
1

1 � S2 ��2E1 �
e2

4��0rRAB
�(1 � S2) � 2 e2

4��0
��A1� 1

rB1
��A1�
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1It may happen in atoms that even the valence electrons are rather close to the nucleus. This is the case for the
rare earths. A consequence of the fact that the outer electrons in 5d and 4f shells lie close in is that the rare
earths are chemically less active than the transition metals (Z 
 20–30).



state, and hence the spatial wave function of this pair must be antisymmetric.
This reduces the overlap, and it turns out that the exchange integral gives a repul-
sive contribution to the energy.

(b) When the two electrons that are antiparallel exchange, then one atom finds itself
some of the time with two electrons in the same spin state. The original atomic
state will frequently no longer be a possible one, and one of the electrons will
have to be promoted into another atomic orbital. Sometimes this may cost very
little energy, but usually this is not the case, and again bonding is not achieved.
Chemical activity depends on the presence of unpaired outer electrons. An ex-
ample of this is the nonexistence of the H-He molecule. In He we have two elec-
trons in the 1s state; promotion of one of them into a 2s state costs a lot of
energy. It is for this reason that the atoms for which the outer shells are closed
are inert. Not all unpaired electrons are of equal significance. As noted before,
the unpaired d- and f-electrons in the transition elements tend to be close to the
nucleus, and hence inactive. Thus, mainly s- and p-electrons in the outer shells
contribute to chemical activity. The pairing effect is also responsible for what is
called the “saturation of chemical binding forces.” Once two unpaired electrons
from different atoms form a singlet state (and cause bonding), they become
paired; an electron from a third atom must find an unpaired electron elsewhere—
that is, participate in a different bond. Another consequence is that molecules
have spin 0 in most cases.
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(a)

(b)

Figure 14C-2 Illustration of why paired electrons do not give rise to bonding. (a) If parallel
electrons exchange, the wave function is spatially antisymmetric. (b) If antiparallel electrons
exchange, one term in the wave function has electrons in the same spin state, which may require
promotion to a higher energy orbit.























Supplement15-A

Lifetimes, Linewidths, 
and Resonances

In this supplement we do three things:

(a) We discuss a somewhat improved treatment of transition rates that shows how
the exponential decay behavior comes about, following the general approach of
V. Weisskopf and E. P. Wigner.

(b) We show how the Lorentzian shape for the linewidth comes about.

(c) We show that the scattering amplitude for a photon by the atom in its ground
state peaks strongly when the energy of the incident photon is equal to the
(shifted) energy of the excited state.

To simplify the problem as much as possible, we consider an atom with just two lev-
els, the ground state, with energy 0, and a single excited state, with energy E. The two
states are coupled to the electromagnetic field, which we will take to be scalar, so that no
polarization vectors appear. We will only consider the subset of eigenstates of H0 consist-
ing of the excited state �1, for which

(15A-1)

and of the ground state � one photon, �(k), for which

(15A-2)

and limit ourselves to these in an expansion of an arbitrary function. This is certainly jus-
tified when the coupling between the two states, �1 and�(k) through the potential V, is
small, as in electromagnetic coupling, since then the influence of two-, three-, . . . , photon
states is negligible. Note that

(15A-3)

even when the k is such that the energies �(k) and E are the same. The states are orthogo-
nal because one has a photon in it and the other does not, and because for one of them the
atom is in an excited state, and for the other it is not.

The solution of the equation

(15A-4)

may be written in terms of the complete set

(15A-5)��(t)� � a(t) ��1�e�Et/� � � d3k b(k, t) ��(k)e�i�(k)t/�

i� d
dt

��(t)� � (H0 � V) ��(t)�

��1��(k)� � 0

H0��(k)� � �(k) ��(k)�

H0��1� � E��1�
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When this is inserted into (15A-4),

results. If we take the scalar product with ��1�, we get

SinceV, acting on a state, is supposed to change the photon number by one, ��1�V��1� �
0. With the notation

(15A-6)

the equation becomes

(15A-7)

If we take the scalar product with ��(q)�, and again use photon counting to set
��(q)�V��(k)� � 0, we get, after a little manipulation, using a normalization that

(15A-8)

the equation

(15A-9)

Sinceb(k, 0) � 0 if the excited state is occupied at t � 0, a solution of this equation is

(15A-10)

(15A-11)

This is a complicated equation, and we will make some approximations to learn about
the behavior of a(t). We note that the oscillating exponential will average out to zero
unlesst � t� is small. We therefore make the approximation that a(t�) can be replaced
by a(t). This turns a complicated integral equation into a simple ordinary differential
equation.

(15A-12)1
a(t)

da(t)
dt

� �
1
�

2 � d3k�M(k) �2 �
t

0

dt�e�i�(k)(t�t�)

� �
1
�

2 � d3k�M(k) �2 �
t

0

dt�a(t�)e�i�(k)(t�t�)

da(t)
dt

� �
1
�

2 � d3k�M(k) �2 e�i�(k)t �
t

0

dt�a(t�)ei�(k)t�

b(k, t) �
1
i�

M*(k) �
t

0

dt� ei�(k)t�a(t�)

i�
db(q, t)

dt
� a(t) ei�(q)t M*(q)

��(q) ��(k)� � �(k � q)

i�
da(t)

dt
� � d3k b(k, t)e�i�(k)t M(k)

��1�V��(k)� � M(k)

�(k) � E � ��(k)

i� da
dt

� a(t)��1�V��1� � � d3k b(k, t) e�i[�(k)�E]t/� ��1�V��(k)�

� a(t)e�iEt/� ��1� � � d3kb(k, t)e�i�(k)t/� ��(k)�

� Ea(t)e�iEt/� ��1� � � d3k�(k)b(k, t)e�i�(k)t/� ��(k)�

� i� � d3k
db(k, t)

dt
e�i�(k)t/� ��(k)� � � d3k�(k) b(k, t)e�i�(k)t/� ��(k)�

i� da
dt

e�iEt/� ��1� � Eae�iEt/� ��1�
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With the substitution t � t� � s the integral over t� becomes We now look at
the behavior of a(t) for large t. We use the fact that

(15A-13)

and the relation

(15A-14)

to obtain for the right hand side of (15A-12)

(15A-15)

The solution of (15A-12) is therefore

(15A-16)

where

(15A-17)

and

(15A-18)

The probability of finding the system in its initial state after a long time is

(15A-19)

This is the expected exponential decay form, with � coinciding with the second order per-
turbation calculation of the decay rate.

Another quantity of interest is the probability that the state ��(t)� ends up in the state
��(k)� as t approaches infinity. This is given by �b(k, �)�2. This can be obtained from
(15A-10). We can approximate this by using (15A-16). With the simplifying notation z �
�/2 � i �/�, we get

(15A-20)

The absolute square of this is

(15A-21)

yields the Lorentzian shape for the linewidth; that is, the photon energy is centered about
the (shifted) energy of the excited level, with the width described by ��/2. The energy
shift is small, and usually ignored.

�b(k, �)�2 �
�M(k)�2

(��(k) � �)2 � (��/2)2

�
M*(k)

��(k) � � � i��/2
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1
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�

0

dt e(�z�i�(k))t �
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i�
1
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� ��1��(t)��2 � �a(t)�2 � e��t

� � � d3k
�M (k) �2

��(k)

� �
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�
2 � d3k�M (k) �2 �(�(k)) �

2�

�
� d3k�M (k) �2 �(��(k))
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�

�
2 � d3k�M(k) �2 �(�(k)) �

i
�
� d3k

�M (k) �2

��(k)

Lim
�l0�

�

�2 � �2
� ��(�(k))

� Lim
�l0�

1
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�(k) � i�

�2(k) � �2
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0

dse�i�(k)s � Lim
�l0�

�
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dse�i(�(k)�i�)s � Lim
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1
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�1
0 dse�i�(k)s.
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The same form appears in the scattering problem. Consider the scattering of a “pho-
ton” of momentum k i by the atom in the ground state. The state of the system is again de-
scribed by (15A-1), (15A-2), (15A-7), and (15A-9), except that initially, which here
means at t � ��, the state is specifically given as �(k i), so that

(15A-22)

Hence the integration of (15A-9) gives

(15A-23)

The quantity of interest is the amplitude for a transition into a final state in which the pho-
ton has momentum k f at t � ��; that is, it is

(15A-24)

using the previous equation.
The calculation of this quantity is rather tedious, and does not teach us any physics.

The final result, though, is interesting. For scattering away from the forward direction, so
thatk f � k i, we find the result

(15A-25)

The formula as it stands has been approximated by the neglect of a small real contribution
to the denominator, whose effect is to shift the energy of the excited atom from E to E �
�E. What is of interest to us is that when the energy of the incident photon approaches
that of the excited state of the atom E, the amplitude peaks very strongly. We have an ex-
ample of resonant scattering. This is a quantitative justification of the remarks we made
at the end of our discussion of autoionizationin chapter 14.

b(k f, �) �
�2�iM(k i)M*(k f) �(��i � ��f)

�(k i) � E � i� � d3k �M (k)�2 �(�(k i) � �(k))

 (�f � �(k f))

� �(k f � k i) �
i
�

M*(k f) �
�

��

dt� a(t�)ei�f t�

��(k f)��(��)� � b(k f � �)

b(q, t) � �(q � k i) �
1
i�

M*(q) �
t

��

dt� a(t�)ei�(q)t�

b(q, t) � �(q � k i)   at t � ��
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Supplement15-B

The Interaction Picture

For the discussion of systems involving only two or three levels, it is particularly conve-
nient to use a description of the time evolution of the system that lies between the
Schrödinger picture and the Heisenberg picture, both of which were discussed in Chapter 6.
Let us start with the Schrödinger equation, which reads

(15B-1)

We can write this in the form

(15B-2)

where

(15B-3)

The initial condition is U(0) � 1.
The procedure calls for the definition of a new state vector ��I(t)� defined by

(15B-4)

It follows that

If we now define

(15B-5)

we end up with the equation

(15B-6)

Solving this equation is not trivial, and in general the best one can do is to find a solution
in terms of a power series in V(t). The formal procedure for solving this in a way that in-
corporates the initial condition

(15B-7)

is to write

(15B-8)��I(t)� � UI(t) ���

��I(0)� � ���

d
dt

��I(t)� � ��
i
��V(t) ��I(t)�

V(t) � eiH0t/�H1e
�iH0t/�

� eiH0t/���
i
��H1e

�iH0t/� ��I(t)�

d
dt

��I(t)� �
i
�

H0��
I
(t)� � eiH0t/���

i
��(H0 � H1)��(t)�

��I(t)� � eiH0t/� ��(t)�

d
dt

U(t) � �
i
�

 (H0 � H1)U(t)

��(t)� � U(t) ��(0)�

d
dt

��(t)� � �
i
�

H��(t)� � �
i
�

 (H0 � H1) ��(t)�
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Equation (15B-6) takes the form

(15B-9)

SinceUI(0) � 1, we can convert the differential equation into an integral equation

(15B-10)

This can be solved by iteration. In the first step we replace theUI under the integral by 1.
In the second step, we take the UI(t) so obtained and insert it on the right-hand side, and
so on. We thus get

(15B-11)

This is a nice compact form, but working out the integrals in the second term is still very
tedious. That is all we have to say about this, other than to say that the first-order expres-
sion is very handy for dealing with two- and three-level systems, as we shall see in Chap-
ter 18.

UI(t) � 1 � i
�
�
t

0

dt� V(t�) � ��
i
��

2 �
t

0

dt� V(t�) �
t�

0

dt
 V(t
) � …

UI(t) � 1 � i
�
�
t

0

dt� V(t�)UI(t�)

dUI(t)
dt

� �
i
�

V(t)UI(t)
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Supplement16-A

The Aharanov–Bohm Effect

Let us return to the description of an electron of charge �e and mass me, in a time-
independent magnetic field. The system is described by the Hamiltonian

(16A-1)

and the time-independent Schrödinger equation reads

(16A-2)

In the absence of a vector potential the Hamiltonian reads

(16A-3)

and the Schrödinger equation reads

(16A-4)

We can show that formally the solution of (16A-4) and (16A-2) are related by a simple
phase factor. Let us write a general expression

(16A-5)

It follows that

(16A-6)

We now observe that if we choose � such that

(16A-7)

then

(16A-8)

When this is repeated, we obtain

(16A-9)

What we have just shown is that we can relate a solution of the Schrodinger equation with
a vector potential A(r ) to one of the Schrodinger equation without a vector potential by
performing the gauge transformationshown in Eq. (16A-5). This depended, however, on
our ability for find a gauge function �(r ) that satisfies Eq. (16A-7). This can only happen if

You may wonder why we bother to go through this, since if B � 0, we did not have to write
out the Schrodinger equation in the form (16A-1). The point is that in quantum mechanics it
is the potentials that matter, and there are circumstances where their presence creates physical

B(r ) � � � A(r ) � ��� � ��(r ) � 0

H� � eie�H0�0 � eie� E�0 � E�

(�i� � � eA) � � eie� (�i� �) �0

e� �� � eA � 0

(�i� � � eA) � � e� ��eie� �0 � eie� (�i� � � eA) �0

�(r ) � eie�(r ) �0(r )

H0�0(r ) � E�0(r )

H0 �
1

2me
 (�i� �)2 � e�(r )

H�(r ) � E�(r )

H�
1

2me
 (�i� � � eA(r ))2 � e�(r )
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effects even when the magnetic field vanishes. We can write out the dependence on the vec-
tor potential by noting that Eq. (16A-7) can be solved by a line integral,

which starts at some fixed point P and goes to r . In terms of this (16A-5) takes the form

(16A-10)

Is the line integral in the phase is independent of the path taken between P andr? Let us
consider two paths as shown in Fig. 16A-1. The difference between the line integrals is

(16A-11)

By Stokes’ theorem we have

(16A-12)

This shows that for all paths that do not enclose any magnetic flux, the integral in the
phase factor is the same, so that the phase factor does not depend on the path taken. The
important point is that there may be situations when there is a local magnetic field, and
paths that go around the flux tube are not equivalent.

In 1959 Y. Aharanov and D. Bohm pointed out a previously overlooked1 aspect of
the quantum mechanics of a charged particle in the presence of electromagnetic fields—
namely, that even in a field free region, in which B � 0, the presence in a field elsewhere
can have physical consequences because A � 0.

Consider, for example, a two-slit diffraction experiment carried out with electrons, as
shown in Fig. 16A-2. Suppose that there is a solenoid perpendicular to the plane in which
the electrons move, located as in Fig. 16A-2(a) away from the slits. The interference pat-
tern at the screen depends on the difference in phase between the wave functions for the

� dl • A � ��
encl. surface

dS • � � A � ��
S

dS • B � 


�
2

dl • A ��
1

dl • A � �
counterclockwise

dl • A

�(r ) � e�i(e/�)�r
P d���A(r �)�0(r )

�(r ) � �
1
�
�
r

P

dl� • A(r �)
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r

r

Figure 16A-1 The integrals 
along path 1 and path 2 are generally not the
same, since the difference is equal to the
magnetic flux
 enclosed by the closed loop.

�r
r0

A(r �) • dr �

1Actually the A-B effect was discovered in an earlier paper by W. Ehrenberg and R. E. Siday (1949). Since the
effects of potentials were not of central interest in the paper, their important remarks on this subject were
completely overlooked.



electrons passing through the two slits. In the absence of a magnetic field the interference
pattern emerges from the relative phases of �1 and�s2 in

(16A-13)

In the presence of a solenoid, (16A-13) is replaced by

(16A-14)

If the solenoid is placed as in Fig. 16A-2(a), then no flux is enclosed by the paths
of the electrons and there is no change in the interference pattern. If the flux is placed
betweenthe slits, as in Fig. 16A-2(b), then there is an additional contribution to the
phase difference between �1 and�2, so that the optical path difference is changed by a
constant that depends on the enclosed flux. This has the effect of shifting the peak inter-
ference pattern from the previous center, by an amount that depends on the enclosed
flux. The first experimental confirmation of the effect is due to R. G. Chambers in
1960. The definitive experiments were done by A. Tonomura and collaborators in 1980.

The A-B paper generated a certain amount of controversy, because many people be-
lieved that since only electric and magnetic fields were “physical” nothing could depend
on vector potentials. As was pointed out by M. Peshkin and others, the existence of the 
A-B effect is intimately tied to the quantization of angular momentum, and its absence
would raise serious questions about quantum mechanics.

Consider a particle of charge �e confined to a very thin torus with radius � lying in
thex-y plane. A solenoid with radius a V � is placed along the z-axis. The magnetic field
B inside the solenoid points in the positive z-direction. The vector potential in a conve-
nient, cylindrically symmetric gauge is

A � �
1
2

r � B

� e�
ie

�
�
1

1d�� • A(r �) eiS1(R1 � R2e
i(S2�S1)�ie
/�)

� � e�
ie

�
�
1

1d�� • A(r �) �1�e�
ie

�
�
2
d�� • A(r �) �2

� � �1 � �2 � R1e
iS1 � R2e

iS2 � eiS1 (R1 � ei(S2�S1) R2)
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that is,

(16A-15)

The Hamiltonian operator has the form

(16A-16)

Now

(16A-17)

so that the Hamiltonian operator takes the form

(16A-18)

Let us now takeV(�) such that the electron is confined to a torus, so narrow that we
may treat � asconstant. In that case the Hamiltonian becomes

(16A-19)

aside from a constant. The eigenfunctions of H are eigenfunctions of Lz. With

(16A-20)

wherem � 0, � 1, �2, . . . , we find the energy eigenvalues to be

(16A-21)

It is clear that the energy depends on the flux, even though the electron wave function
nowhere overlaps the external magnetic field. To avoid this one would have to abandon
quantization of angular momentum when the x-y plane has “holes” in it, or one would
have to abandon the Schrödinger equation, or the measurability of energies (or rather en-
ergy  differences) in the presence of such confined fluxes. There is no question of the cor-
rectness of this effect.

There is an interesting sidelight to the A-B effect. Consider a ring made of a super-
conductor placed in an external magnetic field, at a temperature above the critical temper-
atureTc below which the material becomes superconducting. When the temperature is
lowered the superconductor expelsthe magnetic field (Fig. 16A-3) except for a thin sur-
face layer so that B � 0 inside the material (this is the so-called Meissner effect),2 and
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2Chapter 21 in the Feynman Lectures on Physics, Vol IIIcontains an excellent discussion of these macroscopic
manifestations of quantum mechanics.



magnetic flux is trapped inside the ring. The wave function of the superconductor is
single-valued, and this implies that the phase factor that appears in (16A-10), when taken
around a path that is inside the superconducting ring and encircles the flux region, must be
unity. This implies that

(16A-22)

Thus the flux inside the ring is quantized, with

(16A-23)

This is almost right. The only modification that must be made is that the superconductor
consists of a condensateof “correlated electron pairs,” so that the appropriate charge that
appears in eq. (16A-23) is 2e, and the flux quantization reads

(16A-24)

wheren is an integer. The effect has been measured and the prediction (16A-24) was con-
firmed.


 �
2��

2e
n

e

�

� 2�n

eie
/� � 1
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Figure 16A-3 A superconductor at temperature T � Tc (the critical temperature) acts like any other
metal, and magnetic flux lines can penetrate it. When the temperature is lowered until T � Tc, the
ring becomes superconducting, and expels magnetic flux lines. Some of these become trapped
inside the ring. It is the trapped flux that is found to be quantized.



Supplement16-B

A Little About Bessel Functions

The solution of the equation

with n integral, are known as Bessel functions, for the regular solutions

and Neumann functions for the irregular solutions

They have the asymptotic behavior

A detailed discussion of their properties may be found in any book on the special func-
tions of mathematical physics.
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Supplement17-A

Spin and Intensity Rules

The inclusion of spin does not change things very much. It is true that the initial states and
the final states can each be in an “up” or “down” spin state, but since the interaction in
atomic transitions is spin independent, only “up” l “up” and “down” l “down” transitions
are allowed. Hence the transition rates will not only be independent of ml (as we saw in
Chapter 17) but also of ms, and hence, mj. With the inclusion of spin-orbit coupling, there
will be small (on the scale of the 2p � 1s energy difference) level splittings. For example,
then � 1 and n � 2 level structure is changed, as shown in Fig. 17-A1. The spectral line
corresponding to the transition 2p l 1s is split into two lines, 22P3/2 l 12S1/2 and 22P1/2 l

12S1/2. For the split states, the radial integral and the phase space are almost unchanged, and
hencethe ratio of the intensity of the two lines can be determined from the angular parts of
the integral alone—that is, purely from angular momentum considerations.

The following table lists the wave functions for the states in question.

Odd Parity Even Parity
J mj l � 1 l � 0

3/2 3/2 Y11�� —
3/2 1/2 Y10�� � Y11�� —
3/2 �1/2 Y1,�1�� � Y10�� —
3/2 �3/2 Y1,�1�� —
1/2 1/2 Y10�� � Y11�� Y00��

1/2 �1/2 Y1,�1�� � Y10�� Y00��

In the squares of the matrix elements, the radial parts are common to all of them. Thus,
in considering the rates for P3/2 l S1/2 we must add the squares of the transition matrix ele-
ments for mj � 3/2 l mj � 1/2, mj � 3/2 l mj � �1/2, . . . , mj � �3/2 l mj � �1/2,
while the rate for the P1/2 l S1/2 involves the sum of the squares of the matrix elements for 
mj � 1/2l mj � 1/2, . . . , mj � �1/2l mj � �1/2. This can be done directly by techniques
that are quite sophisticated and beyond the scope of this book. One can, however, work out
these quantities in detail, using the fact that the spin wave functions are orthonormal.

(17A-1)

�3/2l �1/2   � �Y1,�1�r • ��Y00� �2 � C
�3/2l   1/2       0
�1/2l �1/2   � ��2/3Y10�r • ��Y00� �2 � 0   (�m � 0)

�1/2l   1/2   � ��1/3Y1,�1�r • ��Y00� �2 � C/3

 1/2 l �1/2   � ��1/3Y11�r • ��Y00� �2 � C/3

 1/2 l   1/2   � ��2/3Y10�r • ��Y00� �2 � 0   (�m � 0)

 3/2 l �1/2    0  since�*��� � 0

P3/2 l S1/2

mj � 3/2 l mj � 1/2 
  � �Y11�r • ��Y00� �2 � C

�1/3�2/3
�2/3�1/3

�2/3�1/3
�1/3�2/3
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If we sum the terms we get

(17A-2)

Similarly,

(17A-3)

Again,

(17A-4)

Thus the ratio of the intensities is

(17A-5)

The reason for summingover all the initial states is that when the atom is excited, all the
p-levels are equally occupied, since their energy difference is so tiny compared to the 
2p � 1s energy difference. We also sum over all the final states if we perform an experi-
ment that does not discriminate between them, as is the case for a spectroscopic measure-
ment. In our calculation of the 2p l 1s transition rate, we averagedover the initial
m-states. There we were concerned with the problem of asking: “If we have N atoms in
the 2p states, how many will decay per second?” The averaging came about because of
the fact that under most circumstances, when N atoms are excited, about N/3 go into each
one of the m � 1, 0, �1 states. Here, the fact that there are more levels in the P3/2 state
than there are in the P1/2 state is relevant. There will be altogether six levels, (four with 
j � 3/2 and two with j � 1/2), and there will be on the average N/6 atoms in each of the
states. The fact that there are more atoms in the j � 3/2 subset of levels just means that
more atoms decay, and that therefore the intensity will be larger.

R(P3/2 l S1/2)
R(P1/2 l S1/2)

�
8C/3
4C/3

� 2

� R �
4C
3

�1/2l �1/2   � ���1/3Y10�� • r �Y00� �2 � 0

�1/2l   1/2   � ��2/3Y1,�1�� • r �Y00� �2 � 2C/3

 1/2 l �1/2   � ���2/3Y11�� • r �Y00� �2 � 2C/3

P1/2 l S1/2

mj � 1/2 l mj � 1/2
  � ��1/3Y10�� • r �Y00� �2 � 0

� R �
8C
3

Figure 17A-1 The splitting
of the 2p � 1s spectral line
by spin-orbit coupling.





































Supplement18-A

Quantizing the Electromagnetic
Field Without Frills

Our goal is to express the electromagnetic field in terms of photons. In terms of the vector
potentialA(r , t) we write

(18A-1)

As elsewhere in the book, we work in the gauge � • A(r , t) � 0; we have also made the
choice�(r ) � 0, possible in the absence of charges.

The energy carried by the electromagnetic field is

(18A-2)

Let us now expand A(r , t) in a Fourier series in a cubical box of volume V � L3. We write

(18A-3)

This will obey the wave equation provided that

(18A-4)

The gauge-fixing condition implies that

(18A-5)

This means that the polarization vectors�(�)(k) (� � 1, 2,) are perpendicular to the direc-
tion of propagation of the wave k; that is, the polarization is transverse.

Let us now calculate the energy in terms of the A�(k) and . We get for the first
term involving the electric field,

(18A-6)

We use the notation �� � �q�c. The values of k andq are determined by the fact that we
are expanding in a box, and we choose periodic boundary conditions. Thus in any direc-
tion we require that

(18A-7)eikx � eik(x�L)

� ��i�� A�
��(q)e�i(q•r���t) � i�� A��(q)ei(q•r���t)�

1
V � d3r�

k,�
�
q,��

f (k) f(q) �� (k) ��� (q)��i�A�
�  (k)e�i(k•r��t) � i�A� (k)ei(k•r��t)�

A�
� (k)

k • �(�)(k) � 0

�2 � k2c2

A(r , t) �
1

�V
�
k,�

f (k)�� (k)�A�
� (k)e�i(k•r��t) � A�(k)ei(k•r��t)�

H �
�0

2
� d3r (E2(r , t) � c2B2(r , t))

E(r , t) � �
�A(r , t)

�t

B(r , t) � � � A(r , t)
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so that k1L � 2�n1, and so on. Thus the summations are over integers n1, n2, n3 � 1, 2,
3, . . . . We do not need to sum over negative integers, since these are contained in the
A� terms. Now

(18A-8)

We also choose

(18A-9)

so that the two polarization directions corresponding to � � 1, 2 are perpendicular to each
other. This yields the result

(18A-10)

The second term, involving B, requires the calculation of

(18A-11)

The integration over all the spatial coordinates again yields

(18A-12)

The vector identity

(18A-12)

with the help of the tranversality condition and ��(k) • ���(k) � ���� yields k2����. This
means that the part of H involving B, when multiplied by c2, yields the same factor as the
E2 term. We thus get

(18A-13)

The form looks very much like the sum of terms in the simple harmonic oscillator. In fact,
had we chosen f(k) such that

that is,

we would have obtained

(18A-14)H � �
k,�

1
2

�� �A�(k) A�
� (k) � A�

� (k) A�(k)�

f (k) � � �

2�0�

�0 f 2(k) �2 �
1
2

��

H � �0 �
k,�

f 2 (k) �2 �A� (k) A�
�  (k) � A�

�  (k) A� (k)�

(k � ��(k)) • (k � ���(k)) � k2��(k) • ���(k) � (k • ��(k))(k • �	�(k))

1
V � d3rei(k�q)•r � �kq

1
V � d3rei(k�q)•r � 0

� �iA�
� (k) e�i(k•r��t) � iA�(k) ei(k•r��t)� �iA�

�� (q)e�i(q•r���t) � iA��(q) ei(q•r���t)�

1
V �

k,�
�
q,��

f (k) f(q)(k � ��(k)) • (q � ���(q)

H(E) �
�0

2 �
k,�

f 2(k) �2(A�(k)A�
� (k) � A�

� (k) A�(k))

�� (k) • ��� (k) � ����

1
V � d3rei(k�q)r � �kq

1
V � d3rei(k�q)r � 0
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Let us now assume that the A�(k) and (k) are operatorsthat obey the same commuta-
tion relations as the operators A andA� for the simple harmonic oscillator problem; that is

(18A-15)

Then we get

(18A-16)

Actually the second term �k,���/2 is infinite. We sweep this problem under the rug by ob-
serving that all energy measurements are measurements of energy differences. We thus
concentrate on

(18A-17)

We may now go through the same steps that we did with the harmonic oscillator. For each
value of k and� we have creation and annihilation operators, and for each value of k and
� we have states of zero, one, two, . . . photons. The zero photon state, the vacuum state,
is �0�, defined by

(18A-18)

A state with n photons of momentum �k and energy �� is given by

(18A-19)

What we have done is to decompose the electromagnetic field into modes, each of which
represents photons. Thus

(18A-20)

will annihilate or create a single photon.
As a check we can calculate the momentum carried by the electromagnetic field. We

need to calculate

(18A-21)

Using the expressions obtained above, we find, after a page of algebra, that

(18A-22)

The last step follows from the fact that �k k � 0 by symmetry. We may thus interpret the
product (k) A�(k) � N�(k) as the operator representing the number of photons of mo-
mentumk and polarization �.

A�
�

P � �
k,�

�k(A�
� (k) A�(k) � 1) � �

k,�
�k A�

� (k) A�(k)

P � �0 � d3r (E(r , t) � B(r , t))

E(r , t) �
�A(r , t)

�t
�

1
�V

�
k,� ���

2�0
��(k) ��iA�

� (k) e�i(k•r��t) � iA�(k)ei(k•r��t)�

1
�n!

 (A�
� (k))n�0�

A�(k)�0� � 0

H � �
k,�

��A�
� (k) A�(k)

H � �
k,�

�� ((A�
�  (k) A� (k) �

1
2)

�A�(k), A�
��(q)] � ���, �kq

A�
�
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Supplement18-B

Details of the Three-Level System

The three-level system has many interesting features, so that we discuss it in some detail
The system of three levels, A, B, C with energies ��a � ��b � ��c is placed in a set of
electric fields. One of them is characterized by a frequency �1 close to the difference �a

� �b, and the other by a frequency �2, close to the difference �a � �c. The perturbing
Hamiltonian is

(18B-1)

In matrix form, the only nonvanishing elements are taken to be �a�x�b� and�a�x�c�, which
can be taken to be real. We introduce the notation

(18B-2)

and so on. With this notation the matrix representation of H1 has the form

(18B-3)

We next need to calculate . To get this we pre-multiply the matrix for H1

(18B-4)

and post-multiply it by the hermitian conjugate matrix. Some algebra yields the matrix

(18B-5)

with

(18B-6)Y � (W1ac cos �1t � W2ac cos �2t) ei(�a��c)t

X � (W1ab cos �1t � W2ab cos �2t) ei(�a��b)t

V(t) � � 0
X*
Y*

X
0
0

Y
0
0�

eiH0t/� � �ei�at

0
0

0
ei�bt

0

0
0

ei�ct�
eiH0t/�H1e

�iH0t/�

�
0

W1ab cos �1t � W2ab cos �2t

W1ac cos �1t � W2ac cos �2t

W1ab cos �1t � W2ab cos �2t

0

0

W1ac cos �1t � W2ac cos �2t

0

0
�

..........

W1ac � eE1�a�x�c�
W2ab � eE2�a�x�b�
W1ab � eE1�a�x�b�

H1 � eE1x cos �1t � eE2x cos �2t
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We now again apply the rotating wave approximation, with �a � �b � �1 � �1, and �a �
�c � �2 � �2 being the only terms that we keep in this approximation. This means that in
X andY we decompose the cosines, and only keep the terms below:

(18B-7)

Let us take the state vector as represented by the column vector

(18B-8)

The set of equations to be solved is

(18B-9)

Let us write

(18B-10)

In terms of these, the equations become

(18B-11)

Let us now assume the time dependence ei
t in all the terms. We then get from the various
equations

(18B-12)

This leads to a cubic equation for 
, as might have been expected. The equation re-
duces to

(18B-13)
(
 � �1)(
 � �2) � �W1ab

2� �2

 (
 � �2) � �W2ac

2� �2

 (
 � �1)

��(
 � �2) C(0) �
W2ac

2
a(0)

��(
 � �1) B(0) �
W1ab

2
a(0)

��
a(0) �
W1ab

2
B(0) �

W2ac

2
C(0)

i�
dC(t)

dt
� ��2C(t) �

W2ac

2
A(t)

i�
dB(t)

dt
� ��1B(t) �

W1ab

2
A(t)

i�
da(t)

dt
�

W1ab

2
B(t) �

W2ac

2
C(t)

C(t) � ei�2tc(t)

B(t) � ei�1tb(t)

i�
dc(t)
dt

�
1
2

W2ace
�i�2t a(t)

i�
db(t)

dt
�

1
2

W1abe
�i�1t a(t)

i�
da(t)

dt
�

1
2

W1abe
i�1t b(t) �

1
2

W2ace
i�2t c(t)

��1(t)� l �a(t)
b(t)
c(t)�

Y �
1
2

W2ace
i�2t

X �
1
2
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We can greatly simplify matters by assuming perfect tuningso that �1 � �2 � 0. In that
case the equation has simple roots: 
 � 0, 
 � r, 
 � �r, where

(18B-14)

Thus we have

(18B-15)

The nine parameters will be determined by the equations (18B-12).
We now write the solutions in terms of the eigenstates corresponding to the different

eigenvalues

(18B-16)

To find the normalized eigenstates we proceed as follows:

 � 0: We have a0 � 0, and W1ab b0 � W2ac c0 � 0. The normalized solutions is

therefore

(18B-17)

This is normalized to unity since it � 4�
2 r 2.

For 
 � r, we must satisfy

(18B-18)

The first equation is automatically satisfied if the other two are, which is to be expected,
sincea� is to be determined by normalization. A little algebra shows that

(18B-19)

The case for 
 � �r is easily solved by just changing the sign of r. We get

(18B-20)

It is easy to check that the three eigenvectors are mutually orthogonal.
The general solution is

(18B-21)�a(t)
b(t)
c(t)�� �0�a0

b0

c0
�� �� �a�

b�

c�
�eirt � �� �a�

b�

c�
�e�irt

�a�

b�

c�
��

1
�2� 1

W1ab/2�r
W2ac/2�r�

�a�

b�

c�
��

1
�2� 1

�W1ab/2�r
�W2ac/2�r�

��rc� �
W2ac

2
a�

��rb� �
W1ab

2
a�

��ra� �
W1ab

2
b� �

W2ac

2
c�

W2
2ac � W2

1ab

�a0

b0

c0
�� � 0

W2ac/2�r
�W1ab/2�r�

�a(t)
b(t)
c(t)�� �a0

b0

c0
�� �a�

b�

c�
�eirt � �a�

b�

c�
�e�irt

c(t) � c0 � c�eirt � c�e�irt

b(t) � b0 � b�eirt � b�e�irt

a(t) � a0 � a�eirt � a�e�irt

r � ��W1ab

2� �2

� �W2ac

2� �2
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and the coefficients (�0, ����) are determined by the initial conditions. At time t � 0 we
have

(18B-22)

Dark States

Consider a configuration in which the �b� and the �c� states lie close together (Fig. 18-3a)
and

(18B-23)

We now take our initial state to be

(18B-24)

This implies that a(0) � 0; b(0) � �c(0) � 1/ . We now solve for (�0, ����), and get

(18B-25)

This implies that a(t) � 0 for all times. Thus the state �a� is neverexcited, and is therefore
called a dark state. The reason it is inaccessible is that the amplitudes for exciting from
the �b� and�c� states interfere destructively.

Electromagnetically Induced Transparency

Consider, next, a situation in which the �a� and�b� states are strongly coupled by an elec-
tromagnetic field, while �a� and�c� are weakly coupled. What this implies is that

(18B-26)

One can show that under these circumstances the state �a� is very unlikely to be excited,
and this means that photons cannot be absorbed by a �c� l�a� transition.

We take for our initial condition a(0) � b(0) � 0. This implies that

(18B-27)

Furthermore, since a(0) � b(0) � 0, we must necessarily have �c(0)� � 1. Since

c(0) �
2�r
W1ab

�0

�� �
W2ac

�2 W1ab

�0

�� � ���

�W1ab� W �W2ac�
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W2ac � W1ab

4�r
� 0

�0 �
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2�2�r
�
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�2�r

�2

��1 (0)� �
1

�2
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W1ab � W2ac

c(0) �
W1ab

2�r
�0 �
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2�2�r
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2�2�r
��

b(0) �
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2�r
�0 �

W1ab

2�2�r
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W1ab

2�2�r
��
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1

�2
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1
�2

��
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we may choose for convenience

(18B-28)

Now, at a later time t, we get

(18B-29)

Thus the probability of finding the system in the state �a� at a later time is

(18B-30)

Because of the condition (18B-26) the probability of exciting the state �a� is very small.
This, however, implies that photons cannot be absorbed through the mechanism of excit-
ing state �a�, so the material becomes transparentat the frequency corresponding to this
energy difference.

Pa(t) � �a(t) �2 �
W2

2ac

W2
2ac � W2

1ab

  sin2 rt

a(t) �
��

�2
 (eirt � e�irt) � i

W2ac

2�r
 sin rt

�0 �
W1ab

2�r
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Supplement20-A

Which-way Measurements 
and the Quantum Eraser1

Consider a beam of atoms passing through a double-slit arrangement. In the absence of
any attempt to gain which-way information, the atoms will create an interference pattern
on the screen. The wave function is

(20A-1)

The two parts of the wave function are those that would appear if slits 2 and 1, respec-
tively, were closed. The probability density for finding an atom at a point R on the
screen is

(20A-2)

which shows the interference term. Let us next consider a way of implementing a which-
way detection scheme. The proposal for path detection is quite subtle. Since we are deal-
ing with a beam of atoms, we may excite them in a well-defined way by a carefully
chosen laser beam, which crosses their path before they enter the region of the slits. The
only difference is that the atomic wave function, in which r describes the center of mass
of the atom, now has a label on it, so that

(20A-3)

The label a identifies the electronic state of the atom. In the proposed experiment, mi-
crowave cavities are placed in front of the two slits (Fig. 20A-1). Atoms that pass through
one or the other of the cavities will make a transition to a lower state of excitation. 
The authors deal with atoms of rubidium, with possible transitions from (n � 63)p3/2 to
(n � 61)d5/2 or (n � 61)d3/2. Such a transition, accompanied by the spontaneous emission
of a photon, will be labeled by a l b in our formulas. This means that, depending on the
path of the atom, one or the other of the cavities will now contain a photon. The wave
function now becomes

(20A-4)�(r ) �
1

�2
 (�(b)

1 �(1)
1 �(0)

2 � �(b)
2 �(0)

1 �(1)
2 )

�(r ) �
1

�2
 (�(a)

1 (r ) � �(a)
2 (r ))

P(R) �
1
2

��1(R) � �2(R) �2 �
1
2
 (��1(R) �2 � ��2(R) �2 � �*1 (R)�2(R) � �*2 (R)�1(R))

�(r ) �
1

�2
 (�1(r ) � �2(r ))
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The lower label on (i � 1, 2) labels the cavity, and the upper one labels the number of
photons in that cavity. If we now look at ��(R)�2, we see that as a consequence of the or-
thogonality of cavity states with zero or one photon,

(20A-5)

the interference terms disappear. Note that the disappearance of the interference terms
arises because we can distinguish between the cavity states, and these are entangledwith
the states of the atom. There is no uncontrollable momentum transfer. If the cavities are
not empty but contain many photons, then the appearance of one more photon is not dis-
tinguishable, and under those circumstances there is no which-way detection, and the in-
terference remains.

The fascinating aspect of the paper is the notion that the information obtained by the
photon presence in one or other of the cavities can be erasedat some later time and the in-
terference reappears. Consider the apparatus modified in such a way that a detector is
placed between the two cavities, with shutters separating the cavities and the detector.
When the shutters both open, the photon in the cavity is absorbed by the detector, and
then all knowledge of the photon’s location is erased. One expects that the interference
pattern can be re-established. Since the opening of the shutters can take place long after
the photons hit the screen, we need to answer the question: How does one regain the inter-
ference pattern? The wave function now has an additional component that describes the
state of the detector. When the shutters are opened, the detector changes its state from the
ground state �0 to the excited state �e. The shutters are so arranged that we cannot tell
whether the photon came from cavity “1” or cavity “2.” This symmetry is important, since
otherwise we would not lose the which-way information. To make explicit use of this
symmetry, we write the wave function �(r )�0 by making use of the symmetric and anti-
symmetric combinations

and

�� �
1

�2
 (�(1)

1 �(0)
2 � �(0)

1 �(1)
2 )

�(b)
� (r ) �

1
�2

 (�(b)
1 (r ) � �(b)

2 (r ))

� (m)
i  * � (n)

i � �mn (i � 1, 2)

�(n)
i
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Figure 20A-1 Schematic picture of quantum eraser for atoms as described by M. O. Scully, et al.
Nature, 351, 111 (1991).
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In terms of these the wave function reads

(20A-6)

When the shutters are opened, the photon is absorbed. Because of the symmetry under the
interchange “1”i “2,” the two terms behave differently when the photon is absorbed. In
the first term l , and as a consequence ���0 l . The term involving
�� does not change, since it is antisymmetric under the interchange “1”i “2.” This
means that after the opening of the shutters the wave function becomes

(20A-7)

Let us now ask for the probability density at the screen, when r � R. Taking the absolute
square of (20A-7), we get

(20A-8)

There are no interference terms. The point is that we have not checked whether the which-
way information has really disappeared. To do this, we must look at the detector and cor-
relate that information with the atoms hitting the screen. The authors propose that we look
at the atoms as they hit the screen one by one, and in each case ask whether the detector
was in the excited state or the ground state. If it was in the excited state, then we square
the part of the wave function that multiplies �e, and we get

(20A-8)

In the same way, the probability density for finding the atom at the screen while the detec-
tor is in its ground stateis

(20A-9)

Figure 20A-2 gives a plot of the two terms. How can we say that with the quantum
eraserin position, the fringes reappear? Let us follow the course of an atom through the
apparatus, and note that it appears on the screen. We now open the shutters and see
whether the detector actually absorbs a photon. If that is the case we know that the evi-
dence of a photon has been erased. We then call this a red atom, and we know that it
should belong to the distribution Pe(R). For the red atoms, the which-way information
has been lost. After we follow another atom we may find that the detector is in its
ground state, so that no photon has been absorbed. This atom would belong to the class
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1
2

���(r ) �2 �
1
4
 (��(b)

1 (R) �2 � ��(b)
2 (R) �2 � 2 Re �(b)

1  * (R)�(b)
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of blue atoms, and we know that they should belong to the distribution P0(R). In this
case we again have an interference pattern. The which-way information is lost because,
with the shutters open, the fact that the detector is still in its ground state does not allow
us to find out where the photon is. Indeed, after many atoms are observed, we should see
red andblue interference patterns. If these are not correlated with the observation of the
detector, then they “lose their color” and we just get the sum, which is the pattern with-
out interference.

In this thought experiment, one sees that which-way information can be obtained
without taking into account any momentum transfer to the atoms that pass through the
double slits. This happens because the path of the atom can be correlated with the behav-
ior of a part of the apparatus with which the atom is entangled.

An experiment that follows in spirit, though not in detail, the proposal by Scully et al.
has been carried out by S. Durr, T. Nonn, and G. Rempe, Nature, 395, 33 (1998), and it
bears out the quantum mechanical expectations.
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Supplement20-B

The Creation of GHZ States

The apparatus developed by Bouwmeester et al.1 is shown in Fig. 20B-1. A short pulse of
ultraviolet light passes through a nonlinear crystal, creating two pairs of photons, close
enough in time that in terms of the counter time resolution they appear simultaneously.
The photons move along paths a andb, and each pair of photons is entangled in that the
polarization states are perpendicular to each other (the notation H andV is used for hori-
zontal and vertical in the plane perpendicular to the propagation of the photons), in such a
way that each pair may be described by the state

(20B-1)

The arm a leads to a polarizing beam-splitter. It acts to transmit H photons, which then
continue to a detector, labeled T. This means that

(20B-2)

TheV photons are reflected. They move along the arm � and are made to pass through a
�/2 plate, which rotates their polarization (“V”) through 45�. At the polarizing beam split-
ter, the V-component is deflected to counter D1, while the H-component goes on to
counterD2. This means that

(20B-3)

The photons going along the arm b are directed to a polarization-independent beam-
splitter, so that the photons reaching BShave a 50% chance of passing through to de-
tectorD3 and a 50% chance of being deflected along the arm 	. The photons moving
along 	 strike the polarizing beam-splitter. The H photons go on to the detector D1,
while the V photons that continue along the arm 	 and go on to the detector D2. This
implies that

(20B-4)

while

(20B-5)�V�b l
1

�2
 ( �V�3 � �V�2)

�H�b l
1

�2
 (�H�3 � �H�1)

�V�a l
1

�2
 ( �V�1 � �H�2)

�H�a l �H�T

1
�2

 (�H�a�V�b � �V�a�H�b)
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We may therefore see what happens to the entangled combination (20-1). We have

(20B-6)

We have a second photon pair, which has exactly the same form as (20B-6). If the second
pair is emitted at a time such that it is possible to distinguish between the two pairs, then
the form is that given in the last line of (20B-6), except that it is distinguished by a mark
such as a prime. However, if the photons are emitted close enough in time so that the pairs
cannot be distinguished, then we just take the last line of (20B-6) and multiply it by itself
all over again. Although the product appears to have 36 terms, the experimental setup is
such that all four counters click. This means that we have the following terms only:

so that the combination occurring in the counters complementary to T is

1
�2

 ( �H�1�H�2�V�3 � �V�1�V�2�H�3)

�
1
2 	 1

�2
�H�T�V�3�H�2�H�1 �

1
�2

�H�T�V�2�V�1�H�3


 �
1
2 	 �H�T�V�3 � �H�T�V�2 �

1
�2

 ( �V�1�H�3 � �V�1�H�1 � �H�2�H�1 � �H�2�H�3)

�

1
2

1
�2

  [( �V�1�H�2)( �H�3 � �H�1] �
1

�2 	 1
�2

�H�T�V�3 �
1

�2
�H�T�V�2


1
�2

 ( �H�a�V�b � �V�a�H�b) l
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Figure 20B-1 Apparatus for the construction of GHZ states, based on the experiment of D.
Bouwmeester, et al. Phys. Rev. Letters, 82, 1345 (1999).



This is a GHZ state. To make this look more like the GHZ state described in the text of
the chapter, all we have to do is rotate the polarization detector D3 so that �H�3 l �V�3 and
�V�3 l ��H�3. The paper quoted above describes all the tests made to show that the state
is indeed what it is expected to be. The experimental test showing that measurements on
the GHZ state agree with the quantum mechanical predictions were carried out by the
same authors, and the results can be found in Nature403, 515 (2000). To translate the al-
gebra into the algebra of spin 1/2 states, we note that right- and left-circular polarization
states are given by

The translation can now be carried out if we make the association

then

which correspond to the eigenspinors of 
x.

�H� l
1

�2 �
1
1�;   �L� l

i

�2 �
1

�1�

�R� l �� � �1
0�;   �L� l �� � �0

1�

�L� �
1

�2
 ( �H� � i�V�)

�R� �
1

�2
 (�H� � i �V�)
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Supplement20-C

The Density Operator

In all of our discussions we have dealt with the time development of physical systems,
whose initial states were of the form

(20C-1)

Often such initial states are not the ones that are provided by the method of preparing
the states. It may be that instead of a single ensemble consisting of identical states ��� we
may be presented with a number of different ensembles on which measurements are to be
performed. We may have a set of ensembles of the form

(20C-2)

and all we know is that the probability of finding an ensemble characterized by (i) is
pi, with

(20C-3)

For example, we may have a beam of hydrogen atoms in an excited state, with fixed en-
ergy and orbital angular momentum l, but completely unpolarized, so that all m-values
�l � m � l are equally probable. In that case pm � 1/(2l � 1), independent of m. It is not
correctto say that the beam is described by the wave function

(20C-4)

with �Cm�2 � 1/(2m � 1), since the physical situation represents 2m � 1 independent
beams, so that there is no phase relationship between different m-values.

Thedensity operatorformalism allows us to deal with both of these cases.

Pure State

Consider a pure state first. Define the density operator � by

(20C-5)

We can write this in the form

(20C-6)� � �
m,n

CnC*m �un��um�

� � ������

��� � �
m

Cm�Ylm�

�
i

pi � 1

��(i)� � �
n

C(i)
n �un�

��� � �
n

Cn�un�
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The matrix elements of � in the un basis are

(20C-7)

We observe that

(a)

(20C-8)

(b)

(20C-9)

(c) We can also write the expectation value of some observable as

(20C-10)

The results of equations (20C-8)–(20C-10) are independent of the choice of the com-
plete set of basis vectors �un�. To see this, consider the set �vn�. By the general expansion
theorem, we can write

with

Note that

so that the matrix T is unitary. Then

so that

SinceT is unitary, so is U � T tr, the transpose of the matrix T. Thus

or

� (U �D (U)�)kl

�kl � CkC*l � (U)km Dm (U)*ln D*n

Cl � DkTkl � (Ttr)lk Dk � UlkDk

� �
k

DkTkl�ul�

��� � �
k

Dk�vk�

� �
n

�um�vn��vn�uk� � �mk

�
n

Tmn(T
�)nk � �

n
TmnT*kn � �

n
�um�vn��uk�vn�*

T(n)
m � �um�vn� � Tmn

�vn� � �
m

T(n)
m �um�

 � Tr (A�)

� �
m,n

C*mCnAmn � �
m,n

Amn�nm

�A� � �� �A��� � �
m,n

C*m �um�A�un� Cn

Tr � � �
k

�kk � �
k

�Ck�2 � 1

�2 � ����� ������ � ������ � �

� CkC*l

�kl � �uk� � �ul� � �uk� �
m,n

CnC*m�un��um�ul�
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where�D is the density operator in the v-basis. Thus

It follows from the unitarity of U that the properties of � also apply to �D.
Since� � ��, it follows that � may be diagonalized by a unitary transformation.

This means that it is possible to choose a basis �vn� such that � is diagonal. Since �2 � �,
this means that the eigenvalues can only be 1 and 0, and since Tr� � 1, only one eigen-
value can be 1, and all the others must be zero. Thus only one of the Dk can be nonvan-
ishing. This means that in a suitably chosen basis, a pure state is a state that is an
eigenstate of a maximally commuting set of observables, whose eigenfunctions are the
set�vn�.

Mixed State

For a mixed state we define the density operator by

(20C-11)

In the �un� basis, this takes the form

so that

(20C-12)

Note that �kl � so that � is hermitian. Since

it follows that

(20C-13)

as before. Also

(20C-14)

as for pure state. On the other hand, it is no longer true that �2 � �. In fact,

�2 � �
j

�
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��(i)�pi��(i)��(i)�pj��( j) � � �
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� �
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pi C(i)
mC(i)
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i

�
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pi C(i)
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and, since pi � 1,

(20C-15)

for a mixed state.
It follows from the Schrödinger equation

and (since H � H�)

that

(20C-16)

Note that the sign is opposite to the expression for the time rate of change of a general op-
erator, which reads

The simplest application of the formalism is in the description of a beam of electrons
or any other particles of spin 1/2. Here � is a 2 � 2 hermitian matrix. The most general
form of such a matrix is

(20C-17)

with a andb real. The condition tr� � 1 implies that a � 1. We can calculate �2 as fol-
lows:

(20C-18)

The density matrix � will describe a pure state only if �2 � �—that is, if b2 � 1. For a
mixed state, it follows from (20C-15) that b2

� 1.
Let us now obtain a physical interpretation for b. Consider a mixture of spin 1/2

beams. Each of the beams will have electrons aligned along either the z- or x- or y-axis.
The fraction of particles that are in an eigenstate of 
z with eigenvalue �1 will be denoted
by . The fractions that are in an eigenstate of 
z with eigenvalue �1 will be denoted
by and so on, so that

(20C-19)

The eigenstates, with eigenvalues �1 of 
z, 
x, and 
y, are
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Thus the density matrix has the form

A little algebra, with the use of (20C-19), shows that this can be written in the form

(20C-20)

where Pi � � . The fraction of particles in a mixture that is aligned in the 
�z-direction minus the fraction that is aligned in the �z-direction is called the polariza-
tion in the z-direction, and we denote it by P3. Similarly for the other directions. Thus by
comparing (20C-20) with (20C-18), we can interpret b as the net polarization vector P of
the beam. In the case of beams of atoms of angular momentum l, the most general � is a
(2l � 1) � (2l � 1) hermitian matrix, and the interpretation of the elements is more com-
plicated. Further discussion of the density matrix is beyond the scope of this book.
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